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Êðàåâûå çàäà÷è ñ ìàêñèìàëüíûì ðåøåíèåì ïðè
óñëîâèÿõ 1-D

Ë.À.Ëåïèí

Àííîòàöèÿ. Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà íàéäåíû äâóõ-
òî÷å÷íûå êðàåâûå çàäà÷è ñ ìàêñèìàëüíûì ðåøåíèåì ïðè óñëîâèÿõ 1-D.

ÓÄÊ 517.927

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′ = f(t, x, x′), (1)

H1(x(a), x(b), x′(a), x′(b)) = h1, H2(x(a), x(b), x′(a), x′(b)) = h2, (2)
α ≤ x ≤ β, U, (3)

ãäå ôóíêöèÿ f ∈ Car([a, b] × R2, R), H1, H2 ∈ C(R4, R), α � íèæíÿÿ ôóíêöèÿ, β �
âåðõíÿÿ ôóíêöèÿ, U � ïîäìíîæåñòâî ñëåäóþùåãî ìíîæåñòâà óñëîâèé: 1. α(a) = β(a),
2. α′(a) < β′(a), 3. α′(a) = β′(a), 4. α′(a) > β′(a), 5. α(b) = β(b), 6. α′(b) < β′(b), 7.
α′(b) = β′(b), 8. α′(b) > β′(b), 9. (∀x, y ∈ S([a, b], R))((x ≤ y ∧ x′(a) ≤ y′(a) ⇒ x′(b) ≤
y′(b)) ∧ (x ≤ y ∧ x′(b) ≥ y′(b) ⇒ x′(a) ≥ y′(a))), A. α ∈ S([a, b], R), B. β ∈ S([a, b], R),
C. H1α = H1β, D. H2α = H2β, S([a, b], R) � ìíîæåñòâî ðåøåíèé óðàâíåíèÿ (1),
óäîâëåòâîðÿþùèõ íåðàâåíñòâàì α ≤ x ≤ β. Â ðàáîòå [1] íàéäåíû òåîðåìû ñóùåñòâî-
âàíèÿ îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è (1)-(3), åñëè H1 è H2 ïðèíàäëåæàò
êëàññàì ìîíîòîííîñòè, à â ðàáîòå [2] ïîêàçàíî, êàêèå èç ýòèõ òåîðåì îáëàäàþò
ìàêñèìàëüíûì ðåøåíèåì, â ðàáîòå [3] äëÿ óñëîâèé 1-8 è â ðàáîòå [4] äëÿ óñëîâèé
1-B íàéäåíû òåîðåìû ñóùåñòâîâàíèÿ ìàêñèìàëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è (1)-
(3) â òåðìèíàõ êëàññîâ ìîíîòîííîñòè, à â ðàáîòå [5] ïîêàçàíî, ÷òî äðóãèõ òåîðåì
òàêîãî òèïà íåò. Íàøà öåëü - íàéòè òåîðåìû ñóùåñòâîâàíèÿ ìàêñèìàëüíîãî ðåøåíèÿ
êðàåâîé çàäà÷è (1)-(3) äëÿ óñëîâèé 1-D. Ïðè ýòîì áóäåì ïîëüçîâàòüñÿ òåîðåìàìè è
îáîçíà÷åíèÿìè ðàáîòû [1].

Îêàçàëîñü, ÷òî â ñîîòâåòñòâóþùåé ïîñòàíîâêå èìååòñÿ âñåãî 930 òåîðåì. Èç íèõ
ñëåäóþò âñå îñòàëüíûå. Èñïîëüçóÿ ñèììåòðèþ, èç 930 òåîðåì óäàëîñü ïîëó÷èòü 155
ïîðîæäàþùèõ òåîðåì. ×òîáû ïîêàçàòü, ÷òî íè îäíà òåîðåìà íå ïðîïóùåíà, íóæíî
ïîñòðîèòü ñîîòâåòñòâóþùèå ïðèìåðû. Òàêèå ïðèìåðû áóäóò ïîñòðîåíû â äðóãîé
ðàáîòå.
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Êîðîòêàÿ çàïèñü òåîðåì
Îïðåäåëåíèå 1. Ôóíêöèÿ H ∈ C(R4, R) èìååò òèï ìîíîòîííîñòè (σ1, σ2, σ3, σ4),

