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Ìèíèìàëüíûå ïðèìåðû äëÿ ëèíåéíûõ óñëîâèé
À.ß.Ëåïèí

Àííîòàöèÿ.Äëÿ êðàåâîé çàäà÷è ïðèâîäÿòñÿ ìèíèìàëüíûå ïðèìåðû ñ ëèíåéíûìè
óñëîâèÿìè.

ÓÄÊ 517.927

Ðàññìîòðèì êðàåâóþ çàäà÷ó
x′′ = f(t, x, x′), t ∈ I = [a, b], (1)

H1x = H1

(
x(a), x(b), x′(a), x′(b)

)
= h1,

H2x = H2

(
x(a), x(b), x′(a), x′(b)

)
= h2,

(2)

α ≤ x ≤ β, U, (3)
ãäå ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè, H1 è H2 íåïðåðûâíûå ôóíêöèè,
α � íèæíÿÿ ôóíêöèÿ, β � âåðõíÿÿ ôóíêöèÿ è U � ïîäìíîæåñòâî ñëåäóþùåãî ìíî-
æåñòâà óñëîâèé:

1. α(a) = β(a), 2. α′(a) < β′(a), 3. α′(a) = β′(a), 4. α′(a) > β′(a),
5. α(b) = β(b), 6. α′(b) < β′(b), 7. α′(b) = β′(b), 8. α′(b) > β′(b),
9.

(∀x, y ∈ S(I, R)
)((

x ≤ y∧x′(a) ≤ y′(a) ⇒ x′(b) ≤ y′(b)
)∧(

x ≤ y∧x′(b) ≥ y′(b) ⇒
x′(a) ≥ y′(a)

))
,

A. α ∈ S(I, , R), B. β ∈ S(I, R), C. H1α = H1β, D. H2α = H2β,
L. f(t, x, x′) = c0(t) + c1(t)x + c2(t)x

′, c0, c1, c2 ∈ L1(I, R),
L1. H1x = p1x(a) + p2x(b) + p3x

′(a) + p4x
′(b), p1, p2, p3, p4 ∈ R,

L2. H1x = p5x(a) + p6x(b) + p7x
′(a) + p8x

′(b), p5, p6, p7, p8 ∈ R,
ãäå S(I,R) - ìíîæåñòâî ðåøåíèé x : I → R óðàâíåíèÿ (1), óäîâëåòâîðÿþùèõ,

íåðàâåíñòâàì α ≤ x ≤ β.
Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíàÿ ôóíêöèÿ H : R4 → R èìååò òèï ìîíîòîííîñòè

(σ1, σ2, σ3, σ4), ãäå σi ∈ {0,−, +, 1}, i = 1, 2, 3, 4, åñëè ïðè σi = 0 ôóíêöèÿ H íå çàâèñèò
îò i-ãî àðãóìåíòà, ïðè σi = − ôóíêöèÿ H íå âîçðàñòàåò ïî i-ìó àðãóìåíòó, ïðè σi = +
ôóíêöèÿ H íå óáûâàåò ïî i-ìó àðãóìåíòó, à ïðè σi = 1 íà i-é àðãóìíò ôóíêöèè H
óñëîâèÿ íå íàêëàäûâàþòñÿ. Êëàññ ìîíîòîííîñòè M(σ1, σ2, σ3, σ4) ñîñòîèò èç ôóíêöèé
H, èìåþùèõ òèï ìîíîòîííîñòè (σ1, σ2, σ3, σ4).

Ïóñòü M1 è M2-êëàññû ìîíîòîííîñòè. Â ðàáîòàõ [1] è [2] èññëåäîâàëîñü óòâåðæ-
äåíèå.
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Óòâåðæäåíèå Id. Äëÿ ëþáûõ H1 ∈ M1, H2 ∈ M2, h1 ∈ [H1α, H1β] è h2 ∈
[H2α,H2β] èç H1α ≤ H1β, H2α ≤ H2β è U ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ êðàåâîé
çàäà÷è (1)-(3).

Òàê â ðàáîòå [1] äëÿ óñëîâèé 1-D íàéäåíû âñå íàáîðû (M1,M2, U), äëÿ êîòîðûõ
óòâåðæäåíèå Id ñòàíîâèòñÿ òåîðåìîé. Äëÿ îñòàëüíûõ íàáîðîâ ìîæíî ïîñòðîèòü ïðî-
òèâîðå÷àùûé ïðèìåð. Ïðè ýòîì ðåøåíèå ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå. Âëèÿíèå
ëèíåéíûõ óñëîâèé L,L1 è L2 èññëåäîâàëîñü â ðàáîòå [2], â êîòîðîé äëÿ óñëîâèé 1-8
è L, L1, L2 íàéäåíû âñå íàáîðû (M1,M2, U), äëÿ êîòîðûõ óòâåðæäåíèå Id ñòàíîâèòñÿ
òåîðåìîé. Àíàëîãè÷íî â ðàáîòå [1] ðåøåíèå ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå. Â
ðàáîòå [3] äîêàçàíû íåñêîëüêî òåîðåì ñ óñëîâèÿìè L,L1 è L2, êîòîðûõ íåò â ðàáîòå [2].
Ïîëíîå ðàññìîòðåíèå âñõ óñëîâèé 1−L2 ñåé÷àñ íå ïðåäñòàâëÿåòñÿ âîçìîæíûì èç-çà
îòñóòñòâèÿ íóæíûõ äëÿ ýòîãî ïðîãðàìì äëÿ ÏÊ, î÷åíü áîëüøîãî ÷èñëà íóæäàþùèõñÿ
â ïîñòðîåíèè ïðèìåðîâ è íàëè÷èÿ óòâåðæäåíèé, äëÿ êîòîðûõ åùå íå óäàëîñü óñòà-
íîâèòü ÿâëÿþòñÿ îíè òåîðåìàìè èëè ìîæíî ïîñòðîèòü ïðîòèâîðå÷àùèé ïðèìåð.

Íàáîð (M1, M2, U), ïîäñòàíîâêà êîòîðîãî â ôîðìóëèðîâêó óòâåðæäåíèÿ Id äåëàåò
åãî âåðíûì, áóäåì íàçûâàòü òåîðåìîé. Åñëè íàáîð íå ÿâëÿåòñÿ òåîðåìîé, òî ìîæíî
ïîñòðîèòü ïðîòèâîðå÷àùèé ïðèìåð. Ïîýòîìó òàêîé íàáîð áóäåì íàçûâàòü ïðèìåðîì.
Îáîçíà÷èì ÷åðåç TE ìíîæåñòâî âñåõ íàáîðîâ (M1,M2, U), ÷åðåç Ò- ìíîæåñòâî âñåõ
òåîðåì, à ÷åðåç Å-ìíîæåñòâî âñåõ ïðèìåðîâ. Â ÒÅ ââåäåì ÷àñòè÷íûé ïîðÿäîê ñëå-
äóþùèì îáðàçîì: (M1,M2, U1) ≤ (M3,M4, U2), åñëè M1 ⊂ M3, M2 ⊂ M4 è U2 ⊂
U1. Ïóñòü Tm- ìíîæåñòâî ìàêñèìàëüíûõ ýëåìåíòîâ ìíîæåñòâà T , à Em- ìíîæåñòâî
ìèíèìàëüíûõ ýëåìåíòîâ ìíîæåñòâà E. Èç t1 ∈ T , t2 ∈ TE è t2 ≤ t1 ñëåäóåò, ÷òî t2
ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì òåîðåìû t1. Ïîýòîìó t2 ∈ T . Àíàëîãè÷íî èç e1 ∈ E, e2 ∈
TE è e1 ≤ e2 ñëåäóåò e2 ∈ E. Ïîýòîìó Tm ïîëíîñòüþ îïðåäåëÿåò ìíîæåñòâî T , à Em-
ìíîæåñòâî E. Êðàåâàÿ çàäà÷à (1)-(3) è óñëîâèÿ 1−L2 îáëàäàþò ñèììåòðèåé, êîòîðîé
åñòåñòâåííî âîñïîëüçîâàòüñÿ äëÿ âûäåëåíèÿ ïîðîæäàþùèõ òåîðåì Tg è ïîðîæäàþùèõ
ïðèìåðîâ Eg. Íàøà öåëü èç ïîðîæäàþùèõ ïðèìåðîâ ðàáîòû [1] ïîëó÷èòü ìèíèìàëü-
íûå ïðèìåðû äëÿ óñëîâèé 1− L2.

Åñëè M1 = M(σ1, σ2, σ3, σ4) è M2 = M(σ5, σ6, σ7, σ8), òî íàáîð (M1,M2, U) áóäåì
çàïèñûâàòü òàê

Id.σ1, σ2, σ3, σ4.σ5, σ6, σ7, σ8.u1u2u3u4u5u6u7u8u9uAuBuCuDuLuL1uL2 , (4)

ãäå Id-èäåíòèôèêàòîð íàáîðà, ui = i, åñëè i-å óñëîâèå âõîäèò â U è ui ïóñòî â
ïðîòèâíîì ñëó÷àå. Ïðèâåäåì òåîðåìû â çàïèñè (4) èç ðàáîò [2] è [3], êîòîðûå íàì
ïîíàäîáÿòñÿ.

