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Ñóùåñòâîâàíèå ðåøåíèÿ îäíîé êðàåâîé çàäà÷è ñ
ôóíêöèîíàëüíûì ãðàíè÷íûì óñëîâèåì

A.ß. Ëeïèí

Àííîòàöèÿ. Óêàçàíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ êðàåâîé çàäà÷è

x′′ = f(t, x, x′), p(x(0)) + x′(0) = 0, Hx = 0.

ÓÄÊ 517.927

Â ðàáîòå [1] äëÿ êðàåâîé çàäà÷è

x′′ = g(t, x, x′) + h(t, x, x′), t ∈ I = [0, 1],

p x(0) + x′(0) = 0, x(1) = αx(η), p ∈ R, α ≤ 0, 0 < η < 1,

ïðè âûïîëíåíèè óñëîâèé
x′g(t, x, x′) ≤ 0,

| h(t, x, x′) |≤ α(t) | x | +b(t) | x′ | +u(t) | x |r +v(t) | x′ |k +c(t), 0 ≤ r,

k < 1, (| p | +a1)e
b1 < 1, α1 = ‖a‖1 =

∫ 1

0

| a(t) | dt, b1 = ‖b‖1

äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ. Àíàëîãè÷íûå êðàåâûå çàäà÷è ðàññìàòðèâàëèñü â
ðàáîòàõ [2] - [4]. Íàøà öåëü - ðàññìîòðåòü áîëåå îáùóþ êðàåâóþ çàäà÷ó ñ ôóíê-
öèîíàëüíûì ãðàíè÷íûì óñëîâèåì è äàòü óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è â
òåðìèíàõ ôóíêöèé a, b è p+ = max{0, p} è íîðì a1, b1 è p+. Ðàññìîòðèì êðàåâóþ
çàäà÷ó

x′′ = f(t, x, x′), p(x(0)) + x′(0) = 0, Hx = 0, (1)
ãäe ôóíêöèÿ f : I × R2 → R óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè, p ∈ C(R,R) è
H ∈ C(C1(I, R), R). Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ.

1. Íàéäóòñÿ a, b, c, d ∈ L1(I, [0, +∞)) òàêèå, ÷òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ e ∈
L1(I, [0, +∞)) òàêîå, ÷òî

f(t, x, x′) ≥ −(a(t) + εc(t))x +(b(t) + εd(t))x′ − e(t),
(t, x, x′) ∈ I × [0, +∞)× (−∞, 0],
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f(t, x, x′) ≤ −(a(t) + εc(t))x +(b(t) + εd(t))x′ + e(t),
(t, x, x′) ∈ I × (−∞, 0]× ([0, +∞).

2. Ëþáîå ðåøåíèå xN çàäà÷è Êîøè

x′′ = f(t, x, x′), x(0) = N, x′(0) = −p(N), N ∈ R (2)

ïðîäîëæèìî íà âåñü èíòåðâàë I.
3. Íàéäóòñÿ p+, q ∈ [0, +∞) òàêèå, ÷òî

p(x) ≥ p+x− q, x ≤ 0, p(x) ≤ p+x + q, x ≥ 0.

4. Íàéäåòñÿ N∗ > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ C1(I, R) èç x > N∗ ñëåäóåò Hx ≥ 0
è èç x < −N∗ ñëåäóåò Hx ≤ 0.

Òåîðåìà 1 Åñëè ðåøåíèå y çàäà÷è Êîøè

y′′ = −a(t)y + b(t)y′, y(0) = 1, y′(0) = −p+ (3)

ïîëîæèòåëüíî, òî ñóùåñòâóåò ðåøåíèå êðàåâîé çàäà÷è (1).

