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On nonlinear eigenvalue problems
A. Gritsans and F. Sadyrbaev

Summary. We consider the second order nonlinear eigenvalue problems depending
on one or two parameters. First we are looking for positive solutions of equations z” =
—f(x) and 2”7 = —Af(z), which are considered together with the Dirichlet boundary
conditions z(0) = 0, z(1) = 0, (7). Function f(z) is supposed to be convex. The
relation between the parameter A and the Nehari number A\(0, 1) is established ([1], [4]).
Fucik like nonlinear problem is treated for equation z” = —\f(x) 4+ pg(z). We construct
the set of points (A, i) such that this equation has a nontrivial normalized (by a condition
2'(0) = 1) solution which satisfies the boundary conditions (z).

1991 MSC 34B15

1 Introduction

We consider autonomous equations of the type

o = —f(), (1)
" = -\f(2), (2)
and
o = =Af(x) + pg(x), (3)
where \ and p are parameters, together with the boundary conditions
z(0) =0, =z(1)=0. (4)

The functions f(z) and g(x) are positive valued continuous functions, defined on the
half-axes [0, +00) and (—oo, 0] respectively.

In the first case then 2”(t) < 0 for a possible solution = and z(t) is either zero or
x(t) > 0 for t € (0,1). We are interested in the number of solutions for the problem (1)),
(4).
The problem (2)), (4) was investigated by Laetsch [6] who was looking for A such that
the problem had a positive solution.

The third problem is in some sense generalization of the problem investigated by
Laetsch and that of the classical two-parameter Fucik type eigenvalue problem.
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2 The first problem

Consider the problem (1), (4), where f : [0,400) — [0,400) is a continuous function. It
easily can be seen that if f(0) = 0, then x(¢) = 0 is a solution of the problem. Otherwise
it has not the trivial solution.

Proposition 2.1 Any nontrivial solution of the problem (1), (4) satisfies the condition

z(t) >0, Vte(0,1), (5)

it is symmetric with respect to the critical point t = %, where it attains its mazimal value.
The proof can be found in [5].

Proposition 2.2 (Lemma 2.1 in [5]) If f € C*(]0,1],[0,+c0)), there are two positive
solutions w and v of the problem (1), (4), then either u(t) < v(t) for t € (0,1) or vice
versa.

We would like to give slightly modified proof of this result.

Proof. Suppose that v(t) > u(t) in some right vicinity of ¢ = 0. Then v'(0) > «'(0) >
0. If v(t) > u(t) for t € (0, 3], then the proof is completed. Suppose this is not the case
and there exists £ € (0, 3] such that v(§) = u(§) and v(t) > u(t) for t € (0,&). Notice that
0 <v'(§) < /(&) then.

Introduce the primitive F(z) = [ f(s)ds. We multiply the equation u” + f(u) = 0
by 2u’ and integrate it over the interval (0,¢) :

/OE d(u” + 2F (u)) = u*(€) + 2F (u(§)) — u*(0) — 2F (u(0)) = u™(&) + 2F (u(€)) — u*(0).
Repeating this procedure with respect to the function v(t), one gets

/0 g d(v” + 2F (v)) = v"*(€) + 2F (v(€)) — v"*(0).
Since F(u(€)) = F(v(€)) and v2(€) < w2(€), it follows that v'2(0) < w2(0). A contradic-

tion.

Proposition 2.3 Suppose that the function f(x) in (1) is convez, that is,
F0) ~ F0) _ flw)~ f

V—Uu w—Uu

forany 0 <u<v<w.
Then, for any three solutions u(t), v(t) and w(t) of the equation (1) such that

u(t) <wo(t) <w(t) Vtelo1] (7)

the function

B(t) = (w— v) (o) — ) — (v — u) (' — V') (8)

is strictly increasing in [0, 1] function except when equation (1) is linear.
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The above proposition is Lemma 1 in [§], adapted for our purposes. The proof is short,
so let us show it here.
Proof. It is easily confirmed that

¥(t) = (w— )" — ') — (0 —w)(w — ")
= (0= w)(f(w) = f() = (w = 0)(f() = f(w).

Then, for any 0 < t; <ty <1,
D(tp) — ®(th) = /t [0 = u)(Fw) = F() = (w = v)(F(v) = Fw)]d. (9)
Since u < v < w and f(z) is convex, we have

f0) = fw) _ fw) = ()

Vv—Uu w u

with equality only if the points (u, f(u)), (v, f(v)), (w, f(w)) lie on a straight line. It
follows that the integrand in (9) is positive unless f(z) is linear. This completes the
proof.

