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Îá îäíîé êðàåâîé çàäà÷å äëÿ ÎÄÓ ÷åòâåðòîãî
ïîðÿäêà
Þ.À. Êëîêîâ

Àííîòàöèÿ. Óêàçàíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ êðàåâîé çà-
äà÷è

x′′′′ = f(t, x, x′, x′′, x′′′)

x(0) = x′(0) = x(τ) = x′(τ) = 0,

ÓÄÊ 517.927.4

Ýòà ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [1] � [5], ïîñâÿùåííûõ êðàåâûì çàäà÷àì
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà.

Ðàññìîòðèì çàäà÷ó

x′′′′ = f(t, x, x′, x′′, x′′′), (1)

x(0) = x′(0) = x(τ) = x′(τ) = 0, (2)
ãäå

f ∈ C(I ×R4), I = [0, τ ], I0 = (0, τ).

Ïîä ðåøåíèåì ïîíèìàåòñÿ ôóíêöèÿ x(t) ∈ C4(I).

Òåîðåìà. Ïóñòü

f ≤ H(t), 0 ≤ x ≤ N0, |x′| ≤ N1, f ≥ −H(t), −N0 ≤ x ≤ 0, |x′| ≤ N1

N0 = τ3

48

τ∫
0

H(s)ds, N1 = 4
τ
N0, H ∈ C(I), H(t) ≥ 0, ∀t ∈ I,

(3)

ãäå íåðàâåíñòâà (3) âûïîëíÿþòñÿ äëÿ ∀t ∈ I è ∀(x′′, x′′′) ∈ R2. Ïðåäïîëîæèì äàëåå,
÷òî äëÿ ëþáîãî N0 > 0, N1 > 0 ñóùåñòâóåò B > 0 òàêîå, ÷òî

|f(t, x, x′, x′′, x′′′)| ≤ B(1 + |x′′|5 + |x′′′| 53 ) (4)
äëÿ |x| ≤ N0, |x′| ≤ N1, è ∀(t, x′′, x′′′) ∈ (I × R2). Òîãäà ðåøåíèå çàäà÷è (1), (2)
ñóùåñòâóåò. Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì ïîíàäîáèòñÿ
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Ëåììà. Ïóñòü x(t), t ∈ I, åñòü ðåøåíèå óðàâíåíèÿ (1), äëÿ êîòîðîãî âûïîëíÿ-
åòñÿ óñëîâèå (4) è, êðîìå òîãî,

τ∫
0

x′′2(t)dt < M (äëÿ íåêîòîðîãî M > 0).
Òîãäà ñóùåñòâóåò ïîñòîÿííàÿ N > 0 òàêàÿ, ÷òî

|x′′(t)| ≤ N, |x′′′(t)| ≤ N, ∀t ∈ I, (5)
ïðè÷åì ïîñòîÿííàÿ N çàâèñèò òîëüêî îò ïîñòîÿííûõ N0, N1,M, B. Ýòà ëåììà ÿâëÿåòñÿ
÷àñòíûì ñëó÷àåì òåîðåìû 2, äîêàçàííîé â ðàáîòå [6].

Çàìåòèì, ÷òî â óñëîâèè (4) ïîêàçàòåëè ñòåïåíåé 5 è 5
3
ÿâëÿþòñÿ òî÷íûìè è íå

ìîãóò áûòü óâåëè÷åíû.
Äîêàçàòåëüñòâî òåîðåìû. Ðàññìîòðèì âñïîìîãàòåëüíîå óðàâíåíèå

x′′′′ = f(t, δ(−N0, x, N0), δ(−N1, x
′, N1), δ(−N, x′′, N), δ(−N, x′′′, N), (6)

ãäå N ïîñòîÿííàÿ, îïðåäåëåííàÿ â ëåììå íåðàâåíñòâîì (5) â ïðåäïîëîæåíèè, ÷òî
M = τ3

