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Îá îäíîé êðàåâîé çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ
Þ.À.Êëîêîâ

Àííîòàöèÿ.Èçó÷àþòñÿ êðàåâûå çàäà÷è, ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ ýêñòðåìàëè
ôóíêöèîíàëà

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)
1
2 exp(−ϕ(x, y, z)) dt,

ãäå ϕ ∈ C1(R3).

ÓÄÊ 517.927.4

Ðàññìîòðèì âîïðîñ î ñóùåñòâîâàíèè ýêñòðåìàëåé ôóíêöèîíàëà

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)
1
2 exp(−ϕ(x, y, z))dt, (1)

ãäå ϕ ∈ C1(R3), íà êëàññå ôóíêöèé x(t), y(t), z(t) ∈ C2, I = [0, 1], óäîâëåòâîðÿ-
þùèõ êðàåâûì óñëîâèÿì x(0) = y(0) = z(0) = 0, x(1) = A, y(1) = B, z(1) =
C, (A, B, C) ∈ R3. Ñîîòâåòñòâóþùèå ýêñòðåìàëè áóäóò ðåøåíèÿìè êðàåâîé çàäà÷è
(ñì.[1], ñòð.242).

x′′ = ϕx(x
′2 − y′2 − z′2) + 2ϕyx

′y′ + 2ϕzx
′z′ (2)

y′′ = ϕy(−x′2 + y′2 − z′2) + 2ϕxx
′y′ + 2ϕzy

′z′ (3)

z′′ = ϕz(−x′2 − y′2 + z′2) + 2ϕxx
′z′ + 2ϕyy

′z′ (4)

x(0) = y(0) = z(0) = 0, x(1) = A, y(1) = B, z(1) = C, (5)
ãäå

ϕx = (ϕ)′x, ϕy = (ϕ)′y ϕz = (ϕ)′z.

Òåîðåìà. Ïóñòü ñóùåñòâóþò a, b, c ∈ R òàêèå, ÷òî

(x− a)ϕx(x, y, z) ≤ 0, (y − b)ϕy(x, y, z) ≤ 0,

(z − c)ϕz(x, y, z) ≤ 0, ∀(x, y, z) ∈ R3.

Òîãäà çàäà÷à (2)-(5) èìååò ðåøåíèå äëÿ ëþáûõ A,B, C ∈ R3.
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Ýòà òåîðåìà äîêàçûâàåòñÿ ñ ïîìîùüþ òåõ æå ðàññóæäåíèé, êîòîðûå áûëè èñïîëüçîâàíû
ïðè äîêàçàòåëüñòâå òåîðåìû 1 â ðàáîòå [2]. Ìû èõ íå ïðèâîäèì. Ðàññìîòðèì ÷àñòíûé
ñëó÷àé, êîãäà ϕ = px + qy + rz, (p, q, r ∈ R3, p2 + q2 + r2 > 0). Òîãäà ïîëó÷èì
óðàâíåíèÿ

x′′ = p(x′2 − y′2 − z′2) + 2qx′y′ + 2rx′z′ (6)

y′′ = q(−x′2 + y′2 − z′2) + 2px′y′ + 2ry′z′ (7)

z′′ = r(−x′2 − y′2 + z′2) + 2px′z′ + 2qy′z′ (8)
Íàñ áóäóò èíòåðåñîâàòü ìíîæåñòâà òåõ çíà÷åíèé (A,B, C) ∈ R3, äëÿ êîòîðûõ

ðåøåíèå çàäà÷è (5)-(8) ñóùåñòâóåò è åäèíñòâåííî. Çàìåòèì, ÷òî ôóíêöèÿ ϕ = px +
qy + rz íå óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû. Ðàññìîòðèì âíà÷àëå äâà áîëåå ïðîñòûõ
ñëó÷àÿ. Ïåðâûé p = q = 0 è âòîðîé, êîãäà r = 0. Â ïåðâîì ñëó÷àå èìååì ñèñòåìó

x′′ = 2rx′z′ (9)

y′′ = 2ry′z′ (10)

z′′ = r(−x′2 − y′2 + z′2) (11)
Èç (7), (8) íàõîäèì

x′ = x′0 exp(2rz), x′0 = x′(0) (12)
y′ = y′0 exp(2rz), y′0 = y′(0) (13)

Îòêóäà âèäíî, ÷òî x′, y′ ñîõðàíÿþò ñâîé çíàê. Â ÷àñòíîñòè, åñëè A = B = 0, òî
x(t) ≡ y(t) ≡ 0, t ∈ I è èç (11) íàõîäèì z′′ = rz′2, z(0) = 0, z(1) = C. Îòêóäà
ñëåäóåò, ÷òî

z(t) =
1

r
ln

1

1− (1− exp(−rC))t
.

