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Ñâÿçü êðàåâûõ çàäà÷
A.ß.Ëeïèí, Ë.A.Ëeïèí

Àííîòàöèÿ. Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ïîêàçàíî, êàê
ñâÿçàíû ðåøåíèÿ îäíîé êðàåâîé çàäà÷è ñ ðåøåíèÿìè äðóãîé êðàåâîé çàäà÷è.

ÓÄÊ 517.927

Paccìoòpèì êðàåâóþ çàäà÷ó

x′′ = f(t, x, x′), t ∈ I = [a, b], (1)

H1(x(a), x(b), x′(a), x′(b)) = h1, H2(x(a), x(b), x′(a), x′(b)) = h2, (2)
α ≤ x ≤ β, U, (3)

ãäe f ∈ Car([a, b] × R2, R), H1, H2 ∈ C(R4, R), α - îáîáùåííàÿ íèæíÿÿ ôóíêöèÿ, β -
îáîáùåííàÿ âåðõíÿÿ ôóíêöèÿ, U åñòü ïîäìíîæåñòâî ìíîæåñòâà óñëîâèé:

1. α(a) = β(a); 2. α′(a) < β′(a); 3. α′(a) = β′(a); 4. α′(a) > β′(a);
5. α(b) = β(b); 6. α′(b) < β′(b); 7. α′(b) = β′(b); 8. α′(b) > β′(b);

9. (∀x, y ∈ SG(I, R))((x ≤ y
∧

x′(a) ≤ y′(a) ⇒ x′(b) ≤ y′(b))∧
(x ≤ y

∧
x′(b) ≥ y′(b) ⇒ x′(a) ≥ y′(a)));

A. α ∈ SG(I, R); B. β ∈ SG(I, R); C. H1α = H1β; D. H2α = H2β,

SG(I, R)) - ìíîæåñòâî îáîùåííûõ ðåøåíèé óðàâíåíèÿ (1), óäîâëåòâîðÿþùèõ íåðà-
âåíñòâàì α ≤ x ≤ β.

Îïðåäåëåíèå 1 Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ H ∈ C(R4, R) èìååò òèï ìîíî-
òîííîñòè (σ1, σ2, σ3, σ4), ãäå σi ∈ {0,−, +, 1}, i = 1, 2, 3, 4, åñëè ïðè σi = 0 ôóíêöèÿ
H íå çàâèñèò îò i-ãî àðãóìåíòà, ïðè σi = − ôóíêöèÿ H íå âîçðàñòàåò ïî i-ìó
àðãóìåíòó, ïðè σi = + ôóíêöèÿ H íå óáûâàåò ïî i-ìó àðãóìåíòó , à ïðè σi =
1 íà i-ûé àðãóìåíò ôóíêöèè H óñëîâèÿ íå íàêëàäûâàþòñÿ. Êëàññ ìîíîòîííîñòè
M(σ1, σ2, σ3, σ4) ñîñòîèò èç ôóíêöèé, èìåþùèõ òèï ìîíîòîííîñòè (σ1, σ2, σ3, σ4).

Â ðàáîòå [1] íàéäåíû âñå òåîðåìû ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ êðàåâîé
çàäà÷è âèäà (1) � (3).

T. Äëÿ ëþáûõ H1 ∈ M(σ1, σ2, σ3, σ4), H2 ∈ M(σ5, σ6, σ7, σ8), h1 ∈ [H1α,H1β]
h2 ∈ [H2α, H2β] èç H1α ≤ H1β, H2α ≤ H2β è óñëîâèé U1 ñëåäóåò ñóùåñòâîâàíèå
îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è (1) � (3) ïðè U = U1.
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Êîðîòêî òåîðåìó T áóäåì çàïèñûâàòü òàê.
T. σ1σ2σ3σ4. σ5σ6σ7σ8. u1u2u3u4u5u6u7u8u9uAuBuCuD,