TL01. 1 1 1 1. 1 1 1 1. 1 3 L
TL02. 1 1 1 1. 1 1 � +. 1 5 A B L
TL03. 1 1 1 1. 1 � � �. 1 6 A B L
TL04. 1 1 1 1. 1 � � 1. 1 7 A B L
TL05. 1 1 1 1. 1 � � +. 1 8 A B L
TL06. 1 1 1 1. � � � �. 2 6 A B L
TL07. 1 1 1 1. � � � 1. 2 7 A B L
TL08. 1 1 1 1. � � � +. 2 8 A B L
TL09. 1 1 1 1. � � 1 �. 3 6 A B L
TL10. 1 1 1 1. � � 1 1. 3 7 A B L
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TL11. 1 1 1 1. � � + �. 4 6 A B L
TL12. � 1 0 +. 1 � � �. 2 6 A B L
TL13. � 1 0 +. 1 � � �. 2 7 A B L
TL14. � 1 0 +. 1 � � 0. 2 8 A B L
TL15. � 1 + +. 1 � � �. 3 6 A B L
TL16. � 1 + +. 1 � � �. 3 7 A B L
TL17. � 1 + +. 1 � � �. 4 6 A B L
TL18. + � 0 0. 1 1 1 1. A B C L
TLL11. 1 1 1 1. 1 1 1 1. A B C L L1

TLL12. + � 0 0. 0 0 1 +. 4 7 V 8 A C L L1

TL1L21. + � + 0. + � + 0. C D L1L2

TL1L22. + � � 0. + � � 0. C D L1 L2

TL1L23. + 0 + �. + 0 + �. 6 V 7 C D L1 L2

TL1L24. + 0 � �. + 0 � �. 6 V 7 C D L1 L2

Ïðè ïîìîùè ñèììåòðèé ìîæíî ïîëó÷èòü ýêâèâàëåíòíûå òåîðåìû. Òàê çàìåíà t
íà −t ïåðåâîäèò (4) â

Idt.σ2, σ1, σ
′
4, σ

′
3.σ6, σ5, σ

′
8, σ

′
7.u5u8u7u6u1u4u3u2u9uAuBuCuDuLuL1uL2 ,

ãäå, 1′ = 1, +′ = −,−′ = +, 0′ = 0. Åñëè H1 è H2 ïîìåíÿòü ìåñòàìè, òî (4) ïåðåõîäèò
â

IdH.σ5, σ6, σ7, σ8.σ1, σ2, σ3, σ4.u1u2u3u4u5u6u7u8u9uAuBuDuCuLuL2uL1 .

Çàìåíà uC íà C è H1 íà −H1 ïåðåâîäèò (4) â

IdC.σ′1, σ
′
2, σ

′
3, σ

′
4.σ5, σ6, σ7, σ8.u1u2u3u4u5u6u7u8u9uAuBCuDuLuL1uL2 .

Çàìåíà uD íà D è H2 íà −H2 ïåðåâîäèò (4) â

IdD.σ1, σ2, σ3, σ4.σ
′
5, σ

′
6, σ

′
7, σ

′
8.u1u2u3u4u5u6u7u8u9uAuBuCDuLuL1uL2 .

Òàê òåîðåìà TL01 ïðè çàìåíå t íà −t ïåðåõîäèò â TL01t. 1 1 1 1. 1 1 1 1. 5 7 L.
Áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè ðàáîòû [1] è ðàññìîòðèì 315 ïîðîæäàþùèõ

ïðèìåðà ðàáîòû [1], êîòîðûå ðàçáèòû íà 88 ãðóïï Ex01-Ex88. Åñëè ïîðîæäàþùèé
ïðèìåð ñîäåðæèò L, L1 è L2, òî ýòîò ïðèìåð ÿâëÿåòñÿ ìèíèìàëüíûì ïðèìåðîì è
äëÿ óñëîâèé 1-L2. Òàêèì ïðèìåðîì ÿâëÿåòñÿ Ex01.2.00+0.0000.12589AD. Çàïèñûâàòü
ýòî áóäåì òàê: Ex01. 2. ELL1L2. Åñëè ïîðîæäàþùèé ïðèìåð ñîäåðæèò óñëîâèÿ L1,
L2 è èìååòñÿ òåîðåìà, êîòîðàÿ ãàðàíòèðóåò îòñóòñòâèå óñëîâèÿ L, òî ýòîò ïðèìåð
ÿâëÿåòñÿ ìèíèìàëüíûì ïðèìåðîì è äëÿ óñëîâèé 1-L2. Òàêèì ïðèìåðîì ÿâëÿåòñÿ
Ex01.1.00+0.0000.12579AD. Çàïèñûâàòü ýòî áóäåì òàê: Ex01.1.EL1L2.TL01t. Èìåííî
òåîðåìà TL01t ãàðàíòèðóåò îòñóòñòâèå óñëîâèÿ L. Òåïåðü ãðóïïó Ex01 ìîæíî çàïèñàòü
òàê

Ex01.
1. EL1L2.TL01t
2. ELL1L2

3. ELL1L2

4. EL1L2.TL01t
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5. EL1L2.TL02
6. EL1L2.TL03
Àíàëîãè÷íî
Ex02.
1. EL1L2.TL01t
2. ELL1L2

3. ELL1L2

4. EL1L2.TL01t
5. ELL1L2

6. ELL1L2

7. EL1L2.TL01t
8. EL1L2.TL04t
9. EL1L2.TL09
10. EL1L2.TL01t
11. EL1L2.TL03t
12. EL1L2.TL11
Ïîðîæäàþùèé ïðèìåð Ex03.1.0010.0000.12579CD ïðè äîáàâëåíèè óñëîâèÿ L1 ïå-

ðåõîäèò â òåîðåìó. Äåéñòâèòëüíî, äëÿ ëèíåéíîãî ãðàíè÷íîãî óñëîâèÿ 1 ïåðåõîäèò â �
èëè +, íî 00�0.0000.12579CD è 00+0.0000.12579CD òåîðåìû. Òàêèõ òåîðåì äîñòàòî÷íî
ìíîãî, íî îíè íå ïðåäñòàâëÿþò èíòåðåñà òàê êàê ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè óæå
èâåñòíûõ òåîðåì. Ïîýòîìó âûïèñûâàòüñÿ òàêèå òåîðåìû íå áóäóò, à ôàêò íàëè÷èÿ
òàêèõ òåîðåì áóäåò îáîçíà÷àòüñÿ *.

Ex03.
1. EL2.TL01t.*
2. ELL2.*
3. ELL2.*
Ex04.
1. ELL1L2

Ex05.
1. ELL1L2.ñò
2. ELL1L2.ñò
Çäåñü ìû ñòàëêèâàåìñÿ ñî ñëó÷àåì, êîãäà ìîæíî ïîñòðîèòü ïðèìåð ñ óñëîâèÿìè

L,L1 è L2, íî â ðàáîòå [1] ïðèìåð íå ñîäåðæèò âñåõ ýòèõ óñëîâèé. Ïîýòîìó ýòè ïðèìåðû
áóäóò ïîñòðîåíû.

Ex05.1.+ 0 + +. 0 0 0 0. 3 5 8 9 C D L L1L2

a = −2, b = 0, f = 0, α = max{−1, 2t}, β = min{1,−t},
H1x = 1.5x(a) + 2x′(a) + x′(b) = 0.5.
Ex05.2. + 0 + +. 0 0 0 0. 4 5 8 9 C D L L1 L2

a = −2, b = 0, f = 0, α = max{−1, 2t}, β = min{1− ε(t + 2), −t(1− 2ε)},
H1x = 1.5x(a) + 2x′(a) + x′(b) = 0.5.
Çäåñü è äàëåå ε > 0 è äîñòàòî÷íî ìàëî.
Ex06.
1. EL2.TL01t.*
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2. ELL2.*
3. ELL2.*
4. EL2.TL01t.*
5. ELL2.*
6. ELL2.*
Ex07.
1. ELL1L2.ñò
2. ELL1L2.ñò
2. ELL1L2.ñò
Ex07.1. + � + +. 0 0 0 0. 3 6 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1 + ε(t + 1)2,
H1x = x(a)− p1x(b) + p2x

′(a) + p3x
′(b) = H1α,

ãäå p1, p2 è p3 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 sh t = H1 ch t = 0. Âñå ðåøåíèÿ
(1) óäîâëåòâîðÿþò óñëîâèþ H1x = 0.

Ex07.2. + � + +. 0 0 0 0. 3 7 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1,
H1x = x(a)− x(b) + th1

(
x′(a) + x′(b)

)
= 2th1− 2,

H1sht = H1cht = 0.
Âñå ðåøåíèÿ (1) óäîâëåòâîðÿþò óñëîâèþ H1x = 0.
Ex07.3. + � + +. 0 0 0 0. 4 6 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1 + ε(t2 − 1),
H1x = x(a)− p1x(b) + p2x

′(a) + p3x
′(b) = H1α,

ãäå p1, p2 è p3 íàõîäÿòñÿ èç óñëîâèé H1α = h1β, H1sht = H1cht = 0. Âñå ðåøåíèÿ
(1) óäîâëåòâîðÿþò óñëîâèþ H1x = 0. Â ïðèìåðàõ Ex07.1 è Ex07.3 p1, p2, p3 è H1α
ïðàêòè÷åñêè ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ïàðàìåòðàìè ïðèìåðà Ex07.2.

