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On solutions of the fourth-order
nonlinear boundary value problems

[. Yermachenko and F. Sadyrbaev

Summary. We consider a two-point boundary value problem for the fourth-order
non-autonomous Emden-Fowler type equation using the quasilinearization process. We
reduce the given nonlinear equation to a some quasi-linear one with a non-resonant linear
part so that both equations are equivalent in some bounded domain. We use a fact that
modified quasi-linear problem has a solution of definite type, which corresponds to the
type of the linear part. If a solution of the quasi-linear problem is located in the domain
of equivalence, then the original problem has a solution. If quasilinearization is possible
for essentially different linear parts, then the original problem has multiple solutions.

1991 MSC 34B15

1 Introduction

Consider two-point boundary value problem for the fourth-order nonlinear differential
equation

2@ = q(t) - |z|P sgnz, (1)

z(0) = 2'(0) = 0 = z(1) = 2'(1), (2)

where p>1, tel:=[0,1], ¢(t) € C,(0, +00)).

Our aim is to obtain conditions for existence of multiple solutions. We investigate
the problem (1), (2) by reducing it to multiple quasi-linear problems of different types.
Suppose that equation (1) can be reduced to the quasi-linear one of the form

e — ke = F(t, ©), (3)

where (L4x) (t) := 2 — k% is a non-resonant linear part, function F(¢, x) is continuous
and bounded and equations (1)), (3) are equivalent in some domain

Q={(t,x): 0<t <1, |z]| <N}
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If a solution z(t) of the quasi-linear problem (3), (2) is located in the domain of equivalence
Q(t,x) (|z(t)| < N), then this z(t) also solves the original problem (1), (2). We then say
that the original problem allows for quasilinearization with respect to the linear part
(Lsz)(t) := 2™ — k'z.

If the original problem allows for quasilinearization for different values of k, then in
some cases we can obtain different solutions, that is the solutions with different oscillatory
properties. Let us illustrate this by considering the second-order problem.

2 Second-order linear problems and
respective linear parts

Consider the second-order Cauchy problems (for various k)

7"+ k*x =0,
2(0) =0, 2(0)=1. (4)

Linear parts (Loz)(t) := 2" + k*z are non-resonant (this means that the respective ho-
mogeneous problems z” + k*z =0, z(0) =0, (1) =0 have only the trivial solution),
if the coefficient k& belongs to one of the intervals

0, m), (m, 2m),..., (im, (i 4+ 1)m),...

Definition of an i-nonresonance of the linear part was given in [7], [8]. If the linear parts
" + k}r and 2" + kax are respectively i-nonresonant and j-nonresonant, we say then
that such linear parts are essentially different. If the linear parts of the problems (4) are
essentially different, then respective quasi-linear boundary value problems have solutions
with different oscillatory properties.

For the values of k from different intervals (the above mentioned) the solutions of the
problem (4) with different oscillatory properties are obtained and shown below.

1
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0.4 - -~

0.2

Figure 2.1. O0-nonresonance of a linear part

Figure 2.1 shows the solutions of the problem (4) for k; = 5 and ky = #. The linear
parts 2’ + kix and z” + k3x are O-nonresonant.

Figure 2.2. 1-nonresonance of a linear part
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Figure 2.2 illustrates the solutions of the problems (4)) for k3 = 37“ and k4 = %’T; each

of them has exactly one zero in the interval (0, 1). The respective linear parts = + k3x
and z” + k2x are 1-nonresonant.
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Figure 2.3. 2-nonresonance of a linear part

If k € (2w, 3m) (for instance, k5 = 3% and kg = 5F), then the respective solution
of the problem (4) has exactly two zeros in the interval (0, 1) (see Figure 2.3) and the
corresponding linear part is 2-nonresonant.

Therefore, if the values of k belong to the same interval (im, (i + 1)7), then the
respective solutions of the problems (4) have similar oscillatory properties. If the numbers
k; and k; belong to different intervals (im, (i + 1)7) and (jm, (j + 1)7) (i # j), then the
linear parts z” + k?z and z” + k:?x have different type of nonresonance (the linear parts
are essentially different) and the respective solutions of the problems (4) have different

oscillatory properties.