Â äàííîì ñëó÷àå çàäà÷à (5)-(8) ñ êðàåâûìè óñëîâèÿìè x(0) = y(0) = z(0) = 0, x(1) =
0, y(1) = 0, z(1) = C èìååò åäèíñòâåííîå ðåøåíèå äëÿ ëþáîãî C ∈ R.

Ïóñòü A2 +B2 > 0. Òîãäà èç (12),(13),(11) ñëåäóåò z′′ = r(z′2− (x′0
2 +y′0

2) exp(4rz)).
Îáîçíà÷èì z′ = w, w′ = r(w2 − (x′0

2 + y′0
2) exp(4rz)) èëè

dw

dz
=

r(w2 − (x′0
2 + y′0

2) exp(4rz))

w
.

Èíòåãðèðóÿ, íàõîäèì

w2 = z′0
2
exp(2rz)− (x′0

2
+ y′0

2
)(exp(4rz)− exp(2rz)).

Ñ÷èòàÿ z′ ≥ 0 ïîëó÷èì

z′ = exp(rz)((x′0
2
+ y′0

2
+ z′0

2
)− (x′0

2
+ y′0

2
) exp(2rz))

1
2 .
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Îòêóäà ñëåäóåò

exp(2rz) = (1− 2rz′0t + r2t2(x′0
2
+ y′0

2
+ z′0

2
))−1, (14)

z =
1

2r
ln[1− 2rz′0t + r2t2(x′0

2
+ y′0

2
+ z′0

2
)]−1. (15)

Ýòî ðåøåíèå ïðèãîäíî è â òîì ñëó÷àå, êîãäà z′ < 0. Ïîëàãàÿ â (14) t = 1, òîãäà
z(1) = C íàéäåì

exp(−2rC) = 1− 2rz′0 + r2(x′0
2
+ y′0

2
+ z′0

2
).

Îòêóäà ñëåäóåò
exp(−2rC)− (1− rz′0)

2 = r2(x′0
2
+ y′0

2
) (16)

Èç (14), (12), (13) íàõîäèì óðàâíåíèÿ äëÿ x′, y′, èíòåãðèðóÿ êîòîðûå ïîëó÷èì

x(t) =
x′0

r
√

x′0
2 + y′0

2


arctan

z′0√
x′0

2 + y′0
2

+ arctan
r(x′0

2 + y′0
2 + z′0

2)t− z′0√
x′0

2 + y′0
2


 (17)

y(t) =
y′0

r
√

x′0
2 + y′0

2


arctan

z′0√
x′0

2 + y′0
2

+ arctan
r(x′0

2 + y′0
2 + z′0

2)t− z′0√
x′0

2 + y′0
2


 (18)

Âîçâîäÿ â êâàäðàò è ñêëàäûâàÿ íàéäåì

x2(t) + y2(t) =
1

r2


arctan

z′0√
x′0

2 + y′0
2

+ arctan
r(x′0

2 + y′0
2 + z′0

2)t− z′0√
x′0

2 + y′0
2




2

<
π2

r2
(19)

Ïðè t = 1 èç (19) ñëåäóåò
A2 + B2 <

π2

r2
(20)

Èç (12), (13) ïîëó÷èì x′y′0 = y′x′0 èëè x(t)y′0 = y(t)x′0. Ïðè t = 1 íàéäåì Ay′0 = Bx′0,
òàê ÷òî

x′0√
x′0

2 + y′0
2

=
A√

A2 + B2
;

y′0√
x′0

2 + y′0
2

=
B√

A2 + B2
; (21)

Ïîëàãàÿ â (17) t = 1, è èñïîëüçóÿ (21) è (16), ïîëó÷èì

r
√

A2 + B2 =

[
arctan

exp(rC)− u√
1− u2

− arctan
u− exp(−rC)√

1− u2

]
, (22)

ãäå ÷åðåç u, îáîçíà÷åíî
u = exp(rC)(1− rz′0) (23)

Èç (22) ñëåäóåò, ÷òî u = cos(r
√

A2 + B2), à èç (23)

z′0 =
1

r

[
1− exp(−rC) · cos(r

√
A2 + B2)

]
(24)
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Èç (16), (24), (21) íàõîäèì

x′0 = A
exp(−rC) sin(r

√
A2 + B2)

r
√

A2 + B2
, y′0 = B

exp(−rC) sin(r
√

A2 + B2)

r
√

A2 + B2
.

