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Þ.À.Êëîêîâ

Âåðõíèå è íèæíèå ôóíêöèè äëÿ îäíîé êðàåâîé
çàäà÷è ÷åòâåðòîãî ïîðÿäêà

Àííîòàöèÿ. Î âåðõíèõ è íèæíèõ ôóíêöèÿõ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà. Èçó÷àåòñÿ êðàåâàÿ çàäà÷à x′′′′ = f(t, x, x′′),
x′(0) = x′′′(0) = x(τ) = x′′(τ) = 0. Óêàçàíû âåðõíèå è íèæíèå ôóíêöèè ïðè ðàçëè÷íûõ
ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ôóíêöèè f. Äîêàçàíû äâå òåîðåìû ñóùåñòâîâàíèÿ.

ÓÄÊ 517.927.4

I. Â ýòîé ñòàòüå ïðîäîëæàþòñÿ èññëåäîâàíèÿ âåðõíèõ è íèæíèõ ôóíêöèé äëÿ
óðàâíåíèé òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà, íà÷àòûå â ðàáîòàõ [1] - [4]. Ðàññìîòðèì
êðàåâóþ çàäà÷ó

x′′′′ = f(t, x, x′′), (1)
x′(0) = x′′′(0) = x(τ) = x′′(τ) = 0, (2)

ãäå
f ∈ C(I ×R2), I = [0, τ ], I0 = (0, τ).

Ôóíêöèè β(t), α(t) ∈ C4(I) íàçîâåì, ñîîòâåòñòâåííî, âåðõíåé è íèæíåé ôóíêöèåé
çàäà÷è (1),(2), åñëè îíè óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (2), β(t) ≥ 0, α(t) =
−β(t), ∀t ∈ I, è

β′′′′(t) ≥ f (t, δ(0, u(t), β(t)),m(u′′(t))) , t ∈ I (3)

α′′′′(t) ≤ f (t, δ(α(t), u(t), 0),m(u′′(t))) , t ∈ I (4)
ãäå δ(p, x, q), p, x, q ∈ R îïðåäåëÿåòñÿ óñëîâèÿìè δ(p, x, q) = p, ïðè x ≤ p,
δ(p, x, q) = x, p ≤ x ≤ q è δ(p, x, q) = q, ïðè x ≥ q, m(u′′) = δ(−M, u′′,M), M =
α′′(0) + M0, ãäå

M0 = max

[
τ∫
0

((τ − s)− (τ−s)2

2τ
)β′′′′(s)ds,

τ∫
0

((τ − s)− (τ−s)3

τ2 )β′′′′(s)ds,

τ∫
0

(s− s3

τ2 )β
′′′′(s)ds

]
.
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Ïðè÷åì óñëîâèÿ (3), (4) äîëæíû âûïîëíÿòüñÿ äëÿ ëþáîé ôóíêöèè u(t) ∈ C4(I). Èç
(3), (4) ñëåäóåò

β′′′′(t) = f (t, δ(0, u(t), β(t)),m(u′′(t))) + ε1(t), t ∈ I (5)

α′′′′(t) = f (t, δ(α(t), u(t), 0), m(u′′(t)))− ε2(t), t ∈ I. (6)
Çäåñü è äàëåå εr(t) ≥ 0, t ∈ I, (r = 1, 2, . . .) åñòü íåêîòîðûå íåïðåðûâíûå ôóíêöèè.
Çàìåòèì, ÷òî ε1(t), ε2(t) çàâèñÿò îò u(t). Ïîëàãàÿ â (5),(6) u(t) ≡ 0, t ∈ I è âû÷èòàÿ,
íàéäåì

β′′′′(t) = 2−1(ε1(t) + ε2(t)) := H(t), t ∈ I. (7)
Åñëè H(t) ≡ 0, t ∈ I, òî f(t, 0, 0) ≡ 0, t ∈ I è ðåøåíèåì ÿâëÿåòñÿ ôóíêöèÿ x(t) ≡
0, t ∈ I. Ýòîò ñëó÷àé ìû èñêëþ÷àåì èç ðàññìîòðåíèÿ è ïîýòîìó H(t) ≥ 0, ∀t ∈ I.