3 Fourth-order quasi-linear problems and
types of solutions

Consider the quasi-linear problems of the form
oW — ko = F(t, ), %)
z(0) =2/(0) =0 = z(1) = 2/(1),

where t € I :=[0,1], F, F, : I x R — R are continuous, F' is bounded and the following
condition is satisfied for any (¢, x)

OF(t
k4+%>0. (6)

In our investigation we use the oscillation theory by Leighton-Nehari for the fourth-order
linear differential equations [4]

W — p(t)x =0, p(t) > 0. (7)
We use their definition of a conjugate point and define an ¢-nonresonanse of the linear
part and an i-type solution of the quasi-linear problem (5) (see [9], [11], [12]).

Remark 3.1. The conjugate points (or double zeros) in the oscillation theory for the
fourth-order linear differential equations play the same role as the ordinary zeros in the
oscillation theory for the second-order equations.
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Remark 3.2. We use the following facts in our investigation:

1) for the linear equation ™ — k*z = 0 the respective conjugate points 1 (to the point
t = 0) satisfy the relation cos k7 - cosh kn = 1;

2) if the values of k are in the form 7n (n = 1, 2,...), then there exist (n — 1) conju-
gate points in the interval (0, 1), in other words the linear part (L4x)(t) =@ — Kz is
(n — 1)-nonresonant for k =7mn, n=1,2,....

Let us recall the definition of an i-type solution.

Definition 3.1 We will say that £(t) is an i-type solution of the quasi-linear problem
(5), if for small enough o, > 0 the difference u(t; o, ) = x(t; o, ) — £(t) has at most
i+ 1 zeros in the interval (0, 1] (counting multiplicities), where x(t; v, 3) is a solution of
the same quasi-linear equation, which satisfies the initial conditions

z(0;a, 3) = £(0), 2'(0;0,3) = £(0), (8)
"0, ) = €"(0) + o, 2"(0; 00, B) = £"(0) — B. (9)

We call the solution z(t; v, ) by neighboring solution.

The following theorem plays the basic role in our investigation.

Theorem 3.1 The quasi-linear problem (5) has an i-type solution, if the condition (6))
is fulfilled and the linear part (Lyx)(t) = 2 — k' is i-nonresonant.

Theorem 3.1 was proved in [9], [12].

4 Application

We apply Theorem 3.1 to the boundary value problem (1)), (2), that is, to the problem

2 = q(t) - 2] sgn .,

z(0) = 2/(0) = 0 = z(1) = 2/(1). (10)

Theorem 4.1 Suppose that
0<q <q(t) <q Vtelo, 1] (11)

If there exists some k of the form k = i, (i =1, 2,...), which satisfies the inequality

*(4v2+3) —1 N
k - <p /= k=02n—-1 12
TEES TR N1ty for k=Q@n-Tm 12
or 43 )
e (4v/2+3) + 1 Pl (@&
k - . = k=2 13
o 7 ol for k= 2nr (13)
where 3 is a positive root of the equation
B =B+ (p—1)-p, (14)

then there ezists an (i — 1)-type solution of the problem (1), (2).
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Proof. The given nonlinear equation (1)) is equivalent to the equation
e — ki = q(t) - |zPsgnx — kiz. (15)

Suppose that k satisfies the non-resonance condition cos k - cosh k = 1 and the linear part
(L4:E) (t) :== 2 — k*z is therefore non-resonant with respect to the boundary conditions

2).
Denote the right side of the equation (15) by fx(¢, ) and try to bound it. For a fixed
t = t* we can calculate the value of the function fi(¢, =) at the point of extremum z,. Set

melt") = e o)l = ()77 (o= 1)) (16)

Choose ng(t*) such that
|z < () = [fut", )] < (7).

