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Îäíà êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ n-ãî ïîðÿäêà
À.ß.Ëåïèí, Ë.A.Ëeïèí

Àííîòàöèÿ. Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-íîãî ïîðÿäêà ðàññìàòðèâàåò-
ñÿ àíàëîã çàäà÷è Äèðèõëå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà.

ÓÄÊ 517.927

Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

x(n) = f(t, x, x(n−2), x(n−1)), t ∈ I = [a, b], (1)

ãäå n ≥ 3, f : I × R3 → R óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè, ðàññìîòðèì
ñëåäóþùóþ êðàåâóþ çàäà÷ó. Çàäàíû n ãðàíè÷íûõ óñëîâèé âèäà x(m)(a) = Am è
x(m)(b) = Bm. Ïðèìåðîì òàêîé çàäà÷è ÿâëÿåòñÿ

x′′′ = f(t, x, x′, x′′), x(a) = A0, x′(a) = A1, x′(b) = B1

(ñì.[1]). Äëÿ m ∈ {0, ..., n− 1} ïóñòü a(m) = 1, åñëè åñòü ãðàíè÷íîå óñëîâèå x(m)(a) =
Am, a(m) = 0, åñëè ãðàíè÷íîãî óñëîâèÿ x(m)(a) = Am íåò; b(m) = 1, åñëè åñòü
ãðàíè÷íîå óñëîâèå x(m)(b) = Bm, è b(m) = 0, åñëè ãðàíè÷íîãî óñëîâèÿ x(m)(b) = Bm

íåò. Êðàåâóþ çàäà÷ó áóäåì çàïèñûâàòü òàê

x(n) = f(t, x, x(n−2), x(n−1)),
a(m) = 1 ⇒ x(m)(a) = Am, m ∈ {0, ..., n− 1},
b(m) = 1 ⇒ x(m)(b) = Bm, m ∈ {0, ..., n− 1}.

(2)

Ïóñòü a∗(m) =
∑m

k=0 a(k), a∗(m) =
∑n−1

k=m a(k), b∗(m) =
∑m

k=0 b(k) è b∗(m) =
∑n−1

k=m b(k).
Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

a(n− 1) = b(n− 1) = 0, a(n− 2) = b(n− 2) = 1, (3)

a∗(n− 3) + b∗(n− 3) = n− 2 (4)
a∗(m) + b∗(m) ≥ m + 1, m ∈ {0, ..., n− 4}. (5)

Ðàçðåøèìîñòü êðàåâîé çàäà÷è (2) áóäåì âûâîäèòü èç ñóùåñòâîâàíèÿ íèæíåé è
âåðõíåé ôóíêöèé α è β, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì: α, β ∈ Cn−2(I, R),
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α(n−2) ≤ β(n−2), α(n−2), β(n−2)(a) ∈ Lip(I, R), äëÿ ëþáûõ t1 ∈ (a, b) è t2 ∈ (t1, b), â
êîòîðûõ ñóùåñòâóþò ïðîèçâîäíûå α(n−1)(t1), α(n−1)(t2), β(n−1)(t1) è β(n−1)(t2), ñïðàâåä-
ëèâû íåðàâåíñòâà:

(∀x ∈ ACn−1(I, R)) (α(n−1)(t2)− α(n−1)(t1)

≥ ∫ t2
t1

f(t, δ(r(t), x(t), s(t)), α(n−2)(t), α(n−1)(t))dt),

(∀x ∈ ACn−1(I, R)) (β(n−1)(t2)− β(n−1)(t1)

≤ ∫ t2
t1

f(t, δ(r(t), x(t), s(t)), β(n−2)(t), β(n−1)(t))dt),

a(m) = 1 ∧ (−1)n−m+a∗(m) = 1 ⇒ α(m)(a) ≥ Am ≥ β(m)(a),
m ∈ {0, ..., n− 2},

a(m) = 1 ∧ (−1)n−m+a∗(m) = −1 ⇒ α(m)(a) ≤ Am ≤ β(m)(a),
m ∈ {0, ..., n− 2},

b(m) = 1 ∧ (−1)b∗(m) = 1 ⇒ α(m)(b) ≥ Bm ≥ β(m)(b),
m ∈ {0, ..., n− 2},

b(m) = 1 ∧ (−1)b∗(m) = −1 ⇒ α(m)(b) ≤ Bm ≤ β(m)(b),
m ∈ {0, ..., n− 2},

(−1)b∗(0)(α− β) ≥ 0,

(6)