48
(

τ∫
0

H(s)ds)2, è δ(p, x, q), p, x, q ∈ C(R3), îïðåäåëåíà óñëîâèÿìè δ(p, x, q) =

p, x ≤ p, δ(p, x, q) = x, p ≤ x ≤ q, δ(p, x, q) = q, x ≥ q. Ïðàâàÿ ÷àñòü óðàâíåíèÿ
(6) îãðàíè÷åíà è ïîýòîìó ðåøåíèå çàäà÷è (6), (2) ñóùåñòâóåò (ñì. [7], ñòð.23 - 27).
Îáîçíà÷èì åãî ÷åðåç x(t), t ∈ I. Óñòàíîâèì àïðèîðíûå îöåíêè äëÿ ýòîãî ðåøåíèÿ
è åãî ïðîèçâîäíûõ. Óìíîæàÿ (6) íà x(t), è ó÷èòûâàÿ (3), íàéäåì

xx′′′′ ≤ |x|H(t), ∀t ∈ I. (7)
Äâàæäû èíòåãðèðóÿ (7) îò t = 0 äî t = τ è ó÷èòûâàÿ (2), íàéäåì

τ∫

0

x′′2(t)dt ≤
τ∫

0

|x(t)| ·H(t)dt. (8)

Ïóñòü G(t, s) ≤ 0, (t, s) ∈ [0, τ ]2 åñòü ôóíêöèÿ Ãðèíà äëÿ çàäà÷è z′′ = 0, z(0) =
z(τ) = 0, òàê ÷òî

G(t, s) = −τ−1(τ − t)s, t ≥ s, G(t, s) = −τ−1t(τ − s), t ≤ s. (9)
Òîãäà

x(t) =

τ∫

0

G(t, s)x′′(s)ds (10)

Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà èç (10), (8), íàéäåì

x2(t) = (

τ∫

0

G(t, s)x′′(s)ds)2 ≤
τ∫

0

G2(t, s)ds

τ∫

0

x′′2(s)ds ≤
τ∫

0

G2(t, s)ds

τ∫

0

|x(s)|H(s)ds

(11)
Äàëåå ëåãêî ïðîâåðÿåòñÿ íåðàâåíñòâî
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τ∫

0

G2(t, s)ds =
t2(τ − t)2

3τ
≤ τ 3

48
, ∀t ∈ I. (12)

Ïóñòü t0 ∈ I0 åñòü òî÷êà ìàêñèìóìà äëÿ |x(t)|. Èç (11), (12) ñëåäóåò

|x(t0)| ≤ τ 3

48

τ∫

0

H(s)ds, (13)

à èç (11), (12), (13) íàõîäèì

x2(t) ≤ t2(τ − t)2

3τ
· τ 3

48




τ∫

0

H(s)ds




2

èëè

|x(t)| ≤ τt(τ − t)

12

τ∫

0

H(s)ds ≤ τ 3

48

τ∫

0

H(s)ds = N0. (14)

Èç (14) è (8) íàõîäèì

τ∫

0

x′′2(t)dt ≤ M :=
τ 3

48




τ∫

0

H(s)ds




2

. (15)

Èç (10) è (9), èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà, íàõîäèì

|x′(t)| =
∣∣∣∣∣
(

t∫
0

s(τ−t)
τ

x′′(s)ds +
τ∫
t

t(τ−s)
τ

x′′(s)ds

)′

t

∣∣∣∣∣ ≤

≤
t∫

0

s
τ
|x′′(s)|ds +

τ∫
t

τ−s
τ
|x′′(s)|ds ≤

≤
[(

t∫
0

s2

τ2 ds

) 1
2

+

(
τ∫
t

( τ−s
τ

)2ds

) 1
2

](
τ∫
0

x′′2(s)ds

) 1
2

;

Îòêóäà è èç (15) ñëåäóåò

|x′(t)| ≤ (
τ

3
)

1
2 M

1
2 =

τ 2

12

τ∫

0

H(s)ds =
4

τ
N0 = N1. (16)

Òàê êàê x(t) è x′(t) óäîâëåòâîðÿþò îöåíêàì (14) è (16), òî èç ëåììû ñëåäóþò
îöåíêè (5). Ïðè âûïîëíåíèè ýòèõ îöåíîê ðåøåíèå çàäà÷è (6), (2) ñîâïàäàåò ñ ðåøåíèåì
çàäà÷è (1), (2). Òåì ñàìûì òåîðåìà äîêàçàíà.
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Summary. Su�cient conditions for existence of a solution to the Dirihlet problem

x′′′′ = f(t, x, x′, x′′, x′′′),

x(0) = x′(0) = x(τ) = x′(τ) = 0

are given.
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x′′′′ = f(t, x, x′, x′′, x′′′),

x(0) = x′(0) = x(τ) = x′(τ) = 0.
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