Computation gives that
1

ny(t*) = (q?;))’”ﬁ, (17)

where a constant 3 > 1 is described in (14). Set

My = max{mg(t*) : t* € [0, 1]}, N, = min{ng(t*) : t* € [0, 1]}.
Let us consider now the corresponding quasi-linear equation
oW — k2 = Fi(t, x), (18)

where Fy(t,z) := p(z)fi(t, ) and function ¢(x) is such that ¢ = 1, if |z(¢)| < N, and
Fi(t, z) is smooth and bounded by the value of M} > 0.
The modified quasi-linear problem (18), (2) can be written in the integral form

1

£(t) = / Gult, 5)Fi(s, 2(s)) ds,

0

where Gi(t, s) is the Green’s function for the respective homogeneous problem

@ — k=0,

2(0) = 2/(0) = 0 = z(1) = /(1). (19)

We have constructed the Green’s function Gg(t, s) and have obtained the estimate for it
in [9], [11]. Then a solution of the quasi-linear problem (18), (2) satisfies

(T’ is an estimate of the Green’s function). If moreover the inequality
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holds, then equations (1)) and (18) are equivalent in the domain
Qe ={(t,x): 0<t <1, |z] < Ng}.
Notice that in this domain of equivalence Q the function Fy(¢,x) is continuously

F(t
differentiable and the condition (6) is fulfilled (i.e. k* + OF(t, @) > 0). So it follows

from Theorem 3.1 that if the linear part (L4x)(t) = ™ — k*z is i-nonresonant, then
the quasi-linear problem (18)), (2) has an i-type solution, if moreover the inequality (20)
holds, then the original problem (1), (2) also has an i-type solution.

Consider the inequality (20) and assume that ¢(t) satisfies (11). Since p > 1, then

_p 1
t*) = (ﬁ)”’l. —1)-q 7,
tgg[%ﬁ]mk( )= P—1-q

1 (21)
. £\ E p—1
i () = (55)"78
Therefore the inequality (20) takes the form
pﬁ AN
KTy < 8- (2)". 22
e (p—1)\go (22)

Let us consider values k of the form k = 7i (i = 1, 2 ...). For such k the linear part
(Lyz)(t) = 2™ — k*z is (i — 1)-nonresonant and the Green’s function Gy(t,s) satisfies
either the estimate

ek —
|Gi(t,s)| < T/&ﬁjj)n L k), if k=@2n—1nr (23)
Gt )] < FOVZER L L i k= o (24)

4k3(ek — 1)
It follows from (22), (23), (24) that the inequality (20) reduces respectively either to (12)
or (13). Therefore if there exists some k in the form k = mi, (i = 1, 2,...), which satisfies

an inequality (12) or (13), then there exists an (i — 1)- type solution of the given problem
(1), (2). The proof is complete.

Corollary 4.1 If there exist k = i, i = 1, 2, ..., m, which satisfy the inequalities (12,
(13), then there exist at least m solutions of different types to the problem (1), (2).

In Appendix we provide a table of the obtained results of calculations. For certain

values of p and il the numbers k in the form £ = w7, 1 = 1, 2, ... are given, which satisfy
a2
the inequalities (12), (13).

5 Example

Consider the fourth-order nonlinear boundary value problem

2 = 50(81 + sin Zt)|z|5 sgn ,

2(0) = 2/(0) = 0 = (1) = 2/(1). (25)
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9
It is a special case of the problem (1)), when p = 3 and ¢(t) = 50(81 + sin 5t). Since

81
min ¢(t) = 4050 and max ¢(t) = 4100 then the quotient oo

calculations (see Table 1 in Appendix) and Corollary 3.1 there exist at least four solutions
of different types to the given problem (25). We have computed them.

1.4
1.2

1
0.8
0.6 /
0.4 /
0.2

So in accordance with

Figure 5.1. 0-type solution

The solid line in Figure 5.1 indicates a trivial solution of the problem (25) and the
dashed line relates to one of the corresponding neighboring solutions (see Definition 3.1).
All other neighboring solutions are such that the difference between neighboring solution
and the trivial one has no conjugate points (double zeros) in the interval (0, 1), therefore
the trivial solution is a O-type solution. Figure 5.2 shows another solution of the problem

11077 70
. 6-10°°
8-10 5.10°8
6-10°° 4.10°8
4.10°® 3.10°°
8 2.10°8
210 -8
110
0.2 0.4 06 08 1 02 04 06 08 1
Figure 5.2. 1-type solution Figure 5.3. The difference be-

tween neighboring solution and
1-type sol.