ãäå ui = i, åñëè i-å óñëîâèå âõîäèò â U1 è ui ïóñòî â ïðîòèâíîì ñëó÷àå. Íàðÿäó ñ
òåîðåìàìè T â ðàáîòå [1] ðàññìàòðèâàëèñü òåîðåìû âèäà

TAE. Äëÿ ëþáûõ H1 ∈ M(σ1, σ2, σ3, σ4), H2 ∈ M(σ5, σ6, σ7, σ8) è h1 ∈ [H1α,H1β]
íàéäåòñÿ h2 ∈ [H2α, H2β] òàêîå, ÷òî èç H1α ≤ H1β, H2α ≤ H2β è óñëîâèé U2 ñëåäóåò
ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è (1)-(3) ïðè U = U2.

Â ðàáîòå [1] áûëà äîêàçàíà òåîðåìà.
Òåîðåìà 1. Åñëè ñïðàâåäëèâà òåîðåìà T, òî ñïðàâåäëèâà òåîðåìà ÒÀÅ äëÿ U2 =

U1\{H2α = H2β}.
Ïóñòü M1 = M(σ1, σ2, σ3, σ4) è M2 = M(σ5, σ6, σ7, σ8). Òîãäà òåîðåìû T è TAE

ïîëíîñòüþ îïðåäåëÿþòñÿ íàáîðîì (M1,M2, U). Ìíîæåñòâî âñåõ íàáîðîâ (M1,M2, U)
îáîçíà÷èì ÷åðåç TE è ââåäåì ÷àñòè÷íûé ïîðÿäîê â TE ñëåäóþùèì îáðàçîì: (M1,M2, U1)
≤ (M3,M4, U2), åñëè M1 ⊂ M3, M2 ⊂ M4 è U2 ⊂ U1. Ìíîæåñòâî íàáîðîâ èç TE, äëÿ
êîòîðûõ ñïðàâåäëèâà òåîðåìà Ò, îáîçíà÷èì ÷åðåç Ò è áóäåì íàçûâàòü ìíîæåñòâîì
òåîðåì. Àíàëîãè÷íî ìíîæåñòâî íàáîðîâ èç TE, äëÿ êîòîðûõ ñïðàâåäëèâà òåîðåìà
TAE, îáîçíà÷èì ÷åðåç TAE è áóäåì íàçûâàòü ìíîæåñòâîì òåîðåì.

Âîçíèêàåò âîïðîñ. Ñîâïàäàåò ëè ìíîæåñòâî òåîðåì, äàâàåìûõ òåîðåìîé 1, ñ TAE?
Ìíîæåñòâî òåîðåì èç TAE, äàâàåìûõ òåîðåìîé 1, îáîçíà÷èì ÷åðåç TAE∗.

Òåîðåìà 2. TAE=TAE∗∪T.
Äîêàçàòåëüñòâî. Ïóñòü x ∈TAE. Åñëè x ñîäåðæèò óñëîâèå D, òî x ∈T. Åñëè x

íå ñîäåðæèò óñëîâèÿ D, òî ïóñòü y ∈TE îòëè÷àåòñÿ îò x òîëüêî íàëè÷èåì óñëîâèÿ
D. ßñíî, ÷òî y ∈TAE è, ñëåäîâàòåëüíî, y ∈T. Ïî òåîðåìå 1, x ∈TAE∗.

Ìíîæåñòâî ìàêñèìàëüíûõ ýëåìåíòîâ èç TAE îáîçíà÷èì ÷åðåç TAEM è íàçîâåì
ìíîæåñòâîì ìàêñèìàëüíûõ òåîðåì. Òåîðåìà 1 ïîêàçûâàåò, ÷òî ìàêñèìàëüíûå òåîðåìû
èç TAEM ëåãêî ïîëó÷àþòñÿ èç ìàêñèìàëüíûõ òåîðåì äëÿ Ò (ïðèëîæåíèå 1 ðàáîòû
[1]) îòáðàñûâàíèåì óñëîâèÿ D. Èç ìàêñèìàëüíûõ òåîðåì ÒÀÅÌ âûäåëèì ïîðîæäàþ-
ùèå òåîðåìû, èñïîëüçóÿ ñëåäóþùèå ñèììåòðèè. Çàìåíà â óðàâíåíèè (1) íåçàâèñèìîé
ïåðåìåííîé t íà −t. Ïðè ýòîì òåîðåìà