Òàêèì îáðàçîì çàäà÷à (5)-(8), â ñëó÷àå p = q = 0, èìååò åäèíñòâåííîå ðåøåíèå òîëüêî
åñëè

A2 + B2 <
π2

r2
, C ∈ R,

òî åñòü ðåøåíèå ñóùåñòâóåò âíóòðè êðóãîâîãî öèëèíäðà ñ îñüþ z è ñ ðàäèóñîì ðàâíûì
r−1π. Ïîäñ÷èòàåì äëÿ ýòîé çàäà÷è ãåîäåçè÷åñêîå ðàññòîÿíèå (çíà÷åíèå ôóíêöèîíàëà
(1) íà ýêñòðåìàëè ñîåäèíÿþùåé äâå ðàññìàòðèâàåìûå òî÷êè (0, 0, 0) è A, B, C). Èñïîëüçóÿ
ôîðìóëû (15),(17),(18) è çíà÷åíèÿ äëÿ x′0, y

′
0, z

′
0 íàéäåì

I2(l) = 2 exp(−rC)[cosh(rC)− cos(r
√

A2 + B2)] · r−2

Ðàññìîòðèì òåïåðü çàäà÷ó (5)-(8) â ñëó÷àå, êîãäà r = 0. Òîãäà ïîëó÷èì ñèñòåìó

x′′ = p(x′2 − y′2 − z′2) + 2qx′y′ (25)

y′′ = q(−x′2 + y′2 − z′2) + 2px′y′ (26)
z′′ = 2px′z′ + 2qy′z′ (27)

Èç (27) ñëåäóåò
z′ = z′0 exp(2px + 2qy),

òî åñòü z′ ñîõðàíÿåò ñâîé çíàê è çíà÷èò z(t) èçìåíÿåòñÿ ìîíîòîííî. Ïóñòü C > 0.
Òîãäà z(t) ìîíîòîííî âîçðàñòàåò îò 0 äî C, 0 ≤ z ≤ C. Âîçüìåì z â êà÷åñòâå íîâîé
íåçàâèñèìîé ïåðåìåííîé (âìåñòî t.) Îáîçíà÷èì

x(t) = x(t(z)) = u(z), y(t) = y(t(z)) = v(z)

Òîãäà

u′ =
du

dz
=

x′

z′
, v′ =

dv

dz
=

y′

z′
,
d2u

dz2
=

1

z′3
(x′′z′ − x′z′′),

d2v

dz2
=

1

z′3
(y′′z′ − y′z′′)

Èñïîëüçóÿ (25)-(27), íàéäåì

d2u

dz2
= −p

[
(
du

dz
)2 + (

dv

dz
)2 + 1

]
(28)

d2v

dz2
= −q

[
(
du

dz
)2 + (

dv

dz
)2 + 1

]
(29)

u(0) = 0, u(C) = A, v(0) = 0, v(C) = B. (30)
Èç (28),(29) ïîñëåäîâàòåëüíî íàõîäèì

qu′′ = pv′′, qu′ − pv′ = qu′0 − pv′0, qu− pv = (qu′0 − pv′0)z.
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Ïðè z = C ïîëó÷èì qA− pB = (qu′0 − pv′0)C,

qu(z)− pv(z) =
qA− pB

C
z. (31)

Èñïîëüçóÿ (31), èñêëþ÷èì ôóíêöèþ v èç (28) è òîãäà ïîëó÷èì óðàâíåíèå, ñîäåðæàùåå
òîëüêî ôóíêöèþ u(z). Àíàëîãè÷íî èç (29) ìîæíî ïîëó÷èòü óðàâíåíèå ñîäåðæàùåå
òîëüêî ôóíêöèþ v(z). Èíòåãðèðóÿ ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé, íàéäåì

u(z) =
p

p2 + q2
· ω(z) +

q

p2 + q2

qA− pB

C
z, (32)

v(z) =
q

p2 + q2
· ω(z)− p

p2 + q2

qA− pB

C
z, (33)

ãäå ω(z) îïðåäåëÿåòñÿ óñëîâèÿìè

ω′′ = −[ω′2 + σ2], ω(0) = 0, ω(C) = Ap + Bq,

σ2 = (p2 + q2) + (
qA− pB

C
)2, (34)

òàê ÷òî
ω(z) = ln[cos(σz) +

ω′0
σ

sin(σz)], (35)

ω′0 =
σ

sin σC
(eAp+Bq − cos σC).