Ex08.
1. EL1L2.TL01t
2. ELL1L2

2. ELL1L2

4. EL1L2.TL01t
5. ELL1L2.ñò
6. ELL1L2.ñò
7. ELL1L2

8. EL1L2.TL01t
9. ELL1L2

10. EL1L2.TL01t
11. ELL1L2

12. ELL1L2

Ex08.5. + 0 0 0. + 0 0 0. 2 5 8 A B L L1 L2

a = −ε, b = π/2, f = −x, α = − cos t, β = cos t,
H1x = x(a) = α(a), H2x = x(a) = β(a).
Ex08.6. + 0 0 0. + 0 0 0. 3 5 8 A B L L1 L2

a = 0, b = π/2, f = −x, α = − cos t, β = cos t,
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H1x = x(a) = α(a), H2x = x(a) = β(a).
Ex09.
1. EL1.TL01.*
2. ELL1.*
2. ELL1.*
4. EL1L2.TL01t.ñò
5. ELL1L2.ñò
6. ELL1L2.ñò
7. EL1.TL01t.*
8. ELL1.*
9. ELL1.*
10. EL1.TL01t.*
11. EL1.TL05tD.*
12. EL1.TL06D.*
13. EL1L2.TL01t.ñò
14. EL1L2.TL04t.ñò
15. EL1L2.TL09.ñò
16. EL1.TL01t.*
17. EL1.TL03t.*
18. EL1.TL11.*
Ex09.4. + 0 0 0. 0 0 + 0. 3 5 7 9 A D L1 L2

a = −2, b = 0, f = 0, t ∈ [−2,−1), f = 12x′′2, t ∈ [−1, 0], α = 0, β = min{1, t4},
H1x = x(a) = β(a), H2x = x′(a) = 0.
Ex09.5. + 0 0 0. 0 0 + 0. 3 5 8 9 A D L L1 L2

a = −2, b = 0, f = 0, α = 0, β = min{1,−t},
H1x = x(a) = β(a), H2x = x′(a) = 0.
Ex09.6. + 0 0 0. 0 0 + 0. 3 6 9 A D L L1 L2

a = 0, b = 1, f = x, α = 0, β = 1 + εt2,
H1x = x(a) = β(a), H2x = x′(a) = 0.
Ex09.13. + 0 0 0. 0 0 + 0. 3 5 7 A B D L1 L2

ctg γ = −4, γ ∈ (π/4, 0), a = −π/2 − γ − 1, b = 0, f = −x, t ∈ [−π/2− γ − 1,−1),
f = 12x1/2, t ∈ [−1, 0], α = 0, β = min {sin(t + γ + 1)/sin γ, t4},

H1x = x(a) = β(a)− ε, H2x = x′(a) = 0.
Ex09.14. + 0 0 0. 0 0 + 0. 3 5 8 A B D L1 L2

a = 0, b = π, f = x, t ∈ [0, π/2), x ≤ 1, f = 2 − x, t ∈ [0, π/2), x ≥ 1, f = −x,
t ∈ [

π
2
, π

]
, α = 0, β = 2, t ∈ [

0, π
2

]
, β = 2 sin t, t ∈ [

π
2
, π

]
,

H1x = x(a) = β(a)− ε, H2x = x′(a) = 0.
Ex09.15. + 0 0 0. 0 0 + 0. 3 6 A B D L1 L2

a = 0, b = π, f = x, t ∈ [0, π/2), x ≤ 1, f = 2 − x, t ∈ [0, π/2), x ≥ 1, f = x,
t ∈ [π/2, π], α = 0, β = 2, t ∈ [0, π/2], β = 2 ch (t− π/2), t ∈ [π/2, π],

H1x = x(a) = β(a)− ε, H2x = x′(a) = 0.
Ex10.
1. EL1L2.TL01t
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2. ELL1L2

3. ELL1L2

Ex11.
1. ELL1L2

Ex12.
1. ELL1L2

Ex13.
1. ELL1L2

Ex14.
1. EL1L2. TL01t
2. ELL1L2

3. ELL1L2

Ex15.
1. EL2.TL01t.*
2. ELL2.*
3. ELL2.*
4. EL2.TL01t.*
5. ELL2.*.ñò
6. ELL2.*.ñò
7. ELL2.*
8. EL2.TL01t.*
9. ELL2.*
10. EL2.TL01t.*
11. ELL2.*
12. ELL2.*
Ex15.5. 1 0 0 0. + 0 0 0. 2 5 8 A B C L L2

a = −π/2− ε, b = 0, f = −x, α = sin t, β = − sin t,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(a) = 0.

Ex15.6. 1 0 0 0. + 0 0 0. 3 5 8 A B C L L2

a = −π/2, b = 0, f = −x, α = sin t, β = − sin t,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(a) = 0.

Ex16.
1. E.TL01t.**
2. EL.**
3. EL.**
4. EL2.TL01t.*.ñò
5. ELL2.*.ñò
6. ELL2.*.ñò
7. E.TL01t.**
8. EL.**
9. EL.**
Ex16.4. 1 0 0 0. 0 0 + 0. 3 5 7 9 C D L2
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a = −2, b = 0, f = 0, t ∈ [−2,−1), f = 12|x|1/2sign x , t ∈ [−1, 0], α = max {−1,−t4} ,
β = min {1, t4},

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x′(a) = 0.

Ex16.5. 1 0 0 0. 0 0 + 0. 3 5 8 9 C D L L2

a = −2, b = 0, f = 0, α = max {−1, t}, β = min {1,−t},
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x′(a) = 0.

Ex16.6. 1 0 0 0. 0 0 + 0. 3 6 9 C D L L2

a = 0, b = 1, f = x, α = −1− εt2, β = 1 + εt2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x′(a) = 0.

Ex17.
1. EL2.TL01t.*
2. ELL2.*
3. ELL2.*
EX18.
1. ELL2.*
Ex19.
1. EL1.TL01t.*
2. ELL1.*
3. ELL1.*
Ex20.
1. ELL1.*
2. ELL1.*
3. ELL1.*.ñò
4. ELL1.*.ñò
5. ELL1.*
Ex20.3. + 0 0 0. 0 0 0 1. 2 5 8 A B D L L1

a = −π/2− ε, b = 0, f = −x, α = sin t, β = − sin t,
H1x = x(a) = 0, H2x =

(
x′(b)− α′(b)

)(
x′(b)− β′(b)

)
= 0.

Ex20.4. + 0 0 0. 0 0 0 1. 3 5 8 A B D L L1

a = −π/2, b = 0, f = −x, α = sin t, β = − sin t,
H1x = x(a) = 0, H2x =

(
x′(b)− α′(b)

)(
x′(b)− β′(b)

)
= 0.

Ex21.
1. ELL2.*
Ex22.
1. EL2.TL01t.*
2. ELL2.*
3. ELL2.*
Ex23.
1. ELL2.*
Ex24.
1. ELL2.*
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Ex25.
1. ELL1.TLL11H.ñò′
Çäåñü ìû ñòàëêèâàåìñÿ ñî ñëó÷àåì, êîãäà òåîðåìà TLL11H ñîäåðæèò äâà ëèíåéíûõ

óñëîâèÿ L è L2. Â ðàáîòå [1] ïîñòðîåí ïðèìåð ñ óñëîâèÿìè L è L1. Íóæíî ïîñòðîèòü
ïðèìåð è ñ óñëîâèÿìè L1 è L2.

Ex25.1′. + 0 0 0. 0 0 + �. 4 5 8 9 A B D L1 L2

a = −1, b = 0, f = −2x′3, α = (t + 4)1/2 − 2, β = 0,
H1x = x(a) = 2

√
2− 3, H2x =

√
3x′(a)− 2x′(b) = 0.

Ðåøåíèå óðàâíåíèÿ (1) x(t) = (t + C)1/2 − C1/2.
Ex26.
1. ELL1L2

2. ELL1L2

Ex27.
1. ELL2.*
2. ELL2.*
2. ELL2.*
Ex28.
1. EL2.TL15H.*.ñò
2. EL2.TL16H.*.ñò
3. EL2.TL13t.*.ñò
4. EL2.TL17H.*.ñò
5. EL2.TL15t.*.ñò
6. EL2.TL12t.*.ñò
Ex28.1. 1 0 0 0. 0 + + 0. 3 6 A B C L2

a = 0, b = π + ε, f = −2 − x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π), −1 ≤ x ≤ 1,
f = 2 − x, t ∈ [0, π), x ≥ 1, f = x, t ∈ [π, π + ε], α = −2, t ∈ [0, π], α = −2 ch(t − π),
t ∈ [π, π + ε], β = 2, t ∈ [0, π], β = 2 ch(t− π), t ∈ [π, π + ε],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.

Ex28.2. 1 0 0 0. 0 + + 0. 3 7 A B C L2

a = 0, b = π + ε, f = −2 − x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π), −1 ≤ x ≤ 1,
f = 2− x, t ∈ [0, π), x ≥ 1, f = 0, t ∈ [π, π + ε], α = −2, β = 2,

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.

Ex28.3. 1 0 0 0. 0 + + 0. 3 8 A B C L2

a = 0, b = π + ε, f = −2 − x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π), −1 ≤ x ≤ 1,
f = 2− x, t ∈ [0, π), x ≥ 1, f = −x, t ∈ [π, π + ε], α = −2, t ∈ [0, π], α = −2 cos(t− π),
t ∈ [π, π + ε], β = 2, t ∈ [0, π], β = 2 cos(t− π), t ∈ [π, π + ε],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.

