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Heêoòopûe êpaeâûe çaäa÷è äëÿ äèôôepeíöèaëüíoão
ypaâíeíèÿ òpeòüeão ïopÿäêa
A.ß.Ëeïèí, Ë.A.Ëeïèí, B.Ä.Ïoíoìapeâ

Institute of Mathematics and Computer Science, University of Latvia, Riga, Latvia

Äëÿ êðàåâîé çàäà÷è

(ϕ(t, x, x′′))′ = Fx, t ∈ I = [a, b], (1)

ϕ(a, x(a), x′′(a)) = A, H1x = h1, H2x = h2, (2)
α ≤ x ≤ β, (3)

ãäe ϕ ∈ C(I×R2, R) íe yáûâaeò ïo x è ñòðîãî âîçðàñòàåò ïî x′′, F ∈ C(C1(I, R), L1(I, R)),
A ∈ R, H1, H2 ∈ C(C1(I, R), R), H1α ≤ H1β, H2α ≤ H2β, h1 ∈ [H1α, H1β], h2 ∈
[H2α,H2β], α ∈ C1(I, R) � íèæíÿÿ ôóíêöèÿ è β ∈ C1(I, R) � âåðõíÿÿ ôóíêöèÿ,
êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: α ≤ β, α′, β′ ∈ Lip(I, R), äëÿ ëþáûõ
r ∈ (a, b) è s ∈ (r, b) èç ñóùåñòâîâàíèÿ ïðîèçâîäíûõ α′′(r), α′′(s), β′′(r) è β′′(s) ñëåäóþò
íåðàâåíñòâà

ϕ(s, α(s), α′′(s))− ϕ(r, α(r), α′′(r)) ≥
∫ s

r

Fαdu,

ϕ(s, β(s), β′′(s))− ϕ(r, β(r), β′′(r)) ≤
∫ s

r

Fβdu,

ϕ(a, α(a), α′′(a)) ≥ A, ϕ(a, β(a), β′′(a)) ≤ A,

äëÿ ëþáîãî x ∈ C1(I, R) èç α ≤ x ≤ β ñëåäóåò

Fβ ≤ Fx ≤ Fα,

íàéäåíû óñëîâèÿ íà H1 è H2, êîòîðûå îáåñïå÷èâàþò ðàçðåøèìîñòü êðàåâîé çàäà÷è
(1)-(3).

Àíàëîãè÷íàÿ êðàåâàÿ çàäà÷à ðàññìàòðèâàëàñü â ðàáîòå [1].
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About uniqueness of a solution of boundary value
problems for a system of two �rst order di�erential

equations with linear boundary conditions
V.Ponomarev

Institute of Mathematics and Computer Science, University of Latvia, Riga, Latvia

Consider the system of two di�erential equations

x′ = h(t, x, y), y′ = f(t, x, y) (1)

together with the following boundary conditions

a1x(a) + a2x(b) + a3y(a) + a4y(b) + a5 = 0,

b1x(a) + b2x(b) + b3y(a) + b4y(b) + b5 = 0,
(2)

where h, f ∈ Car([a, b] × R2, R), −∞ < a < b < +∞, ai, bi ∈ R, i = 1, ..., 5, ∆ij = aibj − ajbi,
i, j ∈ {1, ..., }.

We prove the following result.
Theorem. Suppose that h(t, x, y) is increasing in y and f(t, x, y) is strictly increasing in x.