ãäå r = min{α, β}, s = max{α, β}, δ(u, v, w) = u ïðè v < u ≤ w, δ(u, v, w) = v
ïðè u ≤ v ≤ w è δ(u, v, w) = w ïðè u ≤ w < v. Çàìåòèì, ÷òî α(n−2) è β(n−2) �
ôóíêöèè ñ îãðàíè÷åííûì èçãèáàíèåì (ñì.[2]). Ñëåäîâàòåëüíî, ñóùåñòâóþò ïðàâûå
è ëåâûå ïðîèçâîäíûå Drα

(n−2), Drβ
(n−2), Dlα

(n−2), Dlβ
(n−2),ñïðàâåäëèâû íåðàâåíñòâà

Dlα
(n−2)(t) ≤ Drα

(n−2)(t) è Dlβ
(n−2)(t) ≥ Drβ

(n−2)(t) äëÿ t ∈ (a, b) è äëÿ τ ∈ [a, b)

Drα
(n−2)(τ) = lim

t→τ+
Dlα

(n−2)(t) = lim
t→τ+

Drα
(n−2)(t),

Drβ
(n−2)(τ) = lim

t→τ+
Dlβ

(n−2)(t) = lim
t→τ+

Drβ
(n−2)(t).

Êàê õîðîøî èçâåñòíî èç òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà,
íóæíî åùå óñëîâèå êîìïàêòíîñòè, êîòîðîå îáåñïå÷èâàåòñÿ óñëîâèÿìè Áåðíøòåéíà,
Íàãóìî è Øðåäåðà. Óñëîâèå êîìïàêòíîñòè çàïèøåì â ñëåäóþùåì âèäå.

Ñ. Íàéäåòñÿ N > max{sup{| α(n−1)(t) |: t ∈ I}, sup{| β(n−1)(t) |: t ∈ I}} òàêîå, ÷òî
äëÿ ëþáîãî ðåøåíèÿ x : [c, d] → R, a ≤ c < d ≤ b óðàâíåíèÿ (1) èç α(t) ≤ x(t) ≤ β(t),
t ∈ [c, d], α(n−2)(t) ≤ x(n−2)(t) ≤ β(n−2)(t), t ∈ [c, d] è

min{| x(n−1)(t) |: t ∈ [c, d]}
≤ (b− a)−1 max{| β(n−2)(b)− α(n−2)(a) |, | β(n−2)(a)− α(n−2)(b) |} (7)

ñëåäóåò íåðàâåíñòâî | x(n−1)(t) |< N , t ∈ [c, d].
Òåîðåìà 1. Åñëè âûïîëíÿþòñÿ óñëîâèÿ (3)-(6) è C, òî êðàåâàÿ çàäà÷à (2) èìååò

ðåøåíèå x, óäîâëåòâîðÿþùåå íåðàâåíñòâàì r ≤ x ≤ s, α(n−2) ≤ x(n−2) ≤ β(n−2) è
| x(n−1) |< N .

Äëÿ äîêàçàòåëüñòâà ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà.
Ëåììà 1 (ñì.[3]). Åñëè u ∈ ACn−1(I, R), u(n) ≥ 0, ñïðàâåäëèâû óñëîâèÿ (3)-(5) è

a(m) = 1 ⇒ (−1)n−m+a∗(m)u(m)(a) ≥ 0, m ∈ {0, ..., n− 1},
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b(m) = 1 ⇒ (−1)b∗(m)u(m)(b) ≥ 0, m ∈ {0, ..., n− 1},
òî (−1)b∗(0)u ≥ 0.

Ñëåäñòâèå 1. Åñëè v ∈ Cn−2(I, R), v(n−2) ≥ 0, ñïðàâåäëèâû óñëîâèÿ (4)-(5) è

a(m) = 1 ⇒ (−1)n−m+a∗(m)−1v(m)(a) ≥ 0, m ∈ {0, ..., n− 3},

b(m) = 1 ⇒ (−1)b∗(m)−1v(m)(b) ≥ 0, m ∈ {0, ..., n− 3},
òî (−1)b∗(0)−1v ≥ 0.