TAEM.σ1σ2σ3σ4.σ5σ6σ7σ8.u1u2u3u4u5u6u7u8u9uAuBuCuD (4)
ïåðåõîäèò â òåîðåìó

TAEMt. σ2σ1σ
′
4σ
′
3.σ6σ5σ

′
8σ
′
7.u5u8u7u6u1u4u3u2u9uAuBuCuD, ãäå 1′ = 1, +′ = −, −′ =

+, 0′ = 0. Çàìåíà â óðàâíåíèè (1) x íà −x ïåðåâîäèò òåîðåìó (4) â òåîðåìó
TAEMx. σ1σ2σ3σ4.σ5σ6σ7σ8.u1u2u3u4u5u6u7u8u9uBuAuCuD. Åñëè uc = C, òî çàìåíà

H1 íà −H1 ïåðåâîäèò òåîðåìó (4) â òåîðåìó
TAEMC. σ′1σ′2σ′3σ′4.σ5σ6σ7σ8.u1u2u3u4u5u6u7u8u9uAuBuCuD. Çàìåíà H2 íà−H2 ïåðå-

âîäèò òåîðåìó (4) â òåîðåìó
TAEMD. σ1σ2σ3σ4.σ

′
5σ
′
6σ
′
7σ
′
8.u1u2u3u4u5u6u7u8u9uAuBuCuD.