Let also the conditions

h(t, x1, y1)− h(t, x2, y1) ≤ K(t)(x1 − x2), x1 ≤ x2;

h(t, x1, y1)− h(t, x2, y1) ≥ K1(t)(x1 − x2), x1 ≥ x2,

f(t, x1, y1)− f(t, x1, y2) ≤ K2(t)(y1 − y2), y1 ≥ y2,

f(t, x1, y1)− f(t, x1, y2) ≥ K3(t)(y1 − y2), y1 ≥ y2,

f(t, x1, y1)− f(t, x1, y2) ≥ K4(t)(y1 − y2), y1 ≤ y2,

∆23 6= 0, ε∆12 ≥ 0, ε∆13 ≥ 0, ε∆24 ≥ 0, ε∆43 hold, Ki ∈ L([a, b], (0, +∞)), i = 1, ..., 4,
ε = sign∆23. Then the boundary value problem (1), (2) has at most one solution.
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Some properties of solutions of Emden-Fowler type
equations

Armands Gritsans, Felix Sadyrbaev

Daugavpils University, Daugavpils, Latvia

In the study of various classes of nonlinear di�erential equations it is useful sometimes to
clarify properties of solutions of similar autonomous equations. For example, an important role
play the generalized sine and cosine functions in investigations of half-linear di�erential equations
[1]. Similarly, the lemniscatic functions are applied in the Nehari variational theory [2].

Denote by S and C solutions of the Emden - Fowler type di�erential equation x′′ = −3x5,

which satisfy respectively the initial conditions x(0) = 0, x′(0) = 1 un x(0) = 1, x′(0) = 0. We
mention the following properties of S and C.

• The functions S and C are periodic in the entire R with the minimal period T = 4
∫ 1
0

dt√
1−t6

and the value range is [−1; 1].

• The functions S and C can be expressed in terms of the Jacobian elliptic functions:

S(t) =
(αt; k)√

α22 (αt; k) +2 (αt; k)
, C(t) =

(αt; k)√
2 (αt; k) + α22 (αt; k)

,

α = 4
√

3, k =

√
2−√3

2
, α2 = 2− 4k2.

• for any real t the following analogue of the basic trigonometric identity is valid

S2(t) + 2S2(t)C2(t) + C2(t) = 1 or
(
1 + 2S2(t)

)(
1 + 2C2(t)

)
= 3.

• for any real t

S′(t) = C(t)
√

1 + 3S2(t) + 3S4(t) + 2S6(t),

C ′(t) = −S(t)
√

1 + 3C2(t) + 3C4(t) + 2C6(t).

• the functions S and C satisfy the addition theorem, that is, there exist two argument
functions Φ and Ψ such that for any real u and v the relations

S(u + v) = Φ
(
S(u);S(v)

)
and C(u + v) = Ψ

(
C(u);C(v)

)

hold.
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On solutions of the fourth-order
nonlinear boundary value problem

I. Yermachenko

Daugavpils University, Faculty of Natural Sciences and Mathematics, Daugavpils, Latvia

We consider the fourth-order nonlinear problem x(4) = q(t) · |x|p sgnx (i), x(0) = x′(0) =
0 = x(1) = x′(1) (ii), where p > 0, p 6= 1, t ∈ I := [0, 1], q(t) ∈ C(I, (0, +∞)).

We investigate the problem (i), (ii) using the quasilinearization process [1]. Namely, we
represent the equation (i) in a quasilinear form x(4) − k4x = F (t, x) (iii) with non-resonant
linear part in order the equations (i) and (iii) be equivalent in some domain. We proved in [3]
that modi�ed problem (iii), (ii) has a solution of the same oscillatory type as the linear part(
L4x

)
(t) := x(4)−k4x has. We showed in [2] that under certain conditions this quasilinearization

process can be applied with essentially di�erent linear parts and hence the original problem is
shown to have multiple solutions.