ãäå σi ∈ {0,−, +, 1}, i = 1, 2, 3, 4, åñëè ïðè σi = 0 ôóíêöèÿ H íå çàâèñèò îò i-ãî
àðãóìåíòà, ïðè σi = − ôóíêöèÿ H íå âîçðàñòàåò ïî i-ìó àðãóìåíòó, ïðè σi = +
ôóíêöèÿ H íå óáûâàåò ïî i-ìó àðãóìåíòó, à ïðè σi = 1 íà i-é àðãóìåíò ôóíêöèè H
óñëîâèÿ íå íàêëàäûâàþòñÿ. Êëàññ ìîíîòîííîñòè M(σ1, σ2, σ3, σ4) ñîñòîèò èç ôóíêöèé,
èìåþùèõ òèï ìîíîòîííîñòè (σ1, σ2, σ3, σ4).

Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî çàäà÷à Äèðèõëå

x′′ = f(t, x, x′), x(a) = A, x(b) = B, α1 ≤ x ≤ β1

èìååò ðåøåíèå ïðè ëþáûõ çíà÷åíèÿõ íèæíåé ôóíêöèè α1, âåðõíåé ôóíêöèè β1,
α ≤ α1 ≤ β1 ≤ β, A ∈ [α1(a), β1(a)], B ∈ [α1(b), β1(b)] è ìíîæåñòâî ýòèõ ðåøåíèé
êîìïàêòíî. Ïðè ýòîì ïðåäïîëîæåíèè ðåøåíèÿ òåîðåì, êîòîðûå áóäóò ðàññìàòðèâàòü-
ñÿ, ñóùåñòâóþò. Òåîðåìó

Tn. Äëÿ ëþáûõ H1 ∈ M(σ1, σ2, σ3, σ4), H2 ∈ M(σ5, σ6, σ7, σ8), h1 ∈ [H1α,H1β] è
h2 ∈ [H2α, H2β] èç H1α ≤ H1β, H2α ≤ H2β è óñëîâèé U ñëåäóåò ñóùåñòâîâàíèå
ðåøåíèÿ êðàåâîé çàäà÷è (1)-(3). êîðîòêî áóäåì çàïèñûâàòü òàê:

Tn. σ1σ2σ3σ4 · σ5σ6σ7σ8 · u1u2u3u4u5u6u7u8u9uAuBuCuD, (4)

ãäå n � íîìåð òåîðåìû, ui = i, åñëè i-å óñëîâèå âõîäèò â U , è ui ïóñòî â ïðîòèâíîì
ñëó÷àå. Ñèììåòðèè, êîòîðûå èñïîëüçîâàëèñü äëÿ ïîëó÷åíèÿ ïîðîæäàþùèõ òåîðåì,
ñëåäóþùèå. Åñëè H1 è H2 ïîìåíÿòü ìåñòàìè, òî òåîðåìà (4) ïåðåõîäèò â òåîðåìó

TnH. σ5σ6σ7σ8 · σ1σ2σ3σ4 · u1u2u3u4u5u6u7u8u9uAuBuDuC .
Çàìåíà â óðàâíåíèè (1) íåçàâèñèìîé ïåðåìåííîé t íà −t ïåðåâîäèò òåîðåìó (4) â
òåîðåìó

Tnt. σ2σ1σ
′
4σ
′
3 · σ6σ5σ

′
8σ
′
7 · u5u8u7u6u1u4u3u2u9uAuBuCuD,

ãäå 1′ = 1, +′ = −, −′ = +, 0′ = 0.
Çàìåíà uc íà C è H1 íà −H1 ïåðåâîäèò òåîðåìó (4) â òåîðåìó

TnC. σ′1σ
′
2σ
′
3σ
′
4 · σ5σ6σ7σ8 · u1u2u3u4u5u6u7u8u9uAuBCuD.