Èç ãðàíè÷íûõ óñëîâèé (2) è (7) ñëåäóåò, ÷òî β(t) =
τ∫
0

G(t, s)H(s)ds > 0, ∀t ∈ I0, ãäå
G(t, s) ≥ 0, (t, s) ∈ I × I åñòü ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ x′′′′ = 0 ñ êðàåâûìè
óñëîâèÿìè (2). Íàì óäîáíî áóäåò çàïèñûâàòü ôóíêöèþ β(t) â âèäå

β(t) = 1
2
(τ 2 − t2)

τ∫
0

(τ − s)H(s)ds− 1
6

τ∫
0

(τ − s)3H(s)ds

+1
6

τ∫
0

(t− s)3)H(s)ds,
(8)

Ñäåëàåì çàìå÷àíèå ê ôîðìóëå (8), êîòîðîå ïîíàäîáèòñÿ íàì â äàëüíåéøåì. Ïóñòü
c0 ∈ I0, H1(t) = H(t), t ∈ [0, c0], H1(t) ≡ 0, t ∈ (c0, τ ], è H2(t) ≡ 0, t ∈
[0, c0), H2(t) = H(t), t ∈ [c0, τ ], òàê ÷òî H(t) = H1(t) + H2(t). Òîãäà β(t) ìîæíî
çàïèñàòü â âèäå β(t) = β1(t) + β2(t), ãäå βi(t) =

τ∫
0

G(t, s)Hi(s)ds, (i = 1, 2), ïðè÷åì
β1(t), β2(t) ≥ 0, ∀t ∈ I. Èç (8) íàõîäèì

β′(t) = −t

τ∫

0

(τ − s)H(s)ds +
1

2

t∫

0

(t− s)2H(s)ds, (9)

β′′(t) = −
τ∫

0

(τ − s)H(s)ds +

t∫

0

(t− s)H(s)ds (10)

β′′′(t) =

t∫

0

H(s)ds (11)

Òàê êàê H(t) 6≡ 0, òî β′(t) < 0, β′′(t) < 0, ∀t ∈ I0. Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ
òðè ëåììû.

Ëåììà 1. α′(t) + t−1β(t) > 0, ∀t ∈ I0.

Òàê êàê α′(t) > 0, β(t) > 0, ∀t ∈ I0, òî äîêàçàòåëüñòâî Ëåììû 1 î÷åâèäíî.
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Ñëåäñòâèå.Ôóíêöèè t−1β(t) è t−2β(t) ìîíîòîííî óáûâàþò íà èíòåðâàëå I0. Äåéñòâè-
òåëüíî

(t−1β(t))′ = −t−2β(t) + t−1β′(t) = −t−1(α′(t) + t−1β(t)) < 0.

Ôóíêöèÿ t−2β(t) = t−1(t−1β(t)) åñòü ïðîèçâåäåíèå äâóõ ìîíîòîííî óáûâàþùèõ ôóíêöèé.
Ëåììà 2. Äëÿ ëþáûõ c0, c1 ∈ I, 0 < c0 < c1 ≤ τ ñïðàâåäëèâî íåðàâåíñòâî

−c1

c2
0

β(c0) +
1

2

c1∫

c0

(c1 − s)2H(s)ds− 1

2(c1 − c0)

c1∫

c0

(c1 − s)3H(s)ds ≤ 0. (12)