—~

Corollary 2.1 (Lemma II in [8]) Let f(x) be convex. If u(t), v(t), w(t) are solutions
of (1) such that u(t) < w(t) and v(t) < w(t) in [0,1], then the curves & = u(t) and
n = wv(t) cannot intersect in [0, 1] more than once.

Proof. If there are more points of intersection there will exist two points 0 < t; <
to < 1 such that u(t;) = v(t1) and u(te) = v(ts) and, say, v(t) > u(t) in (t1,ts). If D(t) is
the expression defined in (8)), we then have

O(th) = [w(tr) —v(t)]V'(t2) — w'(t2)] > 0,

and
O(t1) = [w(tz) — v(t2)][v'(t2) — v/ (t2)] < 0.

This contradicts Proposition 2.3/ and thus proves the corollary.

Thus, the boundary value problem (1), (4) may have multiple positive solutions, if
f(x) is not convex. The trivial example can be given by f(z) = w2z (infinitely many
solutions). There are also equations of the form (1), which have countably many solutions
which satisfy the boundary conditions (4)).

Theorem 2.1 If f € C' in (1) is convex and f(0) = 0, then the problem (1), (4) has at
most one positive solution.

Proof. Follows from propositions 2.2 and 2.3.
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3 The second problem

In this section we consider the eigenvalue problem (2), (4). Let us call A by the Laetsch
parameter. It can be seen easily that if this problem is solvable then A is positive and the
respective positive solution is symmetric with respect to the middle point t = %, where
the maximal value is attained.

If f(0) =0, then by the results of Section 1, only one positive solution is possible for
any A > 0, if f € C! is convex.

Proposition 3.1 Consider equation
= dxx®™, a>0, >0 (10)

together with the boundary conditions (4). Let ||x|| := maxjo 1) x(t), where x(t) is the only
positive solution of (3.1), (10) for a given A > 0.

Then
]| VA =2Va+1- A, (11)
where
(12)

1 d£
A, = _—
@ /0 /1 — 2042

Proof. One gets, using the standard technique and following the notation by Laetsch

[6], that

1 1
{L‘/2 _ /\J}QOH—Q + )‘H"L‘”QOH_Q'

__a+1 a+1

dx 1 1
= A 2+2 __ A 200+2
=

and, after integration in the interval of positivity of z/(¢), one has

[ X w0 ds
t =
a+1 /0 V][z][2et? — 52042

I T '3
§va+1_W/o N (13)

Thus A and z(t) are connected by the relation

]| VA =2vVa+1- A, (14)

Then

or

which completes the proof.
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4 Nehari equations
The Nehari theory, when restricted to autonomous equations, deals with equation
v" = —xF(2?), (15)
where

e F'(s) is continuous for s > 0;

e F(s) >0 fors>0;

F(s
e there exists € > 0 such that -
s

is non-decreasing.

Since F' satisfies the condition (A3), the right side in (15) is a convex function, as well as
the right side in
" = Az F(z?), (16)

where A is supposed to be positive.
Let us consider equation (17), to which the Nehari theory is applicable. If F(s) = s*,
then equation (17) takes the form of the Emden - Fowler equation

" = -rx**, a>0 (17)
with a Laetsch parameter. Since the function zz?* is continuously differentiable and
convex for x > 0, there exists exactly one positive solution for any A > 0. The relation
between A and ||z|| was established in the preceding section.

On the other hand, for any A > 0 there exists the so called Nehari number \;, which
coincides with the minimal value of the functional

H(z) = /ab [ = M1+ o) '2??*] dt — inf (18)

over all positive solutions of the problem (17), (4). Generally the Nehari number )\, is
the minimal value of the functional over all solutions of the problem (17), (4), which have
exactly n — 1 zeros in (a,b). Since there is only one positive solution, it furnishes the
minimal value to the functional. This solution and the value of the functional can be
computed in order to get ;.

In the next proposition the relation between \ and A; is established.