Ex28.4. 1 0 0 0. 0 + + 0. 4 6 A B C L2

a = −δ, b = π + ε, f = x, t ∈ [−δ, 0), f = −2−x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π),
−1 ≤ x ≤ 1, f = 2 − x, t ∈ [0, π), x ≥ 1, f = x, t ∈ [π, π + ε], α = −2 ch t, t ∈ [−δ, 0],
α = −2, t ∈ [0, π], α = −2 ch(t− π), t ∈ [π, π + ε], β = 2 ch t, t ∈ [−δ, 0], β = 2, t ∈ [0, π],
β = 2 ch(t− π), t ∈ [π, π + ε],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.
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Çäåñü è äàëåå δ > 0 è ñóùåñòâåííî ìåíüøå ε.
Ex28.5. 1 0 0 0. 0 + + 0. 4 7 A B C L2

a = −δ, b = π + ε, f = x, t ∈ [−δ, 0), f = −2−x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π),
−1 ≤ x ≤ 1, f = 2 − x, t ∈ [0, π), x ≥ 1, f = 0, t ∈ [π, π + ε], α = −2 ch t, t ∈ [−δ, 0],
α = −2, t ∈ [0, π + ε], β = 2 ch t, t ∈ [−δ, 0], β = 2, t ∈ [0, π + ε],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.

Ex28.6. 1 0 0 0. 0 + + 0. 4 8 A B C L2

a = −δ, b = π + ε, f = x, t ∈ [−δ, 0), f = −2−x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π),
−1 ≤ x ≤ 1, f = 2− x, t ∈ [0, π), x ≥ 1, f = −x, t ∈ [π, π + ε], α = −2 ch t, t ∈ [−δ, 0],
α = −2, t ∈ [0, π], α = −2 cos(t−π), t ∈ [π, π+ε], β = 2 ch t, t ∈ [−δ, 0], β = 2, t ∈ [0, π],
β = 2 cos(t− π), t ∈ [π, π + ε],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b) + x′(a) = 0.

Ex29.
1. ELL2.*.ñò
2. ELL2.*.ñò
3. ELL2.*.ñò
4. ELL2.*.ñò
5. ELL2.*.ñò
6. ELL2.*.ñò
7. ELL2.*.ñò
8. ELL2.*.ñò
9. ELL2.*.ñò
Ex29.1. 1 0 0 0. 0 + � 0. 2 7 9 A C L L2

a = −1, b = 0, f = 0, α = −1, β = 1− εt2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.2. 1 0 0 0. 0 + � 0. 2 8 9 A C L L2

a = −1, b = 1, f = 0, α = −1, β = 1− εt2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− 2x′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.3. 1 0 0 0. 0 + � 0. 3 8 9 A C L L2

a = 0, b = 1, f = 0, α = −1, β = 1− εt2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.4. 1 0 0 0. 0 + � 0. 2 7 A B C L L2

a = −1, b = 0, f = −ε2x, α = − cos εt, β = cos εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b)− sin εx′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.5. 1 0 0 0. 0 + � 0. 2 8 A B C L L2

a = −1, b = 1, f = −ε2x, α = − cos εt, β = cos εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b)− sin 2εx′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.
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Ex29.6. 1 0 0 0. 0 + � 0. 3 8 A B C L L2

a = 0, b = 1, f = −ε2x, α = − cos εt, β = cos εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b)− sin εx′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.7. 1 0 0 0. 0 + � 0. 2 6 9 A B C L L2

a = 0, b = 1, f = 0, α = −1− εt, β = 1 + εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.8. 1 0 0 0. 0 + � 0. 3 6 9 A B C L L2

a = 0, b = 1, f = ε2x, α = − ch εt, β = ch εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = εx(b)− sh εx′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex29.9. 1 0 0 0. 0 + � 0. 3 7 9 A B C L L2

a = 0, b = 1, f = 0, α = −1, β = 1,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(a) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex30.
1. ELL2.*.ñò
2. ELL2.*.ñò
3. ELL2.*.ñò
4. ELL2.*.ñò
5. ELL2.*.ñò
Ex30.1. 1 0 0 0. 0 + 0 �. 2 6 9 A B C L L2

a = 0, b = 1, f = 0, α = −1− εt, β = 1 + εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex30.2. 1 0 0 0. 0 + 0 �. 3 6 9 A B C L L2

a = 0, b = 1, f = ε2x, α = − ch εt, β = ch εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = ε ch εx(b)− sh εx′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex30.3. 1 0 0 0. 0 + 0 �. 3 7 9 A B C L L2

a = 0, b = 1, f = 0, α = −1, β = 1,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x(b)− x′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex30.4. 1 0 0 0. 0 + 0 �. 4 6 9 A B C L L2

a = −1, b = 1, f = ε2x, α = − ch εt, β = ch εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = ε ch 2εx(b)− sh 2εx′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex30.5. 1 0 0 0. 0 + 0 �. 4 7 9 A B C L L2

a = −1, b = 0, f = ε2x, α = − ch εt, β = ch εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = ε ch εx(b)− sh εx′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.
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Ex31.
1. EL2.TL15H.*.ñò
2. EL2.TL17H.*.ñò
Ex31.1. 1 0 0 0. 0 0 + +. 3 6 A B C L2

a = 0, b = 2π, f = −2−x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π), −1 ≤ x ≤ 1, f = 2−x,
t ∈ [0, π), x ≥ 1, f = x, t ∈ [π, 2π], α = −2, t ∈ [0, π], α = −2 ch(t − π), t ∈ [π, 2π],
β = 2, t ∈ [0, π], β = 2 ch(t− π), t ∈ [π, 2π],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x′(a) + εx′(b) = 0.

Ex31.2. 1 0 0 0. 0 0 + +. 4 6 A B C L2

a = −δ, b = 2π, f = x, t ∈ [−δ, 0), f = −2 − x, t ∈ [0, π), x ≤ −1, f = x, t ∈ [0, π),
−1 ≤ x ≤ 1, f = 2 − x, t ∈ [0, π), x ≥ 1, f = x, t ∈ [π, 2π], α = −2 ch t, t ∈ [−δ, 0],
α = −2, t ∈ [0, π], α = −2 ch(t − π), t ∈ [π, 2π], β = 2 ch t, t ∈ [−δ, 0], β = 2, t ∈ [0, π],
β = ch(t− π), t ∈ [π, 2π],

H1x =
(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = x′(a) + εx′(b) = 0.

Ex32.
1. ELL2.*.ñò
2. ELL2.*.ñò
Ex32.1. 1 0 0 0. 0 0 � +. 2 6 9 A B C L L2

a = ε, b = 1, f = x, α = − ch t, β = ch t,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = − ch(1− ε)x′(a) + x′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex32.2. 1 0 0 0. 0 0 � +. 3 6 9 A B C L L2

a = 0, b = 1, f = x, α = − ch t, β = ch t,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = − ch 1x′(a) + x′(b) = 0.

Äëÿ âñåõ ðåøåíèé, ïðîõîäÿùèõ ÷åðåç
(
a, α(a)

)
, çíà÷åíèå H2x ïîñòîÿííî.

Ex33.
1. ELL2.*
Ex34.
1. ELL1.*
2. ELL1.*
Ex35.
1. EL1L2.TL01t
2. EL1L2.TLL11.ñò′
3. EL1L2.TLL11.ñò′

Ex35.2′. + 0 + 0. + 0 0 0. 4 5 8 9 A B C L L2

a = 0, b = 1, f = 0, α = t− 1, β = 1− t,
H1x = x(a) + x′(a) + εp

(
x(a), α(a), β(a)

)
= 0, H2x = x(a) = 0.

Çäåñü è äàëåå p(x, y, z) = min {|x− y|, |x− z|}.
Ex35.3′. + 0 + 0. + 0 0 0. 4 6 9 A B C L L2

a = −1, b = 1, f = x, α = 0, β = ch t,
H1x = ϕ

(
x(a)

)
+ cth 1x′(a) = 0, H2x = x(a) = 0.5 ch 1,

ãäå ϕ(x) = 0, x ∈ (−∞, 0.5 ch 1], ϕ(x) = 2x− ch1, x ∈ [0.5 ch 1,∞).
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Ex36.
1. ELL1L2

2. ELL1L2

3. ELL1L2

4. ELL1L2

5. ELL1L2

Ex37.
1. EL1L2.TL01t
2. EL1L2.TLL11.ñò′
3. EL1L2.TLL11.ñò′

Ex37.2′. + 0 + 0. 0 0 � 0. 4 5 8 9 A B C L L2

a = 0, b = 1, f = 0, α = t− 1, β = 1− t,
H1x = x(a) + x′(a) + εp

(
x(a), α(a), β(a)

)
= 0, H2x = −x′(a) = 0.

Ex37.3′. + 0 + 0. 0 0 � 0. 4 6 9 A B C L L2

a = −1, b = 1, f = x, α = 0, β = ch t,
H1x = ϕ

(
x(a)

)
+ cth 1x′(a) = 0, H2x = −x′(a) = −β′(a)− ε,

ãäå ϕ(x) = ch 1x, x ∈ (−∞, 1], ϕ(x) = ch 1, x ∈ [1,∞) è äëÿ y = ch(t+1)−sh 1 sh(t+
1), y(1) = ch 2− sh 1 sh 2 = −0.5001 < 0.

Ex38.
1. ELL1L2

2. ELL1L2

Ex39.
1. ELL2.TLL11.ñò′

Ex39.1′. + 0 + 0. 0 0 0 �. 4 5 8 9 A B C L1 L2

a = −1, b = 0, f = −2x′3, α = (t + 4)1/2 − 2, β = 0,
H1x = x(a)/2

√
3 + (2−√3)x′(a) = 0, H2x = −x′(b) = −0.1

√
5.