Çàìåíà uD íà D è H2 íà −H2 ïåðåâîäèò òåîðåìó (4) â òåîðåìó
TnD. σ1σ2σ3σ4 · σ′5σ′6σ′7σ′8 · u1u2u3u4u5u6u7u8u9uAuBuCD.

Åñëè uc = C, òî ñïðàâåäëèâà òåîðåìà
Tn'. σ′1σ

′
2σ
′
3σ
′
4 · σ5σ6σ7σ8 · u1u2u3u4u5u6u7u8u9uAuBCuD.

Àíàëîãè÷íî ïðè uD = D ñïðàâåäëèâà òåîðåìà
Tn'. σ1σ2σ3σ4 · σ′5σ′6σ′7σ′8 · u1u2u3u4u5u6u7u8u9uAuBuCD.
Òåïåðü ïðèâåäåì ñïèñîê ïîðîæäàþùèõ òåîðåì.
TMg001. 1 � � 0. � 1 0 +
TMg002. 1 1 � +. 1 � � 0. 1
TMg003. � � � 0. � � � 0. 2
TMg004. � 1 0 +. � 0 + 0. 3
TMg005. � � � 0. � � � 0. 3
TMg006. � � � 0. � 0 + 0. 3
TMg007. � 0 + 0. � 0 + 0. 3
TMg008. � 1 0 +. � 0 + 0. 4
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TMg009. � � � 0. � 0 + 0. 4
TMg010. � 0 + 0. � 0 + 0. 4
TMg011. 1 1 1 +. 1 � 1 0. 1 3
TMg012. 1 1 1 1. 1 1 1 1. 1 4
TMg013. 1 1 � +. 1 1 � +. 1 5
TMg014. 1 � � +. 1 � 0 �. 1 6
TMg015. 1 � 0 �. 1 � 0 �. 1 6
TMg016. 1 � � +. 1 � � +. 1 7
TMg017. 1 � � +. 1 � 0 �. 1 7
TMg018. 1 � 0 �. 1 � 0 �. 1 7
TMg019. 1 � � +. 1 � � +. 1 8
TMg020. 1 1 1 1. 1 1 1 1. 2 3
TMg021. 1 1 1 1. 1 1 1 1. 2 4
TMg022. 1 1 1 1. 1 1 1 1. 3 4
TMg023. � 0 + 0. 0 � 0 �. 3 6
TMg024. � 0 + 0. 0 � 0 �. 3 7
TMg025. � 0 + 0. 0 � 0 �. 4 6
TMg026. 1 1 1 +. 1 1 1 +. 1 3 5
TMg027. 1 � 1 +. 1 � 1 �. 1 3 6
TMg028. 1 � 1 �. 1 � 1 �. 1 3 6
TMg029. 1 � 1 +. 1 � 1 +. 1 3 7
TMg030. 1 � 1 +. 1 � 1 �. 1 3 7
TMg031. 1 � 1 �. 1 � 1 �. 1 3 7
TMg032. 1 � 1 +. 1 � 1 +. 1 3 8
TMg033. 1 1 1 1. 1 1 1 1. 1 3 5 7
TMg034. � + + +. � � � 0. 3 9
TMg035. � + + +. � 0 + 0. 3 9
TMg036. � + + +. � � � 0. 4 9
TMg037. � + + +. � 0 + 0. 4 9
TMg038. 1 � � 1. 1 � � �. 1 6 9
TMg039. 1 � � 1. 1 � � 1. 1 7 9
TMg040. � � � 0. 0 � � �. 2 6 9
TMg041. 0 � � �. 0 � � �. 2 6 9
TMg042. � � � 0. 0 � � �. 2 7 9
TMg043. 0 � � �. 0 � � �. 2 7 9
TMg044. � � � 0. 0 � � �. 3 6 9
TMg045. � 0 + +. 0 � � �. 3 6 9
TMg046. 0 � � �. 0 � � �. 3 6 9
TMg047. � � � 0. 0 � � �. 3 7 9
TMg048. � 0 + +. � 0 + +. 3 7 9