Äîêàçàòåëüñòâî ëåììû 2. Óìíîæàÿ (12) íà c−1
1 6c2

0 è èñïîëüçóÿ (8), ïîëó÷èì

I0(c1) := −
[
3(τ 2 − c2

0)
τ∫
0

(τ − s)H(s)ds−
τ∫
0

(τ − s)3H(s)ds+

+
c0∫
0

(c0 − s)3H(s)ds

]
+

+
3c20
c1

(
c1∫
c0

(c1 − s)2H(s)ds− 1
(c1−c0)

c1∫
c0

(c1 − s)3H(s)ds

) (13)

Ðàññìîòðèì âíà÷àëå ÷àñòíûé ñëó÷àé, êîãäà c1 = τ. Ñîãëàñíî çàìå÷àíèþ ê ôîðìóëå
(8), ïðåäñòàâèì êâàäðàòíóþ ñêîáêó â âèäå ñóììû β(c0) = β1(c0) + β2(c0), îòáðîñèì
ñëàãàåìîå β1(c0) ≥ 0 è ïîêàæåì, ÷òî îñòàâøååñÿ â (13) âûðàæåíèå íåïîëîæèòåëüíî.
Îáúåäèíÿÿ èíòåãðàëû ïî îòðåçêó [c0, τ ], (c1 = τ), íàéäåì

−
τ∫

c0

[
3(τ 2 − c2

0)(τ − s)− (τ − s)3 +
3c2

0

τ
(τ − s)2 − 3c2

0

τ(τ − c0)
(τ − s)3

]
H(s)ds

Âûíîñÿ îáùèé ìíîæèòåëü (τ − s), ïîëó÷èì â êâàäðàòíûõ ñêîáêàõ ïîëèíîì âòîðîé
ñòåïåíè ïî s, c0 ≤ s ≤ τ.

p(s) := 3(τ 2 − c2
0)− (τ − s)2 +

3c2
0

τ
(τ − s)− 3c2

0

τ(τ − c0)
(τ − s)2.

Ïóòåì íåñëîæíûõ âû÷èñëåíèé (êîòîðûå ìû îïóñêàåì) ìîæíî ïîêàçàòü, ÷òî p(s) ≥
0, ∀s ∈ [c0, τ ]. Òàêèì îáðàçîì, åñëè c1 = τ, òî I0(τ) ≤ 0. Ðàññìîòðèì òåïåðü ñëó÷àé,
êîãäà c1 < τ. Íàéäåì ïðîèçâîäíóþ I ′0(c1) è ïîêàæåì, ÷òî îíà íåîòðèöàòåëüíà. Èìååì

I ′0(c1) = −3c20
c21

(
c1∫
c0

(c1 − s)2H(s)ds− 1
(c1−c0)

c1∫
c0

(c1 − s)3H(s)ds

)
+

+
3c20
c1

(
2

c1∫
c0

(c1 − s)H(s)ds + 1
(c1−c0)2

c1∫
c0

(c1 − s)3H(s)ds− 3
(c1−c0)

c1∫
c0

(c1 − s)2H(s)ds

)
.

Îòáðàñûâàÿ ìíîæèòåëü 3c2
0c
−2
1 è îáúåäèíÿÿ èíòåãðàëû, ïîëó÷èì ïîä èíòåãðàëîì

ïîëèíîì ïî s
[
−(c1 − s)2 +

(c1 − s)3

c1 − c0

+ 2c1(c1 − s) +
c1

(c1 − c0)2
(c1 − s)3 − 3c1

(c1 − c0)
(c1 − s)2

]
.
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Âûíîñÿ îáùèé ìíîæèòåëü (c1 − s) è îáîçíà÷àÿ c1−s
c1−c0

= z, 0 ≤ z ≤ 1, íàéäåì

(c1−s)[−(c1− c0)z +(c1− c0)z
2 +2c1 + c1z

2−3c1z] = (c1−s)(1−z)[2c1(1−z)+ c0z] ≥ 0.

Ñëåäîâàòåëüíî I ′0(c1) ≥ 0. Ò.ê. I0(τ) ≤ 0, òî îòñþäà ñëåäóåò, ÷òî I0(c1) ≤ 0 ïðè
∀c1 ∈ [c0, τ ]. Òåì ñàìûì ëåììà 2 äîêàçàíà.