Ex40.
1. ELL1L2

2. ELL1L2

3. EL1L2.TLL11.ñò′
4. EL1L2.TLL11.ñò′

Ex40.3′. + 0 0 +. + 0 0 0. 2 5 8 A B C L L2

a = −ε, b = π/2, f = −x, α = − cos t, β = cos t,
H1x = x(a) + cos εx′(b) + εp

(
x(a), α(a), β(a)

)
= 0, H2x = x(a) = 0.

Ex40.4′. + 0 0 +. + 0 0 0. 3 5 8 A B C L L2

a = 0, b = π/2, f = −x, α = − cos t, β = cos t,
H1x = x(a) + x′(b) + εp

(
x(a), α(a), β(a)

)
= 0, H2x = x(a) = 0.

Ex41.
1. ELL2.TLL11.ñò′

Ex41.1′. + 0 0 +. + 0 0 0. 4 5 8 9 A B C L1 L2

a = −1, b = 0, f = −x′3, α = (t + 4)1/2 − 2, β = 0,
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H1x = x(a) + (8− 4
√

3)x′(b) = 0, H2x = x(a) = 2
√

2− 3.
Ex42.
1. ELL1L2

2. ELL1L2

3. ELL1L2

Ex43.
1. ELL1.*.ñò
2. ELL1L2.ñò
3. ELL1.*.ñò
Ex43.1. + 0 0 +. 0 0 + 0. 2 5 8 9 C D L L1

a = −3, b = 0, f = 0, α = max {−1− ε(t + 3), t}, β = min {2,−t},
H1x = x(a) + 1.5x′(b) = 0.5, H2x = γ

(
x′(a), ε

)
= 0,

ãäå çäåñü è äàëåå γ(x, y) = x + |y|, x ∈ (−∞,−|y|), γ(x, y) = 0, x ∈ [ − |y|, |y|],
γ(x, y) = x− |y|, x ∈ (|y|,∞)

.
Ex43.2. + 0 0 +. 0 0 + 0. 3 5 8 9 C D L L1 L2

a = −3, b = 0, f = 0, α = max {−1, t}, β = min {2,−t},
H1x = x(a) + 1.5x′(b) = 0.5, H2x = x′(a) = 0.
Ex43.3. + 0 0 +. 0 0 + 0. 4 5 8 9 C D L L1

a = −3, b = 0, f = 0, α = max {−1 + ε(t + 3), t}, β = min {2,−t},
H1x = x(a) + 1.5x′(b) = 0.5, H2x = γ

(
x′(a), ε

)
= 0.

Ex44.
1. ELL2.TLL11.ñò′

Ex44.1′. + 0 0 +. 0 0 � 0. 4 5 8 9 A B C L1 L2

a = −1, b = 0, f = −2x′3, α = (t + 4)1/2 − 2, β = 0,
H1x = x(a) + (8− 4

√
3)x′(b) = 0, H2x = −x′(a) = −1/4.

Ex45.
1. ELL2.TLL11.ñò′

Ex45.1′. + 0 0 +. 0 0 0 �. 4 5 8 9 A B C L1 L2

a = −1, b = 0, f = −2x′3, α = (t + 4)1/2 − 2, β = 0,
H1x = x(a) + (8− 4

√
3)x′(b) = 0, H2x = −x′(b) = −1/6.

Ex46.
1. ELL2.TLL11.ñò′

Ex46.1′. 0 0 + �. 0 0 + 0. 1 2 6 9 A B C L1 L2

a = 0, b = 1, f = 2x′3, x = (c− t)1/2 − c1/2, α = (4− t)1/2 − 2, β = 0,
H1x = 2x′(a)−√3x′(b) = 0, H2x = x′(a) = −1/6.
Ex47.
1. ELL2.TLL11.1ñò′

Ex47.1′. 0 0 + �. 0 0 � 0. 4 5 8 9 A B C L1 L2

a = −1, b = 0, f = −2x′3, α = (t + 4)1/2 − 2, β = 0,
H1x =

√
3x′(a)− 2x′(b) = 0, H2x = −x′(a) = −1/4.
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Ex48.
1. EL1.TL01.*
2. ELL1.*
3. ELL1.*
Ex49.
1. ELL1.*
2. ELL1.*
Ex50.
1. ELL2.*
2. ELL2.*.ñò
3. ELL2.*
4. ELL2.*
5. ELL2.*
6. ELL2.*
7. ELL2.*
Ex50.2. 1 0 1 0. 0 + 0 0. 3 8 A B C L L2

a = 0, b = 1, f = −x, α = − cos t, β = cos t,
H1x =

(∣∣x(a)− α(a)
∣∣ +

∣∣x′(a)− α′(a)
∣∣
)(∣∣x(a)− β(a)

∣∣ +
∣∣x′(a)− β′(a)

∣∣
)

= 0,
H2x = x(b) = 0.
Ex51.
1. ELL2.*
2. ELL2.*
Ex52.
1. ELL2.*
2. ELL2.*
3. ELL2.*
Ex53.
1. ELL2.*.ñò
2. ELL2.*.ñò
3. ELL2.*.ñò
4. ELL2.*.ñò
5. ELL2.*.ñò
6. ELL2.*.ñò
Ex53.1. 1 0 0 0. + � 0 +. 2 6 9 C D L L2

a = 0, b = 1, f = x, α = −1− εt, β = 1 + εt,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = p1x(a)− p2x(b) + p3x

′(b) = H2α,
ãäå p1, p2, p3 îïðåäåëÿþòñÿ èç óñëîâèé H2α = H2β, H2 sh t = 0.
Ex53.2. 1 0 0 0. + � 0 +. 2 7 9 C D L L2

a = 0, b = 1, f = x, α = −1 + ε(t− 1)2, β = 1− ε(t− 1)2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = p1x(a)− p2x(b) + p3x

′(b) = H2α,
ãäå p1, p2, p3 îïðåäåëÿþòñÿ èç óñëîâèé H2α = H2β, H2 sh t = 0.
Ex53.3. 1 0 0 0. + � 0 +. 3 6 9 C D L L2
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a = 0, b = 1, f = x, α = −1− εt2, β = 1 + εt2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = p1x(a)− p2x(b) + p3x

′(b) = H2α,
ãäå p1, p2, p3 îïðåäåëÿþòñÿ èç óñëîâèé H2α = H2β, H2 sh t = 0.
Ex53.4. 1 0 0 0. + � 0 +. 3 7 9 C D L L2

a = 0, b = 1, f = x, α = −1, β = 1,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = ch 1x(a)− ch 1x(b) + sh 1x′(b) = 0,

H2 sh t = 0.
Ex53.5. 1 0 0 0. + � 0 +. 4 6 9 C D L L2

a = 0, b = 1, f = x, α = −1− ε(t2 − t), β = 1 + ε(t2 − t),
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = p1x(a)− p2x(b) + p3x

′(b) = H2α,
ãäå p1, p2, p3 îïðåäåëÿþòñÿ èç óñëîâèé H2α = H2β, H2 sh t = 0.
Ex53.6. 1 0 0 0. + � 0 +. 4 7 9 C D L L2

a = 0, b = 1, f = x, α = −1− ε(t− 1)2, β = 1 + ε(t− 1)2,
H1x =

(
x(a)− α(a)

)(
x(a)− β(a)

)
= 0, H2x = p1x(a)− p2x(b) + p3x

′(b) = H2α,
ãäå p1, p2, p3 îïðåäåëÿþòñÿ èç óñëîâèé H2α = H2β, H2 sh t = 0.
Ex54.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′
3. ELL2.TLL11.?
Ex54.1′. + � + 0. + 0 0 0. 2 6 9 A B C L1 L2

a = ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = x(a) = 0,
ãäå p1, p2 íàõîäÿüñÿ èç óñëîâèé H1α = H1β, H1 sh 2(t − ε) = 0. Òîãäà H1 cth(1 −

ε) sh(t− ε) < H1α.
Ex54.2′. + � + 0. + 0 0 0. 3 6 9 A B C L1 L2

a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α = 0.4183, H2x = x(a) = 0.
Èç H1α = H1β ñëåäóåò p1 = 2/(ch 1 + ch 2) = 0.3770. Èç H1 sh 2t = 0 ñëåäóåò

p2 = p1 sh 2/2 = 0.6836. Òîãäà H1 cth 1 sh t = 0.3159 < H1α.
Ex54.3′. + � + 0. + 0 0 0. 3 7 9 A B C L1 L2

Â ýòîì ñëó÷àå íå óäàëîñü óñòàíîâèòü ÿâëÿåòñÿ ýòî óòâåðæäåíèå òåîðåìîé èëè
ïðèìåðîì.

Ex55.
1. ELL1L2

2. EL1L2.TLL11.ñò′

Ex55.2′. + � + 0. 0 + 0 0. 3 8 A B C L L2

a = 0, b = 1, f = −ε2x, α = − cos εt, β = cos εt,
H1x = ε cos εx(a)− εx(b) + sin εx′(a) + ε2p

(
x(b), α(b), β(b)

)
= 0, H2x = x(b) = 0.