TMg049. � 0 + +. 0 � � �. 3 7 9
TMg050. � 0 + +. 0 � � �. 4 6 9
TMg051. 1 � 1 1. 1 � 1 �. 1 3 6 9
TMg052. 1 � 1 1. 1 � 1 1. 1 3 7 9
TMg053. � � 1 0. � � 1 0. 3 B
TMg054. � � + 0. � � + 0. 4 B
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TMg055. � � + 0. � � � 0. 4 B
TMg056. 1 � � +. 1 � � �. 1 6 B
TMg057. 1 � � �. 1 � � �. 1 6 B
TMg058. 1 � � 1. 1 � � 1. 1 7 B
TMg059. � � � �. � � � �. 2 6 B
TMg060. � � � �. � � 0 +. 2 6 B
TMg061. � � � 1. � � � 1. 2 7 B
TMg062. � � � +. � � � +. 2 8 B
TMg063. � � 1 �. � � 1 �. 3 6 B
TMg064. � � � �. � � 0 +. 3 6 B
TMg065. � � 1 1. � � 1 1. 3 7 B
TMg066. � � + �. � � + �. 4 6 B
TMg067. 1 � 1 1. 1 � 1 1. 1 3 7 B
TMg068. � 1 + +. � � � 0. 3 9 B
TMg069. � 1 + +. � 0 + 0. 3 9 B
TMg070. � 1 + +. � � � 0. 4 9 B
TMg071. � 1 + +. � 0 + 0. 4 9 B
TMg072. � � + +. � � � �. 3 6 9 B
TMg073. � � + +. � � � �. 4 6 9 B
TMg074. 1 � � �. � 1 + +. 9 A B
TMg075. 1 1 1 1. 1 � � �. 1 9 A B
TMg076. 1 � � �. 0 � � �. 2 9 A B
TMg077. � � � �. � � � �. 2 9 A B
TMg078. 1 � � �. 0 � � �. 3 9 A B
TMg079. � � 1 �. � � 1 �. 3 9 A B
TMg080. 1 1 1 1. 1 � 1 �. 1 3 9 A B
TMg081. 1 1 1 1. 1 1 1 1. 1 5 9 A B
TMg082. 1 1 1 1. 1 � 1 1. 1 7 9 A B
TMg083. 1 1 1 1. 1 1 1 1. 1 8 9 A B
TMg084. 1 1 1 1. 1 1 1 1. 2 7 9 A B
TMg085. 1 1 1 1. 1 1 1 1. 2 8 9 A B
TMg086. 1 1 0 0. � � 0 0. C
TMg087. + � � 0. � � � 0. C
TMg088. 1 + 0 +. 1 � � +. 1 C
TMg089. + � � 0. 0 0 + 0. 3 C
TMg090. + � � 0. 0 0 + 0. 4 C
TMg091. 1 + 1 +. 1 � 1 +. 1 3 C
TMg092. + � � �. � � 0 +. 3 9 C
TMg093. 0 + + +. � 0 + +. 3 9 C
TMg094. + � � �. � � 0 +. 4 9 C
TMg095. 0 + + +. � 0 + +. 4 9 C
TMg096. + � � �. � � � 0. 9 A C
TMg097. 1 1 1 1. 1 � � 0. 1 9 A C
TMg098. 1 + + +. 1 � � +. 1 9 A C
TMg099. 1 0 0 0. 0 � � 0. 2 9 A C
TMg100. 1 0 0 0. � + + +. 3 9 A C
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TMg101. 1 0 0 0. 0 � � 0. 3 9 A C
TMg102. 1 0 0 0. � + + +. 4 9 A C