Theorem 0.1 Suppose that 0 < q1 ≤ q(t) ≤ q2 ∀t ∈ [0, 1]. If there exists some k in the form
k = πi, (i = 1, 2, . . .), which satis�es the inequality

k · ek(4
√

2 + 3)− 1
4(ek + 1)

< β · p
p

p−1

|p− 1|
(q1

q2

) 1
|p−1| for k = (2n− 1)π

or
k · ek(4

√
2 + 3) + 1

4(ek − 1)
< β · p

p
p−1

|p− 1|
(q1

q2

) 1
|p−1| for k = 2nπ,

where β is a positive root of the equation βp = β +(p− 1) · p p
1−p , then there exists an (i− 1)-type

solution of the problem (i), (ii).
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On Fu�cik spectra for the third and fourth order
equations

Natalija Sergejeva

Daugavpils University, Daugavpils, Latvia

We construct the Fu�cik spectrum for the third order nonlinear boundary value problem

x′′′ = −µ2x′+ + λ2x′−, µ, λ > 0, x′± = max{±x′, 0}, (1)

x(0) = x′(0) = 0 = x(1). (2)

By the Fu�cik spectrum we mean the set

{(λ, µ) : the problem (1), (2) has a nontrivial solution}.

Theorem. The Fu�cik spectrum for the problem (1), (2) consists of the branches given by

F+
2n−1 =

{
(λ, µ)

∣∣∣ 2nλ
µ − (2n−1)µ

λ − µ cos(λ−λπn
µ

+πn)

λ = 0,

nπ
µ + (n−1)π

λ < 1, nπ
µ + nπ

λ > 1
}

,

F+
2n =

{
(λ, µ)

∣∣∣ (2n+1)λ
µ − 2nµ

λ − λ cos(µ−µπn
λ

+πn)

µ = 0,

nπ
µ + nπ

λ < 1, (n+1)π
µ + nπ

λ > 1
}

,

F−
2n−1 =

{
(λ, µ)

∣∣∣ 2nµ
λ − (2n−1)λ

µ − λ cos(µ−µπn
λ

+πn)

µ = 0,

(n−1)π
µ + nπ

λ < 1, nπ
µ + nπ

λ > 1
}

,

F−
2n =

{
(λ, µ)

∣∣∣ (2n+1)µ
λ − 2nλ

µ − µ cos(λ−λπn
µ

+πn)

λ = 0,

nπ
µ + nπ

λ < 1, nπ
µ + (n+1)π

λ > 1
}

,

where n = 1, 2, . . ..
We investigate also properties of solutions to the problem (1), (2) and made comparison with

some known Fu�cik type problems. Let us mention that the Fu�cik spectrum for the problem under
consideration signi�cantly di�ers from known Fu�cik spectra (cfn. [1], [2]).

We consider also some fourth order problem and investigate its Fu�cik spectrum. It is similar
to that for the problem (1), (2).
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Multiplicity of the Nehari solutions
F. Sadyrbaev and A. Gritsans

Daugavpils University, Faculty of Natural Sciences and Mathematics, Daugavpils, Latvia

The boundary value problem (BVP)

x′′ = −q(t)|x|2εx, ε > 0, q ∈ C(R, (0, +∞)), (1)

x(a) = 0 = x(b), x(t) has n− 1 zeros in (a, b) (2)

for a �xed integer n may have multiple solutions xn(t). The Nehari solutions are those solutions
of the BVP (1), (2) which minimize the functional

J(x) :=
ε

1 + ε

∫ b

a
q(t)x2+2ε

n (t) dt

(
= min

ε

1 + ε

∫ b

a
x′2n (t) dt

)
.

It was proven in [1], that there exists at least one Nehari solution, so the problem is always
solvable. We construct the examples showing that there may be multiple Nehari solutions. In the
�rst example equation is of the form

x′′ = −q(t)x3, q(t) ≥ 0, (3)

where q(t) is �a constant - zero - constant"function, de�ned on the interval [0, 1] ∪ [1, 1 + T ] ∪
[1 + T, 2 + T ]. In the second example equation is also of the form (3), where q(t) =

2(
ξ(t)

)6 and

ξ(t) is a Λ-shaped function in the interval [−1, 1].
In both cases for appropriate choice of parameters there exist exactly three solutions of the

BVP and the two asymmetrical ones are the Nehari solutions.

Example 1. Example 2.
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