Äëÿ Hx = ε cos εx(a)− εx(b) + sin εx′(a) ñïðàâåäëèâî H sin ε(t− 1) = 0.
Ex56.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.?
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3. ELL2.TLL11.ñò′
4. ELL2.TLL11.ñò′
5. ELL2.TLL11.ñò′

Ex56.1′. + � + 0. 0 + 0 0. 3 6 9 A B C L1 L2

a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α = 0.4183, H2x = x(b) = 0.
Èç H1α = H1β ñëåäóåò p1 = 2/(ch 1+ ch 2) = 0.3770, à èç H1 sh 2(t− 1) = 0 ñëåäóåò

p2 = th 2/2 = 0.4820. Òîãäà H1 sh(1− t)/ sh 1 = 0.3671 < H1α.
TEx56.2′. + � + 0. 0 + 0 0. 3 7 9 A B C L1 L2

Äëÿ ýòîãî óòâåðæäåíèÿ íå óäàëîñü óñòàíîâèòü ÿâëÿåòñÿ îíî òåîðåìîé èëè ïðèìåðîì.
Ex56.3′. + � + 0. 0 + 0 0. 4 6 9 A B C L1 L2

a = −ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = x(b) = 0,
ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 sh 2(t − 1) = 0. Òîãäà H1 sh(1 −

t)/ sh(1 + ε) < H1α.
Ex56.4′. + � + 0. 0 + 0 0. 4 7 9 A B C L1 L2

a = −1, b = 0, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + 0.55x′(a) = H1α = 0.5621, H2x = x(b) = 0.
Èç H1α = H1β ñëåäóåò p1 = 0.3347. Òîãäà H1 − cth 1 sh t = 0.4287 < H1α è

H1 cth 2 sh 2t = 0.5306 < H1α.
Ex56.5′. + � + 0. 0 + 0 0. 4 8 9 A B C L1 L2

a = −1, b = −ε, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + 0.55x′(a) = H1α, H2x = x(b) = 0.
Èç H1α = H1β íàõîäèòñÿ p1. Òîãäà H1−cth 1 sh(t+ε) < H1α è H1 cth 2 sh 2(t+ε) <

H1α.
Ex57.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′

Ex57.1′. + � + 0. 0 0 0 +. 3 6 9 A B C L1 L2

a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α = 0.4183, H2x = x′(b) = 0.
Èç H1α = H1β ñëåäóåò p1 = 0.3770, à èç H1 ch 2(t − 1) = 0 ñëåäóåò p2 = 0.4667.

Òîãäà H1 ch(t− 1)/ ch 1 = 0.4003 < H1α.
Ex57.2′. + � + 0. 0 0 0 +. 4 6 9 A B C L1 L2

a = −ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = x′(b) = 0,
ãäå p1, p2 îïðåäåëÿþòñÿ èç óñëîâèé H1α = H1β, H1 ch 2(t− 1) = 0. Òîãäà H1 ch(t−

1)/ ch(1 + ε) < H1α.
Ex58.
1. ELL1.*.ñò
2. ELL1L2.ñò
3. ELL1.*.ñò
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4. ELL1.*.ñò
5. ELL1L2.*.ñò
6. ELL1.*.ñò
Ex58.1. + � + 0. 0 0 0 +. 3 6 9 C D L L1

a = −1, b = 1, f = x, α = t− 1, β = t + 1 + ε(t + 1)2,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = γ
(
x′(b)− 1, 4ε

)
= 0,

ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 ch(t − 1) = 0. Òîãäà H1 sh(t +
1)/ ch 2 > H1α.

Ex58.2. + � + 0. 0 0 0 +. 3 7 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α = −1.2384, H2x = x′(b) = 1.
Èç H1α = H1β ñëåäóåò p1 = 1, à èç H1 ch(t− 1) = 0 ñëåäóåò p2 = (ch 2− 1)/ sh 2 =

0.7616. Òîãäà H1 sh(t + 1)/ ch 2 = −0.7617 > H1α.
Ex58.3. + � + 0. 0 0 0 +. 3 8 9 C D L L1

a = −1, b = 1, f = x, α = t− 1, β = t + 1− ε(t + 1)2,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = γ
(
x′(b)− 1, 4ε

)
= 0,

ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 ch(t − 1) = 0. Òîãäà H1 sh(t +
1)/ ch 2 > H1α.

Ex58.4. + � + 0. 0 0 0 +. 4 6 9 C D L L1

a = −1, b = 1, f = x, α = t− 1− ε(t− 1)2, β = t + 1 + ε(t + 1)2,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = γ
(
x′(b)− 1, 4ε

)
= 0,

ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 ch(t − 1) = 0. Òîãäà H1 sh(t +
1)/ ch 2 > H1α.

Ex58.5. + � + 0. 0 0 0 +. 4 7 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1− ε(t− 1)2, β = t + 1,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = x′(b) = 1,
ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 ch(t − 1) = 0. Òîãäà H1 sh(t +

1)/ ch 2 > H1α.
Ex58.6. + � + 0. 0 0 0 +. 4 8 9 C D L L1

a = −1, b = 1, f = x, α = t− 1− ε(t− 1)2, β = t + 1− ε(t + 1)2,
H1x = x(a)− p1x(b) + p2x

′(a) = H1α, H2x = γ
(
x′(b)− 1, 4ε

)
= 0,

ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 ch(t − 1) = 0. Òîãäà H1 sh(t +
1)/ ch 2 > H1α.

Ex59.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′

Ex59.1′. + 0 + �. + 0 0 0. 2 6 9 A B C L1 L2

a = ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a)− p2x
′(b) = H1α, H2x = x(a) = 0,

ãäå p1, p2 íàõîäÿòñÿ èç óñëîâèé H1α = H1β, H1 sh 2t = 0. Òîãäà H1 sh t cth(1− ε) <
H1α.

Ex59.2′. + 0 + �. + 0 0 0. 3 6 9 A B C L1 L2
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a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a)− p2x
′(b) = H1α = 0, 7212, H2x = x(a) = 0.

Èç H1α = H1β ñëåäóåò p2 = 0.2373, à èç H1 sh 2t = 0 ñëåäóåò p1 = 0.8927. Òîãäà
H1 sh t cth 1 = 0.6913 < H1α.

Ex60.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′
3. ELL2.TLL11.ñò′
4. ELL2.TLL11.ñò′

Ex60.1′. + 0 + �. 0 + 0 0. 3 6 9 A B C L1 L2

a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + 0.6x′(a)− p2x

′(b) = H1α = 0, 7212, H2x = x(b) = 0.
Èç H1α = H1β ñëåäóåò p2 = 0.2373. Òîãäà H1 sh(1 − t)/ sh 1 = 0.4141 < H1α,

H1 sh 2(t− 1)/ sh 2 = 0.1139 < H1α.
Ex60.2′. + 0 + �. 0 + 0 0. 4 6 9 A B C L1 L2

a = −ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + 0.6x′(a)− p2x

′(b) = H1α, H2x = x(b) = 0,
ãäå p2 íàõîäèòñÿ èç óñëîâèé H1α = H1β Òîãäà H1 sh(1 − t)/ sh(1 + ε) < H1α,

H1 sh 2(t− 1)/ sh(2 + 2ε) < H1α.
Ex60.3′. + 0 + �. 0 + 0 0. 4 7 9 A B C L1 L2

a = −1, b = 0, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a)− 0.4x′(b) = H1α = 0.8034, H2x = x(b) = 0.
Èç H1α = H1β ñëåäóåò p1 = 0.6294. Òîãäà H1 − sh t cth 1 = 0.7930 < H1α,

H1 sh 2t cth 2 = 0.3206 < H1α.
Ex60.4′. + 0 + �. 0 + 0 0. 4 8 9 A B C L1 L2

a = −1, b = −ε, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a)− 0.4x′(b) = H1α, H2x = x(b) = 0,
ãäå p1 íàõîäèòñÿ èç óñëîâèÿ H1α = H1β. Òîãäà H1 − sh(t + ε) cth(1 − ε) < H1α,

H1 sh 2(t + ε) cth 2(1− ε) < H1α.
Ex61.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′

Ex61.1′. + 0 + �. 0 0 0 +. 3 6 9 A B C L1 L2

a = 0, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + 0.7x′(a)− p2x

′(b) = H1α = 0.7212, H2x = x′(b) = 0.
Èç H1α = H1β ñëåäóåò p2 = 0.2373. Òîãäà H1 ch(t − 1)/ ch 1 = 0.4669 < H1α,

H1 − ch 2(t− 1)/ ch 2 = 0.3497 < H1α.
Ex61.2′. + 0 + �. 0 0 0 +. 4 6 9 A B C L1 L2

a = −ε, b = 1, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + 0.7x′(a)− p2x

′(b) = H1α, H2x = x′(b) = 0,
ãäå p2 íàõîäèòñÿ èç óñëîâèÿ H1α = H1β. Òîãäà H1 ch(t − 1)/ ch(1 + ε) < H1α,

H1 − ch(t− 1)/ ch(2 + 2ε) < H1α.
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Ex62.
1. ELL2.*
Ex63.
1. ELL1.*
2. ELL1.*
Ex64.
1. ELL1L2

2. ELL1L2

3. ELL1L2

4. ELL1L2

5. ELL1L2

6. ELL1L2

7. EL1L2.TL18
8. EL1L2.TL18
9. EL1L2.TL18
10. EL1L2.TL18
11. EL1L2.TL18
12. EL1L2.TL18
Ex65.
1. ELL1L2.ñò
2. ELL1L2.ñò
3. EL1L2.TL18.ñò
4. EL1L2.TL18.ñò
Ex65.1. + � 0 0. 0 0 + +. 3 6 9 A C L L1 L2

a = 0, b = 1, f = x, α = 0, β = ch εt,
H1x = ch εx(a)− x(b) = 0, H2x = 2x′(a) + x′(b) = H2β = ε sh ε.
Äëÿ y = (ch ε− ch 1) sh t + sh 1 ch t, H1y = 0 è H2y = −0.5431 < 0.
Ex65.2. + � 0 0. 0 0 + +. 4 6 9 A C L L1 L2

a = −δ, b = 1, f = x, α = 0, β = ch εt,
H1x = ch εx(a)− ch εδx(b) = 0, H2x = 2x′(a) + x′(b) = H2β = −2ε sh εδ + ε sh ε.
Äëÿ y = (ch ε ch δ − ch εδ ch 1) sh t + (ch ε sh δ + ch εδ sh 1) ch t, H1y = 0 è H2y < 0.
Ex65.3. + � 0 0. 0 0 + +. 3 6 A B C L1 L2

a = 0, b = π + ε, f = x, t ∈ [0, π), x ≤ 1, f = 2 − x, t ∈ [0, π), x ≥ 1, f = x,
t ∈ [π, π + ε], α = 0, β = 2, t ∈ [0, π], β = 2 ch(t− π), t ∈ [π, π + ε],

H1x = ch εx(a)− x(b) = 0, H2x = 2x′(a) + x′(b) = H2β = 2 sh ε.
Äëÿ y =

(
ch ε− ch(π + ε)

)
sh t + sh(π + ε) ch t, H1y = 0 è H2y < 0.