TMg103. 1 1 1 1. 1 - 1 0. 1 3 9 A C
TMg104. 1 1 1 1. 1 1 � +. 1 5 9 A C
TMg105. 1 1 1 1. 1 � � �. 1 6 9 A C
TMg106. 1 1 1 1. 1 � � 1. 1 7 9 A C
TMg107. 1 1 1 1. 1 � � +. 1 8 9 A C
TMg108. 1 0 0 0. 0 � � �. 2 6 9 A C
TMg109. + � � �. 0 � � �. 2 6 9 A C
TMg110. 1 0 0 0. 0 � � �. 2 7 9 A C
TMg111. + � � �. 0 � � �. 2 7 9 A C
TMg112. 1 0 0 0. 0 � � �. 3 6 9 A C
TMg113. + � � �. 0 � � �. 3 6 9 A C
TMg114. 1 0 0 0. 0 � � �. 3 7 9 A C
TMg115. + � � �. � 0 + +. 3 7 9 A C
TMg116. 1 1 1 1. 1 1 1 +. 1 3 5 9 A C
TMg117. 1 1 1 1. 1 � 1 �. 1 3 6 9 A C
TMg118. 1 1 1 1. 1 � 1 1. 1 3 7 9 A C
TMg119. 1 1 1 1. 1 � 1 +. 1 3 8 9 A C
TMg120. 1 1 1 1. � � 0 0. B C
TMg121. 1 + + +. � � 0 +. B C
TMg122. 1 1 1 1. 1 � � 0. 1 B C
TMg123. 1 + + +. 1 � � +. 1 B C
TMg124. 1 1 1 1. � � � 0. 2 B C
TMg125. 1 1 1 1. � � 1 0. 3 B C
TMg126. 1 1 1 1. � � + 0. 4 B C
TMg127. 1 1 1 1. 1 � 1 0. 1 3 B C
TMg128. 1 1 1 1. 1 1 � +. 1 5 B C
TMg129. 1 1 1 1. 1 � � �. 1 6 B C
TMg130. 1 1 1 1. 1 � � 1. 1 7 B C
TMg131. 1 1 1 1. 1 � � +. 1 8 B C
TMg132. 1 1 1 1. � � � �. 2 6 B C
TMg133. 1 1 1 1. � � � 1. 2 7 B C
TMg134. 1 1 1 1. � � � +. 2 8 B C
TMg135. 1 1 1 1. � � 1 �. 3 6 B C
TMg136. 1 1 1 1. � � 1 1. 3 7 B C
TMg137. 1 1 1 1. � � + �. 4 6 B C
TMg138. 1 1 1 1. 1 1 1 +. 1 3 5 B C
TMg139. 1 1 1 1. 1 � 1 �. 1 3 6 B C
TMg140. 1 1 1 1. 1 � 1 1. 1 3 7 B C
TMg141. 1 1 1 1. 1 � 1 +. 1 3 8 B C
TMg142. 1 0 0 0. � 1 + +. 3 9 B C
TMg143. + + + +. � � + +. 3 9 B C
TMg144. 1 0 0 0. � 1 + +. 4 9 B C
TMg145. + + + +. � � + +. 4 9 B C
TMg146. 1 1 1 1. � � � �. 2 9 A B C
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TMg147. 1 1 1 1. � � 1 �. 3 9 A B C
TMg148. 1 1 0 0. 1 1 0 0. C D
TMg149. 1 1 1 0. 1 1 1 0. 1 3 C D
TMg150. 1 0 0 1. 1 0 0 1. 1 6 9 C D
TMg151. 1 0 1 1. 1 0 1 1. 1 3 6 9 C D
TMg152. 1 0 0 0. + � � �. 9 A C D
TMg153. + � � �. + � � �. 9 A C D
TMg154. 1 1 1 1. 1 1 1 1. 1 9 A C D
TMg155. 1 1 1 1. 1 1 1 1. B C D