Ïðè ýòîì ïîëó÷àþòñÿ ñëåäóþùèå ïîðîæäàþùèå òåîðåìû.
TAEG001. 1 1 � +. + + 0 0
TAEG002. 1 1 � +. + � 0 0
TAEG003. 1 � � +. + � 0 �
TAEG004. 1 � � 0. + 1 0 �
TAEG005. � � � 0. + 1 � 0
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TAEG006. � � 0 0. 1 1 + �
TAEG007. 1 1 � +. 1 + + 0. 1
TAEG008. 1 � � +. 1 + 0 +. 1
TAEG009. 1 � � 0. 1 1 + �. 1
TAEG010. � 1 � +. + + + 0. 2
TAEG011. � � � 0. + 1 + �. 2
TAEG012. � 1 1 +. + + 1 0. 3
TAEG013. � � 1 +. 0 + 1 +. 3
TAEG014. � � 1 0. + 1 1 �. 3
TAEG015. � � � +. + � � �. 3
TAEG016. � � 0 +. + + � +. 3
TAEG017. � 1 1 +. + + � 0. 4
TAEG018. � 1 1 +. 0 + + 0. 4
TAEG019. � 1 + +. + + 1 0. 4
TAEG020. � � 1 +. 0 + + +. 4
TAEG021. � � 1 0. + 1 � �. 4
TAEG022. � � + +. 0 + 1 +. 4
TAEG023. � � + 0. + 1 1 �. 4
TAEG024. � � � +. + � � �. 4
TAEG025. � � 0 +. + + � +. 4
TAEG026. 1 1 1 +. 1 + 1 0. 1 3
TAEG027. 1 � 1 +. 1 + 1 +. 1 3
TAEG028. 1 � 1 0. 1 1 1 +. 1 3
TAEG029. 1 1 1 1. 1 1 1 1. 1 4
TAEG030. 1 1 � +. 1 1 + �. 1 5
TAEG031. 1 � � 1. 1 + + +. 1 6
TAEG032. 1 � � �. 1 + + 1. 1 6
TAEG033. 1 � � 1. 1 + + 1. 1 7
TAEG034. 1 � � +. 1 + + �. 1 8
TAEG035. 1 1 1 1. 1 1 1 1. 2 3
TAEG036. 1 1 1 1. 1 1 1 1. 2 4
TAEG037. � � � 1. + + + +. 2 6
TAEG038. � � � �. + + + 1. 2 6
TAEG039. � � � 1. + + + 1. 2 7
TAEG040. � � � +. + + + �. 2 8
TAEG041. 1 1 1 1. 1 1 1 1. 3 4
TAEG042. � � 1 1. + + 1 +. 3 6
TAEG043. � � 1 �. + + 1 1. 3 6
TAEG044. � � + �. + � � �. 3 6
TAEG045. � � 1 1. + + 1 1. 3 7
TAEG046. � � + �. + � � �. 3 7
TAEG047. � � 1 1. + + � +. 4 6
TAEG048. � � 1 1. 0 0 + +. 4 6
TAEG049. � � 1 �. + + � 1. 4 6
TAEG050. � � + �. + + 1 1. 4 6
TAEG051. � � + �. + � � �. 4 6
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TAEG052. 1 1 1 +. 1 1 1 +. 1 3 5
TAEG053. 1 - 1 1. 1 + 1 +. 1 3 6
TAEG054. 1 � 1 �. 1 + 1 1. 1 3 6
TAEG055. 1 � 1 1. 1 + 1 1. 1 3 7
TAEG056. 1 � 1 +. 1 + 1 �. 1 3 8
TAEG057. 1 1 1 1. 1 1 1 1. 1 3 5 7
TAEG058. � � � +. + � � �. A
TAEG059. � � � 0. + 1 � �. A
TAEG060. � � 0 0. 1 1 1 1. A
TAEG061. 1 � � +. 1 + + +. 1 A
TAEG062. 1 � � 0. 1 1 1 1. 1 A
TAEG063. � � � +. + + + +. 2 A
TAEG064. � � � 0. 1 1 1 1. 2 A
TAEG065. � � 1 +. + + 1 +. 3 A
TAEG066. � � 1 0. 1 1 1 1. 3 A
TAEG067. � � + +. + + 1 +. 4 A
TAEG068. � � + 0. 1 1 1 1. 4 A
TAEG069. 1 � 1 0. 1 1 1 1. 1 3 A
TAEG070. 1 1 � +. 1 1 1 1. 1 5 A
TAEG071. 1 � � �. 1 1 1 1. 1 6 A
TAEG072. 1 � � 1. 1 1 1 1. 1 7 A
TAEG073. 1 � � +. 1 1 1 1. 1 8 A
TAEG074. � � � �. 1 1 1 1. 2 6 A
TAEG075. � � � 1. 1 1 1 1. 2 7 A
TAEG076. � � � +. 1 1 1 1. 2 8 A
TAEG077. � � 1 �. 1 1 1 1. 3 6 A
TAEG078. � � 1 1. 1 1 1 1. 3 7 A
TAEG079. � � + �. 1 1 1 1. 4 6 A
TAEG080. 1 1 1 +. 1 1 1 1. 1 3 5 A
TAEG081. 1 � 1 �. 1 1 1 1. 1 3 6 A
TAEG082. 1 � 1 1. 1 1 1 1. 1 3 7 A
TAEG083. 1 � 1 +. 1 1 1 1. 1 3 8 A
TAEG084. � 1 + +. 1 0 0 0. 3 9 A
TAEG085. � 1 + +. 1 0 0 0. 4 9 A
TAEG086. � � + 1. 1 0 0 0. 3 6 9 A
TAEG087. � � + 1. 1 0 0 0. 4 6 9 A
TAEG088. 1 1 1 1. + � � �. 9 A B
TAEG089. 1 1 1 1. � � 0 0. 9 A B
TAEG090. 1 � � �. + 1 � �. 9 A B
TAEG091. � � 0 0. 1 1 1 1. 9 A B
TAEG092. 1 1 1 1. 1 + + +. 1 9 A B
TAEG093. 1 � � �. 1 1 1 1. 1 9 A B
TAEG094. 1 1 1 1. + + + +. 2 9 A B
TAEG095. 1 � � �. + + 1 +. 2 9 A B
TAEG096. 1 � � �. + + � 1. 2 9 A B
TAEG097. � � 1 �. 1 + + +. 2 9 A B
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TAEG098. � � + 1. 1 + + +. 2 9 A B
TAEG099. � � � �. 1 1 1 1. 2 9 A B
TAEG100. 1 1 1 1. + + 1 +. 3 9 A B
TAEG101. 1 � � �. + + � 1. 3 9 A B
TAEG102. � � 1 �. 1 1 1 1. 3 9 A B
TAEG103. � � + 1. 1 + + +. 3 9 A B
TAEG104. 1 1 1 1. + + � 0. 4 9 A B
TAEG105. � 1 + +. + + 1 +. 4 9 A B
TAEG106. � � 1 �. + 1 � �. 4 9 A B
TAEG107. � � + 0. 1 1 1 1. 4 9 A B
TAEG108. 1 1 1 1. 1 + 1 +. 1 3 9 A B
TAEG109. 1 � 1 �. 1 1 1 1. 1 3 9 A B
TAEG110. 1 1 1 1. 1 1 1 1. 1 5 9 A B
TAEG111. 1 1 1 1. 1 + 1 1. 1 7 9 A B
TAEG112. 1 � 1 1. 1 1 1 1. 1 7 9 A B
TAEG113. 1 1 1 1. 1 1 1 1. 1 8 9 A B
TAEG114. 1 1 1 1. 1 1 1 1. 2 7 9 A B
TAEG115. 1 1 1 1. 1 1 1 1. 2 8 9 A B
TAEG116. 1 1 1 1. + + 1 1. 3 7 9 A B
TAEG117. � � 1 1. 1 1 1 1. 3 7 9 A B
TAEG118. 1 1 1 1. + + � +. 4 6 9 A B
TAEG119. � � + �. 1 1 1 1. 4 6 9 A B
TAEG120. 1 1 + �. + + 0 0. C
TAEG121. 1 1 + �. + � 0 0. C
TAEG122. 1 1 0 0. 1 1 0 0. C
TAEG123. 1 + + �. + � 0 �. C
TAEG124. 1 + + 0. + 1 0 �. C
TAEG125. 1 + 0 +. + + 0 �. C
TAEG126. + + + 0. + 1 - 0. C
TAEG127. + + 0 0. 1 1 + �. C
TAEG128. + � � 0. + 1 + �. C
TAEG129. + � 0 0. 1 1 + �. C
TAEG130. 1 1 + �. 1 + + 0. 1 C
TAEG131. 1 + + �. 1 + 0 +. 1 C
TAEG132. 1 + + 0. 1 1 + �. 1 C
TAEG133. 1 + 0 +. 1 + + �. 1 C
TAEG134. + 1 + �. + + + 0. 2 C
TAEG135. + + + 0. + 1 + �. 2 C
TAEG136. + 1 1 �. + + 1 0. 3 C
TAEG137. + 1 � 0. 0 1 0 0. 3 C
TAEG138. + + 1 �. 0 + 1 +. 3 C
TAEG139. + + 1 0. + 1 1 �. 3 C
TAEG140. + + + �. + � � �. 3 C