Ex65.4. + � 0 0. 0 0 + +. 4 6 A B C L1 L2

a = −δ, b = π + ε, f = x, t ∈ [−δ, 0), f = x, t ∈ [0, π), x ≤ 1, f = 2 − x, t ∈ [0, π),
x ≥ 1, f = x, t ∈ [π, π + ε], α = 0, β = 2 ch t, t ∈ [−δ, 0], β = 2, t ∈ [0, π], β = 2 ch(t−π),
t ∈ [π, π + ε],

H1x = ch εx(a)− ch δx(b) = 0, H2x = 2x′(a) + x′(b) = H2β = −4 sh δ + 2 sh ε.
Äëÿ y = ch δ

(
ch ε−ch(π+ε)

)
sh t+

(
ch ε sh δ+ch δ sh(π+ε)

)
ch t, H1y = 0 è H2y < 0.

Ex66.
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1. ELL1.*.ñò
2. ELL1.*.ñò
3. ELL1.*.ñò
4. ELL1L2.ñò
5. ELL1L2.ñò
Ex66.1. + � 0 0. 0 0 + +. 2 6 9 C D L L1

a = −1, b = 1, f = x, α = t− 1, β = t + 1 + ε(t + 1),
H1x = (1 + ε)x(a)− x(b) = −2(1 + ε), H2x = γ

(
x′(a)− 1, ε

)
+ γ

(
x′(b)− 1, ε

)
= 0.

Ex66.2. + � 0 0. 0 0 + +. 2 7 9 C D L L1

a = −1, b = 1, f = x, α = t− 1 + ε(t− 1)2, β = t + 1,
H1x = x(a)− (1− 2ε)x(b) = −2 + 4ε, H2x = γ

(
x′(a)− 1, 2ε

)
+ x′(b) = 1.

Ex66.3. + � 0 0. 0 0 + +. 3 6 9 C D L L1

a = −1, b = 1, f = x, α = t− 1, β = t + 1 + ε(t + 1)2,
H1x = (1 + 2ε)x(a)− x(b) = −2− 4ε, H2x = x′(a) + γ

(
x′(b)− 1, 2ε

)
= 1.

Ex66.4. + � 0 0. 0 0 + +. 3 7 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1,
H1x = x(a)− x(b) = −2, H2x = x′(a) + x′(b) = 2.
Èç H1(A sh t+B ch t) = −2 ñëåäóåò A = 2/ sh 1, à èç H2(A sh t+B ch t) = 2 ñëåäóåò

A = 2/ ch 1.
Ex66.5. + � 0 0. 0 0 + +. 4 6 9 C D L L1 L2

a = −1, b = 1, f = x, α = t− 1, β = t + 1− ε(1− t2),
H1x = x(a)− x(b) = −2, H2x = x′(a) + x′(b) = 2.
Ex67.
1. EL1∨L2.TL01t.TL1L21
2. ELL1∨L2.TL1L21
3. ELL1∨L2.TL1L21
Çäåñü óñëîâèå L1∨L2 îçíà÷àåò íàëè÷èå L1 ëèáî L2. Äîïîëíèòåëüíé ïðèìåð íå

íóæíî ñòðîèòü òàê-êàê îí ïîëó÷àåòñÿ ïåðåñòàíîâêîé H1 è H2.
Ex68.
1. ELL2.TLL11.ñò′
2. ELL2.TLL11.ñò′

Ex68.1′. + 0 + 0. 0 + 0 �. 4 6 9 A B C L1 L2

a = −1, b = δ, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a) = H1α, H2x = x(b)− x′(b) = β(b)− ε,
ãäå p1 íàõîäèòñÿ èç óñëîâèÿ H1α = H1β. Åñëè H1x = H1α è 0 ≤ x(a) < β(a),

òî x(b) > β(b). Ñëåäîâàòåëüíî, äëÿ ðåøåíèÿ x êðàåâîé çàäà÷è (1)-(3) áóäåò α(a) ≤
x(a) < 0. Íî òîãäà íå âûïîëíÿåòñÿ óñëîâèå H2x = β(b)− ε.

Ex68.2′. + 0 + 0. 0 + 0 �. 4 7 9 A B C L1 L2

a = −1, b = 0, f = 4x, x ≤ 0, f = x, x ≥ 0, α = − ch 2t, β = ch t,
H1x = x(a) + p1x

′(a) = H1α = 0.8034, H2x = x(b)− x′(b) = β(b)− ε.
Èç H1α = H1β ñëåäóåò p1 = 0.6294. Èç H1 sh t cth 1 = −0.2678 ñëåäóåò, ÷òî äëÿ

y ∈ S(I, R) èç 0 ≤ y(a) < β(a) è y(b) = β(b) ñëåäóåò H1y < H1α. Ñëåäîâàòåëüíî, èç
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x ∈ S(I, R), H1x = H1α, 0 ≤ x(a) < β(a) ñëåäóåò x(b) > β(b). Íî ïðè α(a) ≤ x(a) < 0
ñïðàâåäëèâî íåðàâåíñòâî 0 ≤ x′(b) è âòîðîå ãðàíè÷íîå óñëîâèå íå âûïîëíÿåòñÿ.

Ex69.
1. ELL1L2.ñò
Ex69.1. + 0 + 0. 0 0 + �. 4 5 8 9 C D L L1 L2

a = −2, b = 0, f = 0, α = max {−1, 2t}, β = min {−t + 1,−2t},
H1x = x(a) + 4x′(a) = −1, H2x = x′(a)− 0.25x′(b) = −0.5.
Ex70.
1. EL1∨L2.TL01t.TL1L22
2. ELL1∨L2.TL1L22
3. ELL1∨L2.TL1L22
Ex71.
1. ELL1∨L2.TL1L21tCD
2. ELL1∨L2.TL1L21tCD
3. ELL1∨L2.TL1L21tCD
Ex72.
1. ELL1L2

2. ELL1L2

3. EL1L2.TL15H
4. EL1L2.TL17H
Ex73.
1. ELL1∨L2.TL1L23
Ex74.
1. ELL2.*
2. ELL2.*
3. ELL2.*
4. ELL2.*
5. ELL2.*
6. ELL2.*
Ex75.
1. ELL2.*
2. ELL2.*
Ex76.
1. EL.TLL12.*.ñò′
2. EL.TLL12.*.ñò′
3. EL1.TL18.*.ñò′
4. EL1.TL18.*.ñò′

Ex76.1′. + � 0 0. 0 0 1 +. 4 7 9 A C L1

a = −1 − ε, b = c, tg c = th 1, c = 0.651, f = x, t ∈ [−1 − ε, 0), f = −x, t ∈ [0, c],
x ≤ 0, f = x, t ∈ [0, c], x ≥ 0, α = − ch(t + 1), t ∈ [−1− ε, 0], α = − sh 1 sin t− ch 1 cos t,
t ∈ [0, c], β = 1,

H1x = x(a)− px(b) = H1α, H2x = −
∣∣x′(a)

∣∣ + min {x′(b), 0} = 0.
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Èç H1α = H1β ñëåäóåò p =
(
β(a) − α(a)

)
/
(
β(b) − α(b)

)
< 1. Ñëåäîâàòåëüíî,

H1β > 0. Ïóñòü y, z ∈ S(I, R) óäîâëåòâîðÿåò óñëîâèÿì y′(a) = z′(a) = 0, y(b) = α(b),
z(b) = β(b). Òîãäà y′(b) < 0 è z′(b) > 0. Èç H2x = 0 ñëåäóåò x′(a) = 0. Ñëåäîâàòåëüíî,
íàéäåòñÿ λ ∈ [0, 1] òàêîå, ÷òî x = λy èëè x = λz. Íî H2λy < 0 ïðè λ > 0 è H1λz <
H1α.

Ex76.2′. + � 0 0. 0 0 1 +. 4 8 9 A C L1

tg c = th 1, c = 0.651, a = −1 − ε, b = c + δ, f = x, t ∈ [−1 − ε, 0), f = −x,
t ∈ [0, c + δ], x ≤ 0, f = x, t ∈ [0, c + δ], x ≥ 0, α = − ch(t + 1), t ∈ [−1 − ε, 0],
α = − sh 1 sin t− ch 1 cos t, t ∈ [0, c + δ], β = 1,

H1x = x(a)− px(b) = H1α, H2x = −
∣∣x′(a)

∣∣ + min {x′(b), 0} = 0.
Èç H1α = H1β ñëåäóåò p < 1 è H1β > 0. Ïóñòü y, z ∈ S(I, R) óäîâëåòâîðÿþò

óñëîâèÿì y′(a) = z′(a) = 0, y(b) = α(b), z(b) = β(b). Òîãäà y′(b) < 0 è z′(b) > 0 Èç
H2x = 0 ñëåäóåò x′(a) = 0. Ñëåäîâàòåëüíî, íàéäåòñÿ λ ∈ [0, 1] òàêîå, ÷òî x = λy èëè
x = λz. Íî H1λy < 0 ïðè λ > 0 è H1λz < H1α.

Ex76.3. + � 0 0. 0 0 1 +. 4 7 A B C L1

Ïóñòü th π sin c+cos c = 1, c ∈ (0, π),
(
2+ d ch(π + c)

)
/(2+ d) = 1.99/(2− 0.01 ch π),

a = 0, b = π + c, f = −x, t ∈ [0, π), x ≤ 1, f = x − 2, t ∈ [0, π), 1 ≤ x, f = x,
t ∈ [π, π + c], x ≤ 1, f = 2− x, t ∈ [π, π + c], 1 ≤ x ≤ 2, f = x− 2, t ∈ [π, π + c], x ≥ 2,
α = 0, β = 2 + d ch(t− π − c),

H1x = x(a)− px(b) = 0, H2x =
∣∣x′(a)

∣∣ + εx′(b) = ε2,
ãäå p = 1.99/(2− 0.01 ch π). Äëÿ y = 2− 0.01 ch t, t ∈ [0, π], y = 2 + 0.01(sh π sin t +

ch π cos t), t ∈ [π, π + c] ñïðàâåäëèâî H1y = 0. Äëÿ x ∈ S(I, R) ñ óñëîâèåì x′(0) = 0
òîëüêî y óäîâëåòâîðÿåò ïåðâîìó ãðàíè÷íîìó óñëîâèþ. Íî äëÿ y íå óäîâëåòâîðÿåòñÿ
âòîðîå ãðàíè÷íîå óñëîâèå.

Ex76.4. + � 0 0. 0 0 1 +. 4 8 A B C L1

Ïóñòü th π sin c + cos c = 1, c ∈ (0, π), β(0) = 3.98/(2 − 0.01 ch π), a = 0, b = π + c,
f = −x, t ∈ [0, π), x ≤ 1, f = x− 2, t ∈ [0, π), 1 ≤ x ≤ 2, f = 0, t ∈ [0, π), x ≥ 2, f = x,
t ∈ [π, π + c], x ≤ 1, f = 2 − x, t ∈ [π, π + c], 1 ≤ x ≤ 2, f = 0, t ∈ [π, π + c], x ≥ 2,
α = 0, β = 2 +

(
2− β(0)

)
(t− π − c)/(π + c),

H1x = x(a)− px(b) = 0, H2x =
∣∣x′(a)

∣∣ + εx′(b) = ε2,
ãäå p = 1.99/(2− 0.01 ch π). Äëÿ y = 2− 0.01 ch t, t ∈ [0, π], y = 2 + 0.01(sh π sin t +

ch π cos t), t ∈ [π, π + c] ñïðàâåäëèâî H1y = 0. Äëÿ x ∈ S(I, R) ñ óñëîâèåì x′(0) = 0
òîëüêî y óäîâëåòâîðÿåò ïåðâîìó ãðàíè÷íîìó óñëîâèþ. Íî äëÿ y íå óäîâëåòâîðÿåòñÿ
âòîðîå ãðàíè÷íîå óñëîâèå.

Ex77.
1. EL.*.*
2. EL.*.*
3. EL.*.*
4. EL.*.*
5. EL.*.*
6. EL.*.*
Ex78.
1. ELL2.*
2. ELL2.*
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3. ELL2.*
4. ELL2.*
5. ELL2.*
6. ELL2.*
Ex79.
1. EL.*.*
2. EL.*.*
Ex80.
1. ELL1.*
2. ELL1.*
Ex81.
1. ELL1L2.ñò
2. ELL1L2.ñò
Ex81.1. + 0 + +. 0 + + 0. 4 6 9 C D L L1L2

a = −1, b = δ, f = x, α = −1, β = 1 + εt2.
H1x = x(a) + p1x

′(a) + p2x
′(b) = −1, H2x = x(b) + px′(a) = −1.

Èç H2α = H2β ñëåäóåò p = (2 + εδ2)/2ε. Èç óñëîâèÿ H1α = H1β ñëåäóåò p12ε −
p22εδ = 2+ ε. Äëÿ y = (p sh 1− ch δ) sh t+(sh δ + p ch 1) ch t áóäåò H2y = 0. Èç H1y = 0
ñëåäóåò sh(1 + δ) + p− p1 ch(1− δ) + p2

(
p sh(1 + δ)− 1

)
= 0. Ýòî âòîðîå óñëîâèå äëÿ

íàõîæäåíèÿ p1 è p2. Çàìåòèì, ÷òî H1 ch t = ch 1−p1 sh 1+p2 sh δ 6= ch δ−p sh 1 = H2 ch t.
Òîãäà äëÿ ëþáîãî ðåøåíèÿ x = Ay + B ch t èç H1x = −1 ñëåäóåò H2x 6= −1.

Ex81.2. + 0 + +. 0 + + 0. 4 7 9 C D L L1L2

a = −1, b = 0, f = x, α = −1, β = 1 + εt2.
H1x = x(a) + p1x

′(a) + p2x
′(b) = −1, H2x = x(b) + px′(a) = −1.

Èç H2α = H2β ñëåäóåò p = 1/ε, à èç H1α = H1β ñëåäóåò p1 = (2 + ε)/2ε. Äëÿ y =
(p sh 1−1) sh t+p ch 1 ch t áóäåò H2y = 0. Èç H1y = 0 ñëåäóåò sh 1+p−p1 ch 1+p2(p sh 1−
1) = 0. Îòêóäà íàõîäèòñÿ p2. Çàìåòèì, ÷òî H1 ch t = ch 1−p1 sh 1 6= 1−p sh 1 = H2 ch t.
Òîãäà äëÿ ëþáîãî ðåøåíèÿ x = Ay + B ch t èç H1x = −1 ñëåäóåò H2x 6= −1.

Ex82.
1. ELL1L2.ñò
2. ELL1L2.ñò
Ex82.1. + 0 + �. 0 + 0 �. 3 6 9 C D L L1L2

a = 0, b = 1, f = x, α = −1, β = 1 + εt2.
H1x = x(a) + p1x

′(a)− p2x
′(b) = −1, H2x = x(b)− px′(b) = −1.

Èç H2α = H2β ñëåäóåò p = (2 + ε)/2ε, à èç H1α = H1β ñëåäóåò p2 = 1/ε. Äëÿ
y = (p sh 1−ch 1) sh t+(sh 1−p ch 1) ch t áóäåò H2y = 0. Èç H1y = 0 ñëåäóåò sh 1−p ch 1+
p1(p sh 1 − ch 1) + p2 = 0. Îòêóäà íàõîäèòñÿ p1. Çàìåòèì, ÷òî H1 ch t = 1 − p2 sh 1 6=
ch 1 − p sh 1 = h2 ch t. Äëÿ ëþáîãî ðåøåíèÿ x = Ay + B ch t èç H1x = −1 ñëåäóåò
H2x 6= −1.

Ex82.2. + 0 + �. 0 + 0 �. 4 6 9 C D L L1L2

a = −δ, b = 1, f = x, α = −1, β = 1 + εt2.
H1x = x(a) + p1x

′(a)− p2x
′(b) = −1, H2x = x(b)− px′(b) = −1.
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Èç H2α = H2β ñëåäóåò p = (2+ε)/2ε, à èç H1α = H1β ñëåäóåò p12εδ+p22ε = 2+εδ2.
Äëÿ y = (p sh 1 − ch 1) sh t + (sh 1 − p ch 1) ch t áóäåò H2y = 0. Èç H1y = 0 ñëåäóåò
sh(1 + δ) − p ch(1 + δ) + p1

(
p sh(1 + δ) − ch(1 + δ)

)
+ p2 = 0. Ýòî âòîðîå óñëîâèå äëÿ

íàõîæäåíèÿ p1 è p2. Çàìåòèì, ÷òî H1 ch t = ch δ−p1 sh δ−p2 sh 1 6= ch 1−p sh 1 = H2 ch t.
Äëÿ ëþáîãî ðåøåíèÿ x = Ay + B ch t èç H1x = −1 ñëåäóåò H2x 6= −1.

Ex83.
1. ELL2.*
2. ELL2.*
3. ELL2.*
4. ELL2.*
5. ELL2.*
6. ELL2.*
Ex84.
1. ELL2.*
2. ELL2.*
Ex85.
1. ELL1∨L2.TL1L21
2. ELL1∨L2.TL1L21
3. ELL1∨L2.TL1L21
Ex86.
1. ELL1∨L2.TL1L22
2. ELL1∨L2.TL1L22
3. ELL1∨L2.TL1L22
4. ELL1∨L2.TL1L22
5. ELL1∨L2.TL1L22
6. ELL1∨L2.TL1L22
Ex87.
1. ELL1∨L2.TL1L23
Ex88.
1. ELL1∨L2.TL1L24
2. ELL1∨L2.TL1L24
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Summary. Minimal examples with linear boundary conditions are given for a bound-
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Anot	acija. Robe�zprobl	emai tiek doti minim	alie piem	eri ar line	ariem robe�znosac	�jumiem.

Institute of Mathematics Received 01.02.2008
and Computer Science,
University of Latvia
Riga, Rainis blvd 29