(25) in solid (one of the corresponding neighboring solutions is shown in dashed). This
solution is an 1-type solution because the difference between neighboring solution and it
(see Figure 5.3) has exactly one conjugate point in (0, 1) n = 0,959862. The initial data
of the 1-type solution are xz”(0) = 0,000002, =" (0) = —0,000009223.

Figure 5.4 illustrates a 2-type solution of the problem (25). The initial data of this
solution are z”(0) = 51, z’(0) = —395,08258. The graphs of the respective neighbor-
ing solutions is difficult to show, because two lines almost coincide. Nevertheless, the
differences between some neighboring solutions and this solution are depicted in Figure
5.5 and Figure 5.6. There exist exactly two conjugate points in (0, 1): 7, = 0,586519,
1y = 0,972921.

Figure 5.7 illustrates a 3-type solution of the problem (25). The initial data of this so-
lution are x”(0) = 5100000, " (0) = —55374924,809. The differences between respective
neighboring solutions and this solution are depicted in Figure 5.8, Figure 5.9 and Figure
5.10. There exist exactly three conjugate points in (0, 1): 7, = 0,418951, 1y = 0,695755,
n3 = 0,973976.
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Figure 5.5.
difference
neighboring solution
and 2-type solution,
ap = 0,01, B =
0,07823
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Figure 5.7. 3-type solution
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Figure
difference
neighboring solution
and 2-type solution,
as = 0,001, By =
0,0079747

Figure 5.8. The difference be-

tween neighboring solution and

3-type sol.,, a1 =

1,0974

O>17 ﬁl =

6 Remarks about the sublinear case

It should be said that the same type arguments are valid in the case of the Emden -

Fowler type equation (10), where 0 < p < 1.

The difficulty is that the right side of this equation is not differentiable at x = 0. So the
type of the trivial solution x = 0 is indefinite. If we ignore it, all other possible solutions
(nontrivial ones) have definite type which under certain conditions can be revealed by the
described above quasi-linearization process. This process is possible if some relations of
the type (12), (13) hold. The respective calculations were carried out and the results are

represented in Table 2.
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Figure 5.10.The difference be-
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3-type sol.,, ag = 0,5, (3 =
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7 Appendix

Table 1. Superlinear case p > 1.

) 1S 29
p=7 Br12813 | &> | k=mk=2r
6 1S 15
p==: Br12884 | L>0 | k=mk=2r
T ~1.2933 | @4 > 12 k=m k=2
p=g |BF=L e =13 =R
Z_;Z% k=m k=2m k=37
_ 8 ~1.2969 | L£>2 | k=mk=2
p== f~1. 212 =mk=am
27 e L 9 L
3222—8 k=m k=2m k=23
9
p=g | B~12998 L>3 |k=mk=2r
‘“2% k=mk=2m k=37
a2
81 S T VNS N SN R
%28_2 k=m k=2 k=3m; k=A4r
10
p=-5 | B~13019 L>3 |k=mk=2r
‘1_12% ]{;:71';]{7:27ﬂ]€237r
a2
1 43 JE— — . — . —
Z_QZE k=mk=2mk=3m k=4n
11
p=15 |O~13038 ) L= |k=mk=2r
4_12% k=m k=2m k=37
a2
1 32 [ — . — . —
2—225 k=mk=2mk=3m k=4n
q—lz% k=m k=2m;k=3m k=4m, k=57
a2
12
p=1 |0~ 13053 L>3 |k=mk=2r
g;z% k=mk=2mk=3n
1> 2 k=mk=2m k=23mk=4r
a2
qlzg—? k=m k=2mk=3m k=4n; k=57
a2