Ëåììà 3. Äëÿ ëþáûõ c0, c1 ∈ I 0 < c0 < c1 ≤ τ èìååì

−6
β(c0)

c0(c1 − c0)
+

c1∫

c0

(c1 − s)H(s)ds− 1

(c1 − c0)2

c1∫

c0

(c1 − s)3H(s)ds ≤ 0. (14)

Äîêàçàòåëüñòâî ëåììû 3. Óìíîæàÿ (14) íà c0(c1 − c0) è èñïîëüçóÿ çàìå÷àíèå
ê ôîðìóëå (8), ïîëó÷èì

I1(c1) := −3(τ 2 − c2
0)

τ∫
c0

(τ − s)H(s)ds +
τ∫

c0

(τ − s)3H(s)ds+

c0(c1 − c0)

[
c1∫
c0

(c1 − s)H(s)ds− 1
(c1−c0)2

c1∫
c0

(c1 − s)3H(s)ds

] (15)

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà â (15) c1 = τ. Îáúåäèíÿÿ èíòåãðàëû ïî îòðåçêó
[c0, τ ] è, âûíîñÿ â ïîäûíòåãðàëüíîì âûðàæåíèè ìíîæèòåëü (τ − s), ïîëó÷èì

I1(τ) =

τ∫

c0

(τ − s)

[
−3(τ 2 − c2

0) + (τ − s)2 + c0(τ − c0)− c0(τ − s)2

(τ − c0)

]
H(s)ds.

Ëåãêî ïðîâåðèòü,÷òî êâàäðàòíàÿ ñêîáêà ïîä èíòåãðàëîì íåïîëîæèòåëüíà. Ïîýòîìó
I1(τ) ≤ 0. Ïóñòü c1 < τ. Èç (15) ïîëó÷èì

I ′1(c1) = c0

[
c1∫
c0

(c1 − s)H(s)ds− 1
(c1−c0)2

c1∫
c0

(c1 − s)3H(s)ds

]
+

c0(c1 − c0)

[
c1∫
c0

H(s)ds + 2
(c1−c0)3

c1∫
c0

(c1 − s)3H(s)ds− 3
(c1−c0)2

c1∫
c0

(c1 − s)2H(s)ds

]

Îáúåäèíÿÿ èíòåãðàëû, âûíîñÿ ìíîæèòåëü (c1−c0)c0, è îáîçíà÷àÿ (c1−c0)
−1(c1−s) =

z, òàê ÷òî 0 ≤ z ≤ 1, íàéäåì

(c1 − c0)

c1∫

c0

[z + 1 + z3 − 3z2]H(s)ds.

Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ìîæíî çàïèñàòü â âèäå (1 − z)(1 + 2z − z2) ≥ 0,
ò.å. I1(c1) åñòü íåóáûâàþùàÿ ôóíêöèÿ ïî c1 è òàê êàê I1(τ) ≤ 0, òî I1(c1) ≤ 0, ∀c1 ∈
[c0, τ ]. Òåì ñàìûì ëåììà 3 äîêàçàíà.
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Òåîðåìà 1. Ïóñòü íàéäóòñÿ α, β, óäîâëåòâîðÿþùèå íåðàâåíñòâàì (3), (4). Òîãäà
ðåøåíèå çàäà÷è (1), (2) ñóùåñòâóåò, ïðè÷åì

α(t) ≤ x(t) ≤ β(t), ∀t ∈ I (16)

|x′′(t)| ≤ α′′(t) + M0, ∀t ∈ I. (17)
Äîêàçàòåëüñòâî òåîðåìû 1. Ðàññìîòðèì âñïîìîãàòåëüíîå óðàâíåíèå

x′′′′ = f(t, δ(α(t), x, β(t)),m(x′′))− δ(0, x− 1, 1) + δ(0, α(t)− x, 1). (18)