Ñóùåñòâîâàíèå ìàêñèìàëüíîãî ðåøåíèÿ
Òåîðåìà 1. Äëÿ òåîðåì TMg001 - TMg155 ñóùåñòâóåò ìàêñèìàëüíîå ðåøåíèå.
Äîêàçàòåëüñòâî. Òåîðåìû TMg001 - TMg033 äîêàçàíû â ðàáîòå [3], òåîðåìû

TMg034 - TMg085 äîêàçàíû â ðàáîòå [4] è òåîðåìû TMg088, TMg091, TMg120 -
TMg142, TMg144, TMg148 - TMg149 è TMg155 äîêàçàíû â ðàáîòå [2]. Îñòàëîñü
äîêàçàòü òåîðåìû TMg086 - TMg087, TMg089 - TMg090, TMg092 - TMg119, TMg143,
TMg145 - TMg147 è TMg150 - TMg154.

Ìíîæåñòâî ðåøåíèé êðàåâîé çàäà÷è (1) - (3) îáîçíà÷èì SH. Äëÿ äîêàçàòåëü-
ñòâà ñóùåñòâîâàíèÿ ìàêñèìàëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è (1) - (3) äîñòàòî÷íî
ïîêàçàòü, ÷òî äëÿ ëþáûõ x, y ∈ SH ñóùåñòâóåò z ∈ SH òàêîå, ÷òî z ≥ s = max{x, y}.
Äåéñòâèòåëüíî, åñëè SH ñîñòîèò èç êîíå÷íîãî ÷èñëà ðåøåíèé, òî ñóùåñòâîâàíèå
ìàêñèìàëüíîãî ðåøåíèÿ î÷åâèäíî. Ïóñòü SH ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà ðåøåíèé.
Îáîçíà÷èì ÷åðåç ri, i = 1, 2, ... ðàöèîíàëüíûå òî÷êè èíòåðâàëà [a, b] è ÷åðåç xi ∈ SH
òàêèå ðåøåíèÿ, ÷òî xi(ri) = max{x(ri) : x ∈ SH}. Îïðåäåëèì ïîñëåäîâàòåëüíîñòü
zi, i = 1, 2, ... ñëåäóþùèì îáðàçîì: z1 = x1 è zi ∈ SH, i = 2, 3, ... òàêèå, ÷òî
zi ≥ max{zi−, xi}. ßñíî, ÷òî limi→∞ zi = z ∈ SH è z � ìàêñèìàëüíîå ðåøåíèå êðàåâîé
çàäà÷è(1)-(3).

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî x(a) ≥ y(a) è x′(a) ≥ y′(a) ïðè
x(a) = y(a). Îáîçíà÷èì ÷åðåç u ðåøåíèå çàäà÷è Äèðèõëå

u′′ = f(t, u, u′), u(a) = x(a), u(b) = max{x(b), y(b)}, s ≤ u ≤ β.

Åñëè âûïîëíÿåòñÿ óñëîâèå 9, x(a) > y(a) è x(b) > y(b) èëè x(a) = y(a), èëè x(b) =
y(b), òî u ∈ SH è åãî ìîæíî âçÿòü â êà÷åñòâå z. Ñëåäîâàòåëüíî, òåîðåìû TMg097 -
TMg098, TMg103 - TMg107, TMg116 - TMg119, TMg150 - TMg151 è TMg154 äîêàçàíû
è ïðè íàëè÷èè 9-ãî óñëîâèÿ ìîæíî ðàññìàòðèâàòü òîëüêî ñëó÷àé x(a) > y(a) è x(b) <
y(b). Ïðè ýòîì x′(a) ≤ u′(a) ≤ y′(a) è x′(b) ≤ u′(b) ≤ y′(b).

Ðàññìîòðèì òåîðåìó
TMg086. 1 1 0 0. � � 0 0. C

Ìàêñèìàëüíîå ðåøåíèå çàäà÷è Äèðèõëå

x′′ = f(t, x, x′), x(a) = β(a), x(b) = β(b), α ≤ x ≤ β

ÿâëÿåòñÿ ìàêñèìàëüíûì ðåøåíèåì.
Ðàññìîòðèì òåîðåìó
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TMg087. + � � 0. � � � 0. C
Åñëè y(a) ≤ x(b), òî H1s = H1x = h1, H2s = H2x = h2 è èç òåîðåìû

Tb40. + � � 0. � 1 � +. C
ñëåäóåò ñóùåñòâîâàíèå z. Ïóñòü y(b) > x(b). Ðàññìîòðèì ñëó÷àé, êîãäà y′(a) ≥ x′(a).
Èç H1s ≤ H1x = h1, H1s ≥ H1y = h1 è H2s ≤ H2x = h2 ñëåäóåò H1s = h1 è H2s ≤ h2.
Ïðèìåíÿÿ òåîðåìó Tb40, ïîëó÷àåì ñóùåñòâîâàíèå z. Ïóñòü y′(a) < x′(a). Ïî òåîðåìå

Tb02. 1 � � 0. � 1 0 +
ñóùåñòâóåò ðåøåíèå v êðàåâîé çàäà÷è

v′′ = f(t, v, v′), H1v = h1, v(b) = y(b), s ≤ v ≤ β.