Proposition 4.1 The Nehari number Ay and the Laetsch parameter A are connected by

the relation )
Oé(Oé + 1)5 2042 . 1

M= ——""(24A,) « X @ 19

L= 20 A, (19)

where A, is given in (12).
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Proof. It was shown in [4] that the Nehari numbers A, for the problem

k
l'” = —WI'Qal‘, .I'(CL) = 0, .I(b) =0

where pt + ¢ > 0 in the interval [a;b] (0 < a < b) and k > 0, are given by

1 e+2
€

Anla,b) = %(QAEH)QZ“ki ((pa +bq)_(1;b+ q)> : | (2)

1
where A, = Of\/#w. For the specific choice of k =\, pt+g=1,a=0,b=1,n=1

one obtains the formula (19).

5 The third problem in a specific form

Consider now the problem (3)), (4), which can be written also as

x,,:{ —gg; i ;;g +(0) = (1) = 0. (20)

If f(x) = max{x,0} and g(x) = max{—=z,0}, then one has the famous Fuc¢ik problem.
The nonlinear generalization of this problem was considered in [7] for cubic nonlinearities.
The spectrum obtained was very similar to the classical Fucik spectrum, at least with
respect to the structure.

Let us consider the specific case of

_\ 2« i >

2 = { _2izﬁi: i 5;(?7 :[(O) = m(l) =0, (21)
where A > 0and > 0; >0 un > 0.

In order to get reasonable problem we have to impose the normalization condition
|2'(0)] = 1.

Definition. By the Fucik spectrum for the problem (20) is meant a set of all points
(A >0, > 0) such that the problem has a nontrivial solution.

Consider the auxiliary problem

2" = —r*z, 2(0) =0, 2/(0) = 1. (22)

Let T, be the first zero of x(t) for ¢ > 0. Introduce the notation ||z| = max{z(t) : 0 <
t <T,} and notice that ||z| = 2(T,/2) and 2/(T,) = —1.

Lemma 5.1 It is true that )
(a4 1)20+2

1
A2at2

Ta — 2 AO[ (23)

where A, is given by (12).
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Proof. By standard computation, multiplying both sides of the equation in (22) by
22" and integrating from 0 to 7,/2.
Therefore T, — 0 as A — +o0.

Theorem 5.1 The spectrum of the problem (21) consists of a set of curves Fy , Fy , Fyf,
Fy,, and Fy: |, Fy 4, (i=1,2,...), given by:

B ={(@A)™* @+ i) . pz 0}, (24)

Fy ={ (%2423 +1)) 1 A>0}, (25)

1
2idg(a+ 1) 2iA4(3+1)7
Fy = {(A;u) : = + -
; u
2iA5(5 + 1) 77 | 2ido(ot 1)z

1 1
ILL2,3+2 A2a+2

I
—_

I

—_
—_— —

S

=2

Py = {()WM) :

1 1
200+ 1)A 1)2a+2 21 A 1)25+2
B =g, 20EDAalat me  HAELDTE L g
\2at2 um

Fy = {()\; 1) - 2(1 + 1)Ag(lﬁ + 1)23+2 N 2iAq(a+ 1)2052 1} |

1
i 26+2 A2at2

(29)

where

1 1
. dt Ao dt
| Vg2 P ) JT—ppre
0

0
Corollary 5.1 The branches Fyi | and Fy;, | coincide (i = 1,2,...).

Proof of the theorem. Consider the equation in (2I) together with the initial
conditions

z(0) =0, 2'(0)=1. (30)

We are looking for a positive solution of the problem (21). This solution solves the
auxiliary problem (22), where A\ can be found from the relation 7, = 1. It follows from
(23) that

A= (24,)% 2 (a + 1).

Thus the expression for (24) is valid.
In order to get the formula for the curve F; one should look for a negative solution
of the problem
¢’ = —pa®r, 2(0)=0, z(1)=0.

This is equivalent to the problem

y" = —py*Py,  y(0) =0, y(1) =0, y(t) is positive in (0,1).
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Up to the notation this is the above problem and one gets by resolving the equation

T, = 1 that

i= (2457(5 4 1),

Thus the expression (25)) is valid.

In order to prove (26) one should consider the equation in (21)) together with the initial
conditions (30). We are looking for solutions which are zero at the end points and have

exactly 2¢ — 1 zeros t in (0,1). Notice that all these zeros are simple and |2'(t;)| = 1.
In the intervals of positivity a solution x(t) satisfies z” = —Az**x and in the intervals of
negativity x(t) is a solution of 2” = —ux?’x. The key relation is

To+ T+ TotTp=iTo+iT5=1.

Formula (26)) follows from (31) and (23).