Òàê êàê ïðàâàÿ ÷àñòü óðàâíåíèÿ (18) îãðàíè÷åíà, è òàê êàê óðàâíåíèå x′′′′ = 0 ñ
óñëîâèÿìè (2) èìååò òîëüêî íóëåâîå ðåøåíèå, òî ðåøåíèå çàäà÷è (18), (2) ñóùåñòâóåò,
ñì. [5, ñòð.25]. Îáîçíà÷èì åãî ÷åðåç x(t), t ∈ I. Èç (5), (6), ãäå ñëåäóåò ïîëîæèòü
u(t) = x(t), è èç (18) íàõîäèì, ÷òî íà òåõ îòðåçêàõ îñè t, ãäå x(t) ≥ 0 (ïðè ýòîì ìîæåò
áûòü, ÷òî ïðè íåêîòîðûõ t áóäåò x(t) > β(t)), áóäåò

(x(t)− β(t))′′′′ = −ε3(t), (19)

à òàì ãäå x(t) ≤ 0, àíàëîãè÷íî èìååì

(x(t)− α(t))′′′′ = ε4(t). (20)

Äîêàæåì âûïîëíåíèå îöåíîê (16). Ïóñòü x(t) ñîõðàíÿåò ñâîé çíàê, íàïðèìåð x(t) ≥
0, ∀t ∈ I, è ïðè ýòîì, ïðè íåêîòîðûõ t, x(t) > β(t). Îáîçíà÷èì ÷åðåç G(t, s) ≥
0, ∀(t, s) ∈ I × I ôóíêöèþ Ãðèíà äëÿ óðàâíåíèÿ x′′′′ = 0 ñ óñëîâèÿìè (2). Òîãäà èç
(19) íàéäåì

x(t)− β(t) = −
τ∫

0

G(t, s)ε3(s)ds ≤ 0, ∀t ∈ I,

òî åñòü x(t) ≤ β(t), ∀t ∈ I. Àíàëîãè÷íî äîêàçûâàåòñÿ îöåíêà x(t) ≥ α(t), ∀t ∈ I,
åñëè x(t) ≤ 0, ∀t ∈ I. Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà x(t) ìåíÿåò ñâîé çíàê,
íàïðèìåð ïðè íåêîòîðûõ t, x(t) > 0 è ñóùåñòâóåò t, ãäå x(t) < α(t). Ïóñòü ε > 1 è
c ∈ I0 òàêîâû, ÷òî x(c) − εα(c) = 0, x′(c) − εα′(c) = 0, x′′(c) − εα′′(c) ≥ 0. Äàëåå
ðàññìîòðèì âíà÷àëå ñëó÷àé, êîãäà x′′′(c)− εα′′′(c) ≥ 0. Èç (20) ñëåäóåò

(x− εα)′′′′t=c = (x− α)′′′′t=c − (ε− 1)α′′′′(c) = ε4(c) + (ε− 1)H(c) > 0.

(Çàìåòèì, ÷òî â ñèëó (18) è (6) ε4(c) > 0). Ïóñòü b0, c0 ∈ I òàêîâû, ÷òî 0 ≤ b0 < c <
c0 ≤ τ è x(t) < 0, ∀t ∈ (b0, c0), x(b0) = x(c0) = 0, x(c) < α(c) < 0. Îáîçíà÷èì

z(t) = x(t)− εα(t)− (c0 − c)−2(t− c)2εβ(c0), t ∈ [b0, c0].