Table 2. Sublinear case 0 < p < 1.
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4
ng £~ 1.3632 %Zg—g k=m; k=2r
5
P=g 0 ~ 1.3554 %—% k=m k=2m
6
p=: [~ 1.3499 g—;zg k=m k=2r
‘1_12% k=m k=2 k=3r
92
7
p=g [~ 1.3461 %2% k=m k=2r
‘J_lzg_g k:ﬂ;k’:Qﬂ;k‘:BW
92
8
P=3 B~ 1.3431 g—;z% k=m k=2m
‘1_12% k=m k=2 k=3r
q2
q—lz% k=mk=2mk=3m k=4n
g2
9
P=15 B ~ 1.3407 g—;z% k=m k=2r
‘1_12% k=m k=2m k=3r
q2
ﬂz% k=m k=2m k=3m; k=A4r
g2
10 1 11
P=1 fm13388 | &> |k=mk=2r
q—lz%—B k=m k=2m;k=3r
q2 9 Y Y
q—lz% k=m k=2nm k=3m; k=A4r
q2
%Z% k=m k=2mk=3mk=4n; k=57
11
[ ~ 3% 11 e
P= 15 B~13373 | L =15 k=m k=2rm
‘1_12% k=m k=2 k=3r
a2
q—lz% k=m k=2mk=3mk=4r
q2
q—lz% k=m k=2mk=3m; k=4nr; k=57
2
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. Epmauenko, ®. Cagpipbaen. O pernieHugax HeJIUHEHON KpaeBoil 3ama4dn
YeTBEepTOro nopdaka.

Awnnoramnug. [Iporecc kBazuinHeapusamuu MPUMEHSETCS K U3YYEHUIO JIBYXTOUYEU-
HOIl HeJIMHeiHOW KpaeBoil 3aja4d Jiss HeaBTOHOMHOI'O ypaBHeHus IdMjieHa - Dayiepa
JeTBepTOro nopsaka. /lannoe HennHeiiHOe ypaBHEHNE CBOIUTCI K KBA3WINHEWHOMY ypaB-
HEHUIO ¢ HEPEe30HAHCHON JUHEHHON JacThio TAKUM 0Opa3oM, UTO 00a ypaBHEHHS SKBUBa-
JIEHTHbBI B HEKOTOPOit orpanuyienuoit obsiactu. Vcnosibayercs npumedare/ibubiii pakt, 410
MO UITTPOBAHHAs HEJIMHEHAs 3a/la4a UMeeT PelieHue OnpeJieIeHHOrO TUla, COOTBeT-
CTBYIOIIETO TUIY JUHEHo# yactu. Ecm perenne KBa3uanHeiHOM 3a/1a41 TTPUHAICIKUT
00/1aCTH 9KBUBAJEHTHOCTH, TO OHO K€ SBJIeTCA M PellleHrneM HCXOHOH 3aja4du. Ecim
OINMCAHHBIN MPOIEeCC KBAa3UJINHEAPU3AIUNA BO3MOXKEH JJId CYIIeCTBEHHO JIMHEeHHBbIX YacTel,

TO MCXO/IHAY 3a/lada MMeeT HEeCKOJIbKO PelleHui.
VK 517.51 + 517.91

I. Jermacenko, F. Sadirbajevs. Par ceturtas kartas nelinearo robezproblemu
atrisinajumiem.

Anotacija. Tiek apskatitas divpunktu nelinearas robezproblemas neautonomiem
ceturtas kartas Emdena-Faulera tipa vienadojumiem. Doto nelinearo diferencialviena-
dojumu reduce uz kadu kvazi-linearo vienadojumu ar nerezonantu linearu dalu ta, lai abi
vienadojumi biitu ekvivalenti kada ierobezota apgabala. Mes izmantojam faktu, ka iegtitai
kvazi-linearai problemai ir noteikta tipa atrisinajums, kurs atkarigs no linearas dalas tipa.
Ja kvazi-linearas problemas atrisinajums atrodas ekvivalences apgabala, tad dota ne-
lineara problema ir atrisinama. Ja kvazilinearizacija ir iespejama ar butiski dazadam
linearam dalam, tad dotajai problemai ir vairaki atrisinajumi.
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