Èç (35) âèäíî, ÷òî çàäà÷à (28)-(30) èìååò ðåøåíèå òîëüêî åñëè σC < π, èëè èñïîëüçóÿ
(34)

(qA− pB)2 + (p2 + q2)C2 < π2. (36)
Òàêèì îáðàçîì ìíîæåñòâî çíà÷åíèé A,B, C, äëÿ êîòîðûõ çàäà÷à (5)-(8) (â ñëó÷àå r =
0) èìååò åäèíñòâåííîå ðåøåíèå, åñòü êðóãîâîé öèëèíäð, îñü êîòîðîãî åñòü ïðÿìàÿ,
îïðåäåëÿåìàÿ ïåðåñå÷åíèåì ïëîñêîñòåé z = 0, qx − py = 0, à ðàäèóñ (p2 + q2)−

1
2 π.

Ìîæíî íàéòè òàêæå ïàðàìåòðè÷åñêèå óðàâíåíèÿ äëÿ x, y, z. Èç (27),(32),(33),(35)
ïîëó÷èì

dz

dt
= z′0 exp ω(z),

dz

dt
= z′0(σ cos(σz) + ω′0 sin(σz))2σ−2. (37)

Îòêóäà ñëåäóåò

1

σ cot(σC) + ω′0
− z′0σ

2(1− t) =
1

σ cot(σz) + ω′0
,

òàê êàê z(0) = 0, òî
z′0 =

sin(σC)

σ3
exp(−(Ap + Bq))

Òàêèì îáðàçîì,

z(t) =
1

σ
arcctg

exp(Ap + Bq)(1− t) + t cos(σC)

t sin(σC)
, t ∈ (0, 1], z(0) = 0. (38)
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(Â êà÷åñòâå arcctg áåðåòñÿ ãëàâíîå çíà÷åíèå ýòîé ôóíêöèè).

cot(σz) =
(exp(Ap + Bq))(1− t) + t cos(σC)

t sin(σC)
, t > 0.

Ïîäñòàâëÿÿ â (35), íàéäåì

ω(z(t)) = ln
exp(Ap + Bq)

[t2 + (1− t)2 exp(2(Ap + Bq)) + 2t(1− t) cos(σC) exp(Ap + Bq)]
1
2

.

Òåïåðü èç (32), (33) ìîæíî íàéòè

x(t) = u(z(t)) =
p

p2 + q2
ω(z(t)) +

q

p2 + q2

qA− pB

C
z(t)

y(t) = v(z(t)) =
q

p2 + q2
ω(z(t))− p

p2 + q2

qA− pB

C
z(t)

Â ñëó÷àå ïðîèçâîëüíûõ p, q, r ñ ïîìîùüþ ñëîæíûõ è âåñüìà äëèòåëüíûõ âû÷èñëåíèé,
êîòîðûå ìû áëàãîðàçóìíî îïóñêàåì, ìîæíî ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò. Ðåøåíèå
çàäà÷è (5)-(8) ñóùåñòâóåò è åäèíñòâåííî, åñëè A, B, C óäîâëåòâîðÿþò íåðàâåíñòâó

(p2 + q2 + r2)(qA− pB)2 + [C(p2 + q2)− r(pA + qB)]2 < (p2 + q2)π2 (39)

Â ïðîñòðàíñòâå (A,B,C), ýòî êðóãîâîé öèëèíäð, îñü êîòîðîãî èìååò ïàðàìåòðè÷åñêèå
óðàâíåíèÿ

x = ps, y = qs, z = rs, (s ∈ R)

è ðàäèóñ (p2 + q2 + r2)−
1
2 π.

Åñëè â (39) âîçâåñòè ñêîáêè â êâàäðàò è ïðîèçâåñòè íåêîòîðûå ñîêðàùåíèÿ, òî
ïîëó÷èì âìåñòî (39) óñëîâèå

(qA− pB)2 + C2(p2 + q2) + r2(A2 + B2)− 2Cr(pA + qB) < π2. (40)

Ïîëàãàÿ â (40) r = 0, ïîëó÷èì óñëîâèå (36), à åñëè ïîëîæèì p = q = 0, òî ïîëó÷èì
óñëîâèå (20)

r2(A2 + B2) < π2. C ∈ R.
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Summary. Boundary value problems related to the functional

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)
1
2 exp(−ϕ(x, y, z))dt,
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where ϕ ∈ C1(R3), are investigated.
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J.A. Klokovs. Par vienu vari	aciju r	e�kinu robe�zprobl	emu.
Anot	acija. Tiek p	et	�tas robe�zprobl	emas, kuru atrisin	ajumi ir funkcion	ala

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)
1
2 exp(−ϕ(x, y, z))dt

ekstrem	ales, kur ϕ ∈ C1(R3).
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