Òîãäà z(c) = 0, z′(c) = 0, z′′′(c) ≥ 0, z′′′′(c) > 0, z(c0) = 0. Äàëåå èìååì

z′(t) = x′(t)− εα′(t)− (c0 − c)−22(t− c)εβ(c0) (21)

z′′(t) = x′′(t)− εα′′(t)− (c0 − c)−22εβ(c0) (22)
z′′′(t) = x′′′(t)− εα′′′(t), z′′′′(t) = x′′′′(t)− εα′′′′(t) ≥ 0, t ∈ [c, c0] z′′′′(c) > 0.
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Èç ýòèõ ðàâåíñòâ ñëåäóåò z′′′(t) > 0, ∀t ∈ (c, c0 ] . Î÷åâèäíî, ÷òî ñóùåñòâóåò òî÷êà
ξ1 ∈ (c, c1), ãäå z′(ξ1) = 0, è, òàêæå ñóùåñòâóåò òî÷êà ξ2 ∈ (c, ξ1), ãäå z′′(ξ2) = 0.
Ñëåäîâàòåëüíî z′′(t) > 0, t ∈ (ξ2, c0 ] è z′(t) > 0 äëÿ t ∈ (ξ1, c0 ] . Ïîýòîìó èç (21)

x′(c0) > εα′(c0) + 2(c0 − c)−1εβ(c0) > (α′(c0) + (c0 − c)−1β(c0)) + (c0 − c)−1β(c0)

Â ñèëó ëåììû 1, âûðàæåíèå â êðóãëûõ ñêîáêàõ ïîëîæèòåëüíî è, ñëåäîâàòåëüíî,

x′(c0) > c−1
0 β(c0) > 0 (23)

È àíàëîãè÷íî ïîëó÷àåì,

x′′(c0) > α′′(c0) + c−2
0 · 2β(c0) > 0. (24)

Çàìåòèì, ÷òî òàê êàê x′′(c0) > 0, òî c0 < τ è ïîýòîìó íàéäåòñÿ òî÷êà c1 ≤ τ, ãäå
x(c1) = 0 è x(t) > 0 ïðè t ∈ (c0, c1). (Íà èíòåðâàëå (c0, c1) ìîãóò áûòü òî÷êè, ãäå
x(t) > β(t).) Ïîäñ÷èòàåì çíà÷åíèÿ x′(c1) è x′′(c1). Èç (19) ñëåäóåò x′′′′ = H(t)− ε3(t).
Èìååì êðàåâóþ çàäà÷ó íà îòðåçêå [c0, c1]

x′′′′ = H(t)− ε3(t) (25)

x(c0) = x(c1) = 0, x′(c0) = c−1
0 β(c0) + ε5, x′′(c0) = α′′(c0) + c−2

0 2β(c0) + ε6. Ïîñëåäî-
âàòåëüíî èíòåãðèðóÿ (25) íàéäåì

x′′′(t) = x′′′(c0) +

t∫

c0

[H(s)− ε3(s)]ds

x′′(t) = x′′(c0) + x′′′(c0)(t− c0) +

t∫

c0

(t− s)[H(s)− ε3(s)]ds (26)

x′(t) = x′(c0) + x′′(c0)(t− c0) + x′′′(c0)
1

2
(t− c0)

2 +
1

2

t∫

c0

(t− s)2[H(s)− ε3(s)]ds (27)

x(t) = x′(c0)(t− c0) + x′′(c0)
1
2
(t− c0)

2+

x′′′(c0)
1
6
(t− c0)

3 + 1
6

t∫
c0

(t− s)3[H(s)− ε3(s)]ds.

Èñïîëüçóÿ óñëîâèå x(c1) = 0, èç ïîñëåäíåãî óðàâíåíèÿ íàéäåì x′′′(c0)

x′′′(c0) = (c1 − c0)
−36 [−x′(c0)(c1 − c0)−

x′′(c0)
1
2
(c1 − c0)

2 − 1
6

c1∫
c0

(c1 − s)3(H(s)− ε3(s))ds

]
.