Similarly (27), (28) and (29) follow from the key relations

Tg—l—Ta—F...—FTg—l—Ta:iTﬁ—i—iTa:1,

Ta+Tg+...+Tﬂ+Ta:(i+1)Ta+iTg:1

and

Ts4+To+...+ T +Ts=iTo,+ (i +1)T5 = 1.

(31)

6 Unified approach to superlinear and sublinear cases

Consider the Dirichlet problem [(i, A, «), (7, i, 5)]:

2 = —/\fé(l’), if x>0,
—pfa(z), if =<0,

where 7,5 € {1;]}, >0, 3 > 0 and

fl(x) = 2%z, fi(z) = |2|=Tsigna.

The notation above allows to describe in a unified manner the following cases:

e T + T super+super

[BH_{ _Af(l(x)a if
S —uflie) it

e | + | super+sub

//_{ _/\fot(x)v if
T —ufi@) i

e | + T sub+super
_\fl i
x// — { /\fa(l‘), lf

x>0,
z <0,
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e | + | sub+sub

Let us denote:

R _/ dt 4 / dt
a /1 — {2« 2’ o = / 2012
0 1 g2t 1_t2a11

0

2a+1

_1 1 +1 \ 2012

7o 2A} (o + 1) 7l 244 (5arr) ™"
Aa T 1 ) Aa T 2a+1
A2at2 A2a+2

Theorem 6.1 The Fuchik spectrum for the problem [(i, A, &), (4, 1, B)] consists of the
curves:

No zeros in the interval (0;1).

W = {((Tﬂa)%‘“;u) = 0}-
TR = {0 (@) A=)
L {((Tﬁ ) s > 0},
il = {(A, (T} )5 ). A> 0}.

Odd number of zeros 2k — 1 in the interval (0;1).
W ={(\p) KT+ KT =1}
WFy o ={(\p): KT, +kT],=1}.
Here k =1,2,.... It is clear that " Fy, | = “F,, .
Even number of zeros 2k in the interval (0;1).
W = {()\; w) o (k+ 1)T§7a + k:TiB = 1} )

Yy ={(Nn) s KT+ (k+ 1T 5 =1}
Here k = 1,2,....
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A. I'puntauc, ®. CagpipbaeB. O HesIMHETHBIX 3a4a9aX HA COOCTBEHHbBIE 3HA-

qeHusd.

AHHOTaI_[I/ISI. PaCCManI/IBaIOTCH HeJIMHeHbIe yYpaBHE€HHAd C OAHUM U ABYM IIapaMeT-

pamu. CHauaaa NPUBOAATCH YCIOBHA CYIIECTBOBAHUS ITIOJOKHUTEIHLHOTO PEIICHHs YPaB-
nenuit ¥’ = —f(x) u 2’ = —Af(x), paccmaTpuBaeMbIX BMECTE ¢ KPACBBIME yCJIOBHSIMU

z(0

) =0, 2(1) =0, (i). Pynknus f(z) npeanosaraercs BOrHYTOH. YCTaHABIMBAETCSI

cooTHOIIeHne MexK Iy nmapamerpom A u anciaom Hexapu A1 (0,1) ([1], [4]). s ypaBHenus
" = =\f(z) + pg(x) paccmarpuBaercs HenuHeiiHas 3aga4a Tuna Oyunka. OnucsBaercs
MHOZKECTBO TOU€EK (\, (1) TAKHUX, 4TO CYIIECTBYeT HeTpuBUaIbHoe HopMuposannoe (x'(0) =
1) peuntenue, yjoiersopsiomiee ycaosusam (7).

VIIK 517.91

A. Gricans, F. Sadirbajevs. Par nelinearam ipasvertibu problemam.
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Anotacija. Tiek apskatiti nelineari diferencialvienadojumi ar vienu un diviem parame-
triem. Sakuma doti nosacijumi pozitiva atrisinajuma eksistencei vienadojumiem z” =
—f(x) un 2" = —Af(x), kuri tiek apskatiti kopa ar robeznosacijumiem z(0) = 0, z(1) = 0.
leguta sakariba starp parametru A un Nehari skaitli A\;(0,1) ([1], [4]). Vienadojumam
2" = =\f(x) + pg(x) tiek peétita nelineara Fucika tipa problema. Tiek aprakstita tada
punktu (A, 1) kopa, ka eksisté netrivials normets (2'(0) = 1) atrisinajums.
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