Åñëè v′(a) ≥ y′(a), òî èç H2v ≤ H2y = h2 è òåîðåìû Tb40 ñëåäóåò ñóùåñòâîâàíèå z.
Ïóñòü v′(a) < y′(a). Ïî òåîðåìå Tb02 ñóùåñòâóåò ðåøåíèå w êðàåâîé çàäà÷è

w′′ = f(t, w, w′), w′(a) = y′(a), w(b) = y(b), s ≤ w ≤ v.

Èç h1 = H1y ≤ H1w ≤ H1v = h1, H2w ≤ H2y = h2 è òåîðåìû Tb40 ñëåäóåò
ñóùåñòâîâàíèå z.

Ðàññìîòðèì òåîðåìû
TMg089. + � � 0. 0 0 + 0. 3 C
TMg090. + � � 0. 0 0 + 0. 4 C

Èç h2 ≥ H2α ≥ H2β ≥ h2 ñëåäóåò H2α = H2β. Ñëåäîâàòåëüíî, òåîðåìû TMg089 è
TMg090 ýêâèâàëåíòíû òåîðåìàì

+ � � 0. 0 0 + 0. 3 C D
+ � � 0. 0 0 + 0. 4 C D

êîòîðûå ñëåäóþò èç òåîðåìû
TMg087D. + � � 0. + + + 0. C D
Ðàññìîòðèì òåîðåìû
TMg092. + � � �. � � 0 +. 3 9 C
TMg094. + � � �. � � 0 +. 4 9 C
Ýòè òåîðåìû ýêâèâàëåíòíû ñëåäóþùèì òåîðåìàì:
1. + � � �. � � 0 +. 3∨4 6 9 C
2. + � � �. � � 0 +. 3∨4 7 9 C
3. + � � �. � � 0 +. 3∨4 8 9 C

Òåîðåìà 1 ñëåäóåò èç
TMg036t. + � � �. � � 0 +. 6 9

Òåîðåìà 2 ñëåäóåò èç
TMg034t. + � � �. � � 0 +. 7 9

Äîêàæåì òåîðåìó 3. Èç h2 ≥ H2α ≥ H2β ≥ h2, H1u ≤ H1x = h1, H1u ≥ H1y = h1 è
H2u ≤ H2x = h2 ñëåäóåò H2α = H2β = h2, H1u = h1 è H2u ≤ h2. Åñëè u′(b) ≥ β′(b), òî
h2 = H2β ≤ H2u ≤ h2. Ñëåäîâàòåëüíî, H2u = h2 è z = u. Ïóñòü u′(b) < β′(b). Òîãäà
ïî òåîðåìå

Tb54. + � � �. � � � +. A C
ñóùåñòâóåò ðåøåíèå êðàåâîé çàäà÷è

z′′ = f(t, z, z′), H1z = h1, z′(b) = β′(b), u ≤ z ≤ β.

Èç h2 = H2α ≥ H2z ≥ H2β = h2 ñëåäóåò H2z = h2.
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Ðàññìîòðèì òåîðåìû
TMg093. 0 + + +. � 0 + +. 3 9 C
TMg095. 0 + + +. � 0 + +. 4 9 C

Èç H1u ≥ H1x = h1, H1u ≤ H1y = h1, H2u ≥ H2x = h2 è H2u ≤ H2y = h2 ñëåäóåò
H1u = h1, H2u = h2 è z = u.