(28)

Òåïåðü ïîäñ÷èòàåì x′(c1) è x′′(c1). Ïîëàãàÿ â (27) t = c1 è èñïîëüçóÿ (28), íàéäåì

x′(c1) = −2x′(c0)− 1
2
x′′(c0)(c1 − c0) + 1

2

c1∫
c0

(c1 − s)2H(s)ds−
1

2(c1−c0)

c1∫
c0

(c1 − s)3H(s)ds− ε7,
(29)
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ãäå

ε7 = 1
2

c1∫
c0

(c1 − s)2ε3(s)ds− 1
2(c1−c0)

c1∫
c0

(c1 − s)3ε3(s)ds =

1
2

c1∫
c0

(c1 − s)2(1− c1−s
c1−c0

)ε3(s)ds ≥ 0.

Ïîäñòàâëÿÿ â (29) âìåñòî x′(c0) è x′′(c0) èõ çíà÷åíèÿ èç (23), (24) íàéäåì

x′(c1) = −x′(c0)− β(c0
c0
− 1

2
(c1 − c0)α

′′(c0)− (c1−c0)

c20
β(c0)+

1
2

c1∫
c0

(c1 − s)2H(s)ds− 1
2(c1−c0)

c1∫
c0

(c1 − s)3H(s)ds− ε8.

èñïîëüçóÿ ðàâåíñòâî c−2
0 (c1 − c0)β(c0) = c−2

0 c1β(c0)− c−1
0 β(c0) è ëåììó 2, ïîëó÷èì

x′(c1) = −x′(c0)− ε9. (30)

Àíàëîãè÷íî ïîëàãàÿ â (26) t = c1 è èñïîëüçóÿ (28), íàéäåì

x′′(c1) = −(c1 − c0)
−16x′(c0)− 2x′′(c0) +

c1∫
c0

(c1 − s)H(s)ds−
1

(c1−c0)2

c1∫
c0

(c1 − s)3H(s)ds− ε10,
(31)

ãäå

ε10 =

c1∫

c0

(c1 − s)ε3(s)ds− 1

(c1 − c0)2

c1∫

c0

(c1 − s)3ε3(s)ds ≥ 0.

Ïîäñòàâëÿÿ â(31) âìåñòî x′(c0) åãî çíà÷åíèå èç (23), ïîëó÷èì

x′′(c1) = − 6β(c0)

c0(c1 − c0)
− 2x′′(c0) +

c1∫

c0

(c1 − s)H(s)ds− 1

(c1 − c0)

c1∫

c0

(c1 − s)3H(s)ds− ε11.

Èñïîëüçóÿ ëåììó 3, íàéäåì

x′′(c1) = −2x′′(c0)− ε12. (32)

Åñëè c1 = τ , òî (32) ïðîòèâîðå÷èò êðàåâîìó óñëîâèþ x′′(τ) = 0. Ïîýòîìó ïðåäïîëîæèì,
÷òî c1 < τ è îáîçíà÷èì ÷åðåç c2 ≤ τ òî÷êó, ãäå x(c2) = 0, òàê ÷òî x(t) < 0 ïðè
t ∈ (c1, c2). (Ïðè ýòîì ìîãóò áûòü òî÷êè t ∈ (c1, c2), ãäå x(t) < α(t)). Íà îòðåçêå
[c1, c2] èç (20), (30), (32) èìååì çàäà÷ó

x′′′′(t) = −H(t) + ε4(t) t ∈ [c1, c2]

x(c1) = x(c2) = 0, x′(c1) = −x′(c0)− ε9, x′′(c1) = −2x′′(c0)− ε12.