Äîêàçàòåëüñòâî òåîðåìû 1. Äëÿ t ∈ I, x ∈ R ïóñòü

f∗(t, x, x(n−2), x(n−1)) = f(t, x, β(n−2)(t), β(n−1)(t)),
x(n−2) ≥ β(n−2)(t)+ | x(n−1) − β(n−1)(t) |,

f∗(t, x, x(n−2), x(n−1)) = f(t, x, x(n−2), x(n−1)), α(n−2)(t) ≤ x(n−2) ≤ β(n−2),

f∗(t, x, x(n−2), x(n−1)) = f(t, x, α(n−2)(t), α(n−1)(t)),
x(n−2) ≤ α(n−2)(t)− | x(n−1) − α(n−1)(t) |

è ëèíåéíà ïî x(n−2) ïðè α(n−2)(t)− | x(n−1)−α(n−1)(t) |≤ x(n−2) ≤ α(n−2)(t) è β(n−2)(t) ≤
x(n−2) ≤ β(n−2)(t)+ | x(n−1) − β(n−1)(t) |.

Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó

x(n) = f∗(t, δ(r(t), x, s(t)), x(n−2), δ(−N, x(n−1), N)),
a(m) = 1 ⇒ x(m)(a) = Am, m ∈ {0, ..., n− 1},
b(m) = 1 ⇒ x(m)(b) = Bm, m ∈ {0, ..., n− 1}.

(8)

Ïî ëåììå 1, îäíîðîäíàÿ êðàåâàÿ çàäà÷à, ñîîòâåòñòâóþùàÿ êðàåâîé çàäà÷å (8), èìååò
åäèíñòâåííîå ðåøåíèå. Ñëåäîâàòåëüíî, êðàåâàÿ çàäà÷à (8) èìååò ðåøåíèå x.

Äîêàæåì íåðàâåíñòâî x(n−2) ≤ β(n−2). Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü t1 ∈ (a, b)
òàêîå, ÷òî

x(n−2)(t1)− β(n−2)(t1) = max{x(n−2)(t)− β(n−2)(t) : t ∈ I} > 0,
x(n−2)(t)− β(n−2)(t) < x(n−2)(t1)− β(n−2)(t1), t ∈ (t1, b).

(9)

Òîãäà x(n−1)(t1) = β(n−1)(t1) è äëÿ äîñòàòî÷íî ìàëîãî ε > 0

β(n−1)(t) −β(n−1)(t1)

≤ ∫ t

t1
f(t, δ(r(t), x(t), s(t)), β(n−2)(t), β(n−1)(t))dt, t ∈ [t1, t1 + ε],

x(n−1)(t) −x(n−1)(t1)

=
∫ t

t1
f(t, δ(r(t), x(t), s(t)), β(n−2)(t), β(n−1)(t))dt, t ∈ [t1, t1 + ε].

Ñëåäîâàòåëüíî, x(n−1)(t) − β(n−1)(t) ≥ 0, t ∈ [t1, t1 + ε] è x(n−2)(t1 + ε) − β(n−2)(t1 +
ε) ≥ x(n−2)(t1)− β(n−2)(t1), ÷òî ïðîòèâîðå÷èò óñëîâèþ (9). Àíàëîãè÷íî äîêàçûâàåòñÿ
íåðàâåíñòâî α(n−2) ≤ x(n−2). Ñëåäîâàòåëüíî,

f∗(t, δ(r(t), x, s(t)), x(n−2), δ( −N, x(n−1), N))
= f(t, δ(r(t), x, s(t)), x(n−2), δ(−N, x(n−1), N)).
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Òåïåðü èç ñëåäñòâèÿ 1 ñëåäóþò íåðàâåíñòâà r ≤ x ≤ s. Ñëåäîâàòåëüíî,

f∗(t, δ(r(t), x, s(t)), x(n−2), δ(−N, x(n−1), N)) = f(t, x, x(n−2), δ(−N, x(n−2), N)).

Ïîêàæåì, ÷òî | x(n−1) |< N . Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà íàéäåòñÿ èíòåðâàë [c, d],
äëÿ êîòîðîãî ñïðàâåäëèâî íåðàâåíñòâî (7) è max{| x(n−2)(t) |: t ∈ [c, d]} = N , ÷òî
ïðîòèâîðå÷èò óñëîâèþ Ñ. Ñëåäîâàòåëüíî,

f∗(t, δ(r(t), x, s(t)), x(n−2), δ(−N, x(n−1), N)) = f(t, x, x(n−2), x(n−1))

è ðåøåíèå x êðàåâîé çàäà÷è (8) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (2).
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