TAEG141. + + � +. + + 0 �. 3 C
TAEG142. + + 0 �. + + � +. 3 C
TAEG143. + � � �. + + + �. 3 C
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TAEG144. 0 1 1 0. 0 1 1 0. 3 C
TAEG145. 0 1 0 0. + 1 - 0. 3 C
TAEG146. 0 + 1 +. + + 1 �. 3 C
TAEG147. + 1 1 �. + + � 0. 4 C
TAEG148. + 1 1 �. 0 + + 0. 4 C
TAEG149. + 1 � �. + + 1 0. 4 C
TAEG150. + 1 - 0. 0 1 0 0. 4 C
TAEG151. + + 1 �. 0 + + +. 4 C
TAEG152. + + 1 0. + 1 � �. 4 C
TAEG153. + + + �. + � � �. 4 C
TAEG154. + + � +. + + 0 �. 4 C
TAEG155. + + � �. 0 + 1 +. 4 C
TAEG156. + + � 0. + 1 1 �. 4 C
TAEG157. + + 0 �. + + � +. 4 C
TAEG158. + � � �. + + + �. 4 C
TAEG159. 0 1 1 0. 0 1 1 0. 4 C
TAEG160. 0 1 0 0. + 1 � 0. 4 C
TAEG161. 0 + 1 +. + + � �. 4 C
TAEG162. 0 + + +. + + 1 �. 4 C
TAEG163. 0 + + 0. + 1 1 �. 4 C
TAEG164. 1 1 1 �. 1 + 1 0. 1 3 C
TAEG165. 1 1 1 0. 1 1 1 0. 1 3 C
TAEG166. 1 + 1 +. 1 + 1 �. 1 3 C
TAEG167. 1 + 1 �. 1 + 1 +. 1 3 C
TAEG168. 1 + 1 0. 1 1 1 +. 1 3 C
TAEG169. 1 1 + �. 1 1 + �. 1 5 C
TAEG170. 1 + + 1. 1 + + +. 1 6 C
TAEG171. 1 + + +. 1 + + 1. 1 6 C
TAEG172. 1 + + 1. 1 + + 1. 1 7 C
TAEG173. 1 + + �. 1 + + �. 1 8 C
TAEG174. + + + 1. + + + +. 2 6 C
TAEG175. + + + +. + + + 1. 2 6 C
TAEG176. + + + 1. + + + 1. 2 7 C
TAEG177. + + + �. + + + �. 2 8 C
TAEG178. + + 1 1. + + 1 +. 3 6 C
TAEG179. + + 1 +. + + 1 1. 3 6 C
TAEG180. + + � +. + � � �. 3 6 C
TAEG181. + � � �. + + � +. 3 6 C
TAEG182. + 0 - 1. 0 0 0 1. 3 6 C
TAEG183. 0 0 1 1. 0 0 1 1. 3 6 C
TAEG184. 0 0 0 1. + 0 - 1. 3 6 C
TAEG185. + + 1 1. + + 1 1. 3 7 C
TAEG186. + + � +. + � � �. 3 7 C
TAEG187. + � � �. + + � +. 3 7 C
TAEG188. + + 1 1. + + � +. 4 6 C
TAEG189. + + 1 1. 0 0 + +. 4 6 C
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TAEG190. + + 1 +. + + � 1. 4 6 C
TAEG191. + + � +. + + 1 1. 4 6 C
TAEG192. + + � +. + � � �. 4 6 C
TAEG193. + � � �. + + � +. 4 6 C
TAEG194. + 0 - 1. 0 0 0 1. 4 6 C
TAEG195. 0 0 1 1. 0 0 1 1. 4 6 C
TAEG196. 0 0 1 0. 0 + 1 +. 4 6 C
TAEG197. 0 0 + +. + + 1 1. 4 6 C
TAEG198. 1 1 1 �. 1 1 1 +. 1 3 5 C
TAEG199. 1 + 1 1. 1 + 1 +. 1 3 6 C
TAEG200. 1 + 1 +. 1 + 1 1. 1 3 6 C
TAEG201. 1 0 1 1. 1 0 1 1. 1 3 6 C
TAEG202. 1 + 1 1. 1 + 1 1. 1 3 7 C
TAEG203. 1 + 1 �. 1 + 1 �. 1 3 8 C
TAEG204. 1 1 1 1. 1 1 1 1. A C
Èç ýòèõ ïîðîæäàþùèõ òåîðåì ïîëó÷àþòñÿ âñå ìàêñèìàëüíûå òåîðåìû ÒÀÅÌ ñ

ïîìîùüþ ïðèâåäåííûõ âûøå ñèììåòðèé.
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