Ïîñëåäîâàòåëüíî èíòåãðèðóÿ ýòó êðàåâóþ çàäà÷ó è îïðåäåëÿÿ x′(c2) è x′′(c2) òî÷íî
òàê, êàê ýòî äåëàëè íà îòðåçêå [c0, c1], íàéäåì

x′(c2) = x′(c0) + ε13, x′′(c2) = 22x′′(c0) + ε14. (33)
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(Çàìåòèì, ÷òî ëåììû 1,2,3 ñïðàâåäëèâû äëÿ ëþáûõ c0, c1 ∈ I, 0 < c0 < c1 ≤ τ
è ïîýòîìó â ýòèõ ëåììàõ ìîæíî âìåñòî c0, c1 ïîñòàâèòü c1, c2. Êðîìå òîãî ñëåäóåò
ïðèíÿòü âî âíèìàíèå ñëåäñòâèå ê ëåììå 1, â ñèëó êîòîðîãî c−2

0 β(c0) > c−2
1 β(c1).)

Åñëè c2 = τ, òî ïîëó÷àåì ïðîòèâîðå÷èå (33) ñ óñëîâèåì x′′(τ) = 0. Åñëè c2 < τ, òî
ïîâòîðÿÿ ðàññóæäåíèÿ ïîëó÷èì òî÷êè, c3, c4, ..., ck, â êàæäîé èç êîòîðûõ x′′(ck) =

(−1)k[2kx′′(c0) + ε∗k], ε∗k ≥ 0. Íî èç ðàâåíñòâà x′′(t) =
τ∫
0

g(t, s)x′′′′(s)ds, ãäå g(t, s) ≤
0, t, s ∈ I × I åñòü ôóíêöèÿ Ãðèíà çàäà÷è z′′ = 0, z′(0) = 0 z(τ) = 0, è èç (18)
ñëåäóåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ M∗ > 0 òàêàÿ, ÷òî |x′′(t)| < M∗ ∀t ∈ I, ïðè÷åì
ýòà ïîñòîÿííàÿ çàâèñèò ëèøü îò α è β. Ýòî ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî íàøå
ïðåäïîëîæåíèå î òîì, ÷òî ñóùåñòâóåò òî÷êà t ∈ I0, ãäå x(t) < α(t), îøèáî÷íî, ïðè
óñëîâèè ÷òî x′′′(c)− εα′′′(c) ≥ 0. Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà x′′′(c)− εα′′′(c) < 0.
Äëÿ ýòîãî îïðåäåëèì ôóíêöèþ b0 ≤ t ≤ c

z̄(t) = x(t)− εα(t)− (c− t)2

(c− b0)2
εβ(b0)

Èìååì z̄(c) = z̄(b0) = 0, z̄′(c) = 0. Î÷åâèäíî, ÷òî íàéäåòñÿ òî÷êà ξ1, b0 < ξ1 < c,
ãäå z̄(ξ1) = 0 è òî÷íî òàêæå íàéäåòñÿ òî÷êà ξ2 > ξ1, ξ2 ∈ (ξ1, c), ãäå z̄′′(ξ2) = 0.
Äàëåå ïîëó÷èì

z̄′(t) = x′(t)− εα′(t) + 2(c−t)
(c−b0)2

εβ(b0)

z̄′′(t) = x′′(t)− εα′′(t)− 2ε
(c−b0)2

β(b0)

z̄′′′(t) = x′′′(t)− εα′′′(t)
z̄′′′′(t) = (x− εα)′′′′ = (x− α)′′′′ + (ε− 1)H(t) =
= ε4(t) + (ε− 1)H(t) ≥ 0

(34)

Çàìåòèì, ÷òî ε4(c) > 0. Òàê êàê z̄′′′′(t) ≥ 0, t ∈ [b0, c], òî z̄′′′(t) < 0, t ∈ [b0, c] è, òàê
êàê z̄′′(ξ2) = 0, òî z̄′′(t) > 0 t ∈ [b0, ξ2), è z̄′(t) < 0, t ∈ [b0, ξ1). Èç (34) íàõîäèì ïðè
t = b0

x′(b0) = εα′(b0)− 2
(τ−b0)

εβ(b0)− ε15

x′′(b0) = εα′′(b0) + 2ε
(τ−b0)2

β(b0) + ε16
(35)

Àíàëîãè÷íî òîìó êàê áûëà äîêàