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Îá îäíîé òðåõòî÷å÷íîé êðàåâîé çàäà÷å
A.ß. Ëeïèí, Â.Ä. Ïîíîìàðåâ

Àííîòàöèÿ. Ïîñòðîåí êîíòðïðèìåð ê òåîðåìå 2.6 ðàáîòû [1].
ÓÄÊ 517.927

Â ðàáîòå [1] äëÿ êðàåâîé çàäà÷è

x′′ = g(t, x, x′) + h(t, x, x′) + e(t), x(0) = 0, x(1) = αx(η),

ãäå g, h ∈ C([0, 1]× R2,R), α ∈ R \ {η} è η ∈ (0, 1), ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ

1. (∃M1 > 0)(|x′| > M1 ⇒ g(t, x, x′) + h(t, x, x′) + e(t) 6= 0),

2. (∃M2 > 0)(|x′| > M2 ⇒ x′(g(0, 0, x′) + h(0, 0, x′) ≥ 0),

3. (∀(t, x, x′) ∈ [0, 1]× R2)(x′g(t, x, x′) ≤ 0),

4. (∀(t, x, x′) ∈ [0, 1]×R2)(|h(t, x, x′)| ≤ a(t)|x|+ b(t)|x′|+ u(t)|x|r + v(t)|x′|k + c(t)),
a, b, u, v, c ∈ L1([0, 1], [0, +∞)), 0 ≤ r, k < 1,

5. (c0 + a1) exp(b1) < 1, a1 = ‖a‖1 =
∫ 1

0
|a(t)| dt, b1 = ‖b‖1,

c0 =





0, α ≤ 1;
(α− 1)/(α(1− η)), 1 < α < η−1;
1/(αη), α > η−1.

äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ. Íà ïðèìåðå ïîêàæåì ÷òî ôîðìóëèðîâêà ýòîé òåî-
ðåìû íóæäàåòñÿ â óòî÷íåíèè.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′ = min{0,−6l3x′3 max{0, x}}+ e(t), x(0) = 0, x(1) = αx(η), (1)

ãäå g(x, x′) = min{0,−6l3x′3 max{0, x}}, l > 6, h = 0 è e(t) = −1 äëÿ t ∈ [0, t1],

t1 = l−
1
3 + l−1 + (l−

2
3 + 2l−

4
3 )

1
2 , e(t) = −1 + (t− t1)(1− l−1)/(t2− t1) äëÿ t ∈ [t1, t2], t2 =

2l−
1
3 +2l−1, e(t) = −l−1 äëÿ t ∈ [t2, 1], α ∈ R \ {η−1} è η ∈ (0, 1). Èç g(x, x′)+ e(t) < 0

ñëåäóåò ñïðàâåäëèâîñòü óñëîâèÿ 1, à èç x′g(0, x′) = 0 ñëåäóåò ñïðàâåäëèâîñòü óñëîâèÿ
2. Óñëîâèÿ 3 è 4 î÷åâèäíû. Èç h = 0 ñëåäóåò, ÷òî óñëîâèå 5 èìååò âèä c0 < 1 è âñåãäà
âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî êðàåâàÿ çàäà÷à (1) äîëæíà èìåòü ðåøåíèå äëÿ ëþáîãî
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α ∈ R\{η−1}. Ïîêàæåì, ÷òî ïðè ôèêñèðîâàííîì η äëÿ ëþáîãî ε > 0 íàéäåòñÿ l òàêîå,
÷òî α, äëÿ êîòîðûõ ðàçðåøèìà êðàåâàÿ çàäà÷à (1), ëåæàò â èíòåðâàëå (η−1, η−1 + ε).

Çàìåòèì, ÷òî u(t) = l−1t
1
3 óäîâëåòâîðÿåò óðàâíåíèþ u′′ = g(u, u′) äëÿ t ∈ (0, 1].

Îáîçíà÷èì ÷åðåç v ðåøåíèå çàäà÷è Êîøè
v′′ = g(v, v′) + e(t), v(0) = 0, v′(0) = v1

è äîêàæåì, ÷òî v(t) < u(t) ïðè t ∈ (0, l−1]. Ïðåäïîëàãàÿ ïðîòèâíîå, íàéäåì b > 0
òàêîå, ÷òî u(u−1(b)) = v(v−1(b)) = b, u′(u−1(b)) = v′(v−1(b)) è äëÿ ëþáîãî a ∈ (0, b)
ñïðàâåäëèâî íåðàâåíñòâî

u′(u−1(a)) > v′(v−1(a)). (2)
Ïóñòü u1(t) = u(t + u−1(b)− v−1(b). Òîãäà u1(v

−1(b)) = u(u−1(b)) = v(v−1(b)) è
u′′1(v

−1(b)) = u′′1(u
−1(b)) > v′′(v−1(b)). (3)

Èç íåðàâåíñòâà (2) ñëåäóåò, ÷òî u1(t) < v(t) äëÿ t ∈ (v−1(b)−ε, v−1(b)) ïðè äîñòàòî÷íî
ìàëîì ε > 0, à èç íåðàâåíñòâà (3) ñëåäóåò, ÷òî u1(t) > v(t) äëÿ t ∈ (v−1(b)− ε, v−1(b)).

Ñëåäîâàòåëüíî, v(l−1) < u(l−1) è l−
1
3 = u(l−1)/l−1 > v(l−1)/l−1 > v′(l−1). Ïóñòü y =

−t2/2+(l−
1
3 +l−1)t−l−2/2. Òîãäà y(l−1) = l−

4
3 = u(l−1) > v(l−1), y′(l−1) = l−

1
3 > v′(l−1),

y′′(t) = −1 ≥ v′′(t) äëÿ t ∈ [l−1, t1] è y(t1) = 0. Ñëåäîâàòåëüíî, y′(t) > v′(t) è y(t) > v(t)

äëÿ t ∈ [l−1, t1], −l−
1
3 > −(l−

2
3 + 2l−

4
3 )

1
2 = y′(t1) > v′(t1), v(t2) < 0 è v′(t2) < −l−

1
3 .

ßñíî, ÷òî v(t) = v(t2)− t2v
′(t2)+ v′(t2)t− l−1(t− t2)

2/2 äëÿ t ∈ [t2, 1]. Èç âûïóêëîñòè
v ñëåäóåò íåðàâåíñòâî v(t2)− t2v

′(t2) > 0. Ïóñòü ∆ = α−η−1 = v(1)/v(η)−η−1. Òîãäà

∆ =
v(t2)− t2v

′(t2) + v′(t2)− l−1(1− t2)
2/2

v(t2)− t2v′(t2) + ηv′(t2)− l−1(η − t2)2/2
− 1

η

=
(v(t2)− t2v

′(t2))(η − 1)− ηl−1(1− t2)
2/2 + l−1(η − t2)

2/2

ηv(t2)− ηt2v′(t2) + η2v′(t2)− ηl−1(η − t2)2/2

= (
v(t2)− t2v

′(t2))(1− η) + l−1(1− η)(η − t22)/2

−η(η − t2)v′(t2)− ηv(t2) + ηl−1(η − t2)2/2
.

Åñëè t2 < η, òî ïîñëåäíÿÿ äðîáü ïîëîæèòåëüíà, òàê êàê ïîëîæèòåëüíû âñå ñëàãàåìûå.
Îöåíèì òåïåðü ∆ ñâåðõó.

∆ <
(v(t2)− t2v

′(t2))(1− η) + l−1(1− η)(η − t22)/2

−η(η − t2)v′(t2)

<
−t2v

′(t2)(1− η) + l−1(1− η)(η − t22)/2

−η(η − t2)v′(t2)

=
t2(1− η)

η(η − t2)
+

l−1(1− η)(η − t22)

−2η(η − t2)v′(t2)

<
t2(1− η)

η(η − t2)
+

l−
2
3 (1− η)(η − t22)

2η(η − t2)
.

ßñíî, ÷òî ïðè äîñòàòî÷íî áîëüøîì l ïîñëåäíèå äâà ñëàãàåìûå ìîãóò áûòü ñäåëàíû
ìåíüøå ε

2
.
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