Äîêàçàòåëüñòâî. Âûáåðåì ε > 0 òàê, ÷òîáû ïðè eε ∈ L1(I, [0, +∞)), ‖eε‖ ≤ ε
ðåøåíèå yε : I → R çàäà÷è Êîøè

y′′ = −(a(t) + εc(t))y + (b(t) + εd(t))y′ − eε(t), y(0) = 1, y′(0) = −p+ − ε

áûëî ïîëîæèòåëüíî è óäîâëåòâîðÿëî íåðàâåíñòâó yε(1) > y(1)/2. Èç óñëîâèÿ 1 ïî ε
íàõîäèì e(t). Ïóñòü

N1 = max{2N∗/y(1), ε−1q, ε−1‖e‖1}+ 1,

xN1 � ðåøåíèå çàäà÷è Êîøè (2) ïðè N = N1, y∗ � ðåøåíèå çàäà÷è Êîøè

y′′∗ = −(a(t) + εc(t))y∗ + (b(t) + εd(t))y′∗ − e(t)/(N1 − 1),
y∗(0) = 1, y′∗(0) = −p+ − ε

(4)

è z = x′N1
y∗ − y′∗xN1 . Ïîêàæåì, ÷òî ñïðàâåäëèâî íåðàâåíñòâî z ≥ 0. Äåéñòâèòåëüíî,

z(0) = x′N1
(0)y∗(0)− y′∗(0)xN1(0) ≥ −p+N1 − q + (p+ + ε)N1 > 0. Ïóñòü

t1 = sup{t ∈ I : (∀τ ∈ [0, t])(z(τ) ≥ 0)}.

Çàìåòèì, ÷òî èç z ≥ 0 íà èíòåðâàëå [0, t1] ñëåäóåò x′N1
/xN1 ≥ y′∗/y∗. Îòêóäà (ln xN1)

′ ≥
(ln y∗)′. Èíòåãðèðóÿ îò 0 äî t, èìååì ln xN1(t) − ln xN1(0) ≥ ln y∗(t) − ln y∗(0). Ñëåäî-
âàòåëüíî, xN1(t)/xN1(0) ≥ y∗(t)/y∗(0) èëè xN1(t) ≥ N1y∗(t). Åñëè t1 = 1, òî z ≥
0. Ïóñòü t1 ∈ (0, 1). Åñëè x′N1

(t1) ≥ 0, òî z(t1) = xN1(t1)y∗(t1) − y′∗(t1)xN1(t1) > 0,
÷òî ïðîòèâîðå÷èò îïðåäåëåíèþ t1. Åñëè x′N1

(t1) < 0, òî ïóñòü t2 ∈ (t1, 1) òàêîå, ÷òî
x′N1

(t) < 0 è xN1(t) > (N1 − 1)y∗(t) äëÿ t ∈ (t1, t2). Òîãäà íà èíòåðâàëå [t1, t2]

x′′N1
= f(t, xN1 , xN1) ≥ −(a(t) + εc(t))xN1 + (b(t) + εd(t))x′N1

− e(t). (5)
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Óìíîæàÿ íåðàâåíñòâî (5) íà y∗, óðàâíåíèå (4) � íà xN1 è âû÷èòàÿ, ïîëó÷àåì

x′′N1
y∗ − y′′∗xN1 ≥ (b(t) + εd(t))(x′N1

y∗ − y′∗xN1)− e(t)y∗ +e(t)xN1/(N1 − 1)
≥ (b(t) + εd(t))z.

Èç z(t1) = 0 è

x′′N1
y∗ − y′′∗xN1 = (x′N1

y∗ − y′∗xN1)
′ = z′ ≥ (b(t) + εd(t))z

ïî òåîðåìå ñðàâíåíèÿ äëÿ äèôôåðåíöèàëüíûõ íåðàâåíñòâ ïåðâîãî ïîðÿäêà ïîëó÷àåì
íåðàâåíñòâî z(t) ≥ 0, t ∈ [t1, t2], ÷òî ïðîòèâîðå÷èò îïðåäåëåíèþ t1. Èç z ≥ 0 àíàëîãè÷-
íî ïðåäûäóùåìó ïîëó÷àåì xN1 ≥ N1y∗. Ñëåäîâàòåëüíî, xN1 ≥ N1y∗ > 2N∗y∗/y(1) ≥
N∗. Àíàëîãè÷íî äëÿ ðåøåíèÿ x−N1 çàäà÷è Êîøè (2) ïðè N = −N1 ïîëó÷àåì íåðàâåí-
ñòâî x−N1 < −N∗. Ñëåäîâàòåëüíî, HxN1 ≥ 0 è Hx−N1 ≤ 0. Ìíîæåñòâî ðåøåíèé xN

çàäà÷ Êîøè (2) ïðè N ∈ [−N1, N1] ñâÿçíî. Ñëåäîâàòåëüíî, íàéäóòñÿ N0 ∈ [−N1, N1]
è ðåøåíèå xN0 çàäà÷è Êîøè (2) ïðè N = N0 òàêèå, ÷òî HxN0 = 0. ßñíî, ÷òî xN0

ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (1).
Ïðèìåð 1. Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′ = −a(t) | x | −b(t) | x′ | + min{0,−2x′3},
p+x(0) + x′(0) = 0, x(1)− 1 = 0.

(6)

Åñëè íàéäåòñÿ τ ∈ (0, 1] òàêîå, ÷òî y(τ) = 0, ãäå y � ðåøåíèå çàäà÷è Êîøè (3), òî
êðàåâàÿ çàäà÷à (6) íå èìååò ðåøåíèÿ.

Òåîðåìà 2 Åñëè (p+ + a1)e
b1 < 1, òî ñóùåñòâóåò ðåøåíèå êðàåâîé çàäà÷è (1).

Äîêàçàòåëüñòâî. Ïî òåîðåìå 1, äîñòàòî÷íî äîêàçàòü, ÷òî ðåøåíèå y çàäà÷è
Êîøè (3) ïîëîæèòåëüíî. Èç y′′ = −a(t)y + b(t)y′ è y ≥ 0 ñëåäóåò y′′ ≥ b(t)y′ − a(t).
Ðàññìîòðèì çàäà÷ó Êîøè

z′ = b(t)z − a(t), z(0) = −p+. (7)

Èç òåîðåìû ñðàâíåíèÿ äëÿ äèôôåðåíöèàëüíûõ íåðàâåíñòâ ïåðâîãî ïîðÿäêà ñëåäóåò
íåðàâåíñòâî y′ ≥ z. Äëÿ çàäà÷è Êîøè (7) ðåøåíèå èìååò âèä

z(t) = −p+ exp(

∫ t

0

b(s)ds)−
∫ t

0

a(s) exp(

∫ t

s

b(θ)dθ)ds. (8)

Èç (8) ñëåäóåò îöåíêà y′ ≥ z ≥ −(p+ +a1)e
b1 . Ñëåäîâàòåëüíî, y(t) ≥ 1−t(p+ +a1)e

b1 >
0, t ∈ I.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2 ìîæíî äîêàçàòü ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3 Åñëè (p+ + a1)e
b1 = 1 è a1 + b1 > 0, òî ñóùåñòâóåò ðåøåíèå êðàåâîé

çàäà÷è (1).

Ïðèìåð 2. Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′ = fσ(t, x, x′), p+x(0) + x′(0) = 0, x(1)− 1 = 0, (9)
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ãäå σ ∈ (0, 1/3) è
fσ(t, x, x′) = min{0,−a1σ

−1x}+ min{0,−2σ−1x′3}, (t, x, x′) ∈ [0, σ)×R2,

fσ(t, x, x′) = min{0, b1σ
−1x′}, (t, x, x′) ∈ [σ, 2σ)×R2,

fσ(t, x, x′) = 0, (t, x, x′) ∈ [2σ, 1]×R2.

Åñëè (p+ + a1)e
b1 = 1 è a1 = b1 = 0, òî êðàåâàÿ çàäà÷à (9) íå èìååò ðåøåíèÿ.

Åñëè (p+ + a1)e
b1 > 1, òî ïðè äîñòàòî÷íî ìàëîì σ êðàåâàÿ çàäà÷à (9) íå èìååò

ðåøåíèÿ.
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A. Lepins. Par vienas robe�zprobl	emas ar funkcion	alo robe�znosac	�jumu atrisi-
n	am	�bu.

Anot	acija. Norad	�ti atrisin	ajuma eksistences nosac	�jumi robe�zprobl	emai
x′′ = f(t, x, x′), p(x(0)) + x′(0) = 0, Hx = 0.
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