Ðàññìîòðèì òåîðåìó
TMg096. + � � �. � � � 0. 9 A C

Èç H1u ≤ H1x = h1, H1u ≥ H1y = h1, H2u ≤ H2x = h2 è òåîðåìû
Tb54. + � � �. � � � +. A C

ñëåäóåò ñóùåñòâîâàíèå z.
Ðàññìîòðèì òåîðåìû
TMg099. 1 0 0 0. 0 � � 0. 2 9 A C
TMg101. 1 0 0 0. 0 � � 0. 3 9 A C

Èç H1u = H1x = h1, H2u ≤ H2x = h2 è H2u ≥ H2y = h2 ñëåäóåò H1u = h1, H2u = h2

è z = u.
Ðàññìîòðèì òåîðåìû
TMg100. 1 0 0 0. � + + +. 3 9 A C
TMg102. 1 0 0 0. � + + +. 4 9 A C

Èç H1u = H1x = h1, H2u ≥ H2x = h2 è H2u ≤ H2y = h2 ñëåäóåò H1u = h1, H2u = h2

è z = u.
Ðàññìîòðèì òåîðåìû
TMg108. 1 0 0 0. 0 � � �. 2 6 9 A C
TMg110. 1 0 0 0. 0 � � �. 2 7 9 A C
TMg112. 1 0 0 0. 0 � � �. 3 6 9 A C
TMg114. 1 0 0 0. 0 � � �. 3 7 9 A C

Èç H1u = H1x = h1, H2u ≤ H2x = h2 è H2u ≥ H2y = h2 ñëåäóåò H1u = h1, H2u = h2

è z = u.
Ðàññìîòðèì òåîðåìû
TMg109. + � � �. 0 � � �. 2 6 9 A C
TMg111. + � � �. 0 � � �. 2 7 9 A C
TMg113. + � � �. 0 � � �. 3 6 9 A C

Èç H1u ≤ H1x = h1, H1u ≥ H1y = h1, H2u ≤ H2x = h2 è H2u ≥ H2y = h2 ñëåäóåò
H1u = h1, H2u = h2 è z = u.

Ðàññìîòðèì òåîðåìó
TMg115. + � � �. � 0 + +. 3 7 9 A C

Èç H1u ≤ H1x = h1, H1u ≥ H1y = h1, H2u ≥ H2x = h2 è H2u ≤ H2y = h2 ñëåäóåò
H1u = h1, H2u = h2 è z = u.

Ðàññìîòðèì òåîðåìû
TMg143. + + + +. � � + +. 3 9 B C
TMg145. + + + +. � � + +. 4 9 B C

Äîêàæåì èì ýêâèâàëåíòíóþ òåîðåìó
� � � �. � � + +. 3∨4 B C

Èç H1u ≤ H1x = h1, H2u ≤ H2y = h2 è òåîðåìû
Tb26. 1 � � �. � 1 + +. 9 A B

ñëåäóåò ñóùåñòâîâàíèå z.
Ðàññìîòðèì òåîðåìó



43

TMg146. 1 1 1 1. � � � �. 2 9 A B C
Âåðõíÿÿ ôóíêöèÿ β ÿâëÿåòñÿ ìàêñèìàëüíûì ðåøåíèåì.

Ðàññìîòðèì òåîðåìó
TMg147. 1 1 1 1. � � 1 �. 3 9 A B C

Âåðõíÿÿ ôóíêöèÿ β ÿâëÿåòñÿ ìàêñèìàëüíûì ðåøåíèåì.
Ðàññìîòðèì òåîðåìó
TMg152. 1 0 0 0. + � � �. 9 A C D

Èç H1u = H1x = h1, H2u ≤ H2x = h2 è H2u ≥ H2y = h2 ñëåäóåò H1u = h1, H2u = h2

è z = u.
Ðàññìîòðèì òåîðåìó
TMg153. + � � �. + � � �. 9 A C D

Èç H1u ≤ H1x = h1, H1u ≥ H1y = h1, H2u ≤ H2x = h2 è H2u ≥ H2y = h2 ñëåäóåò
H1u = h1, H2u = h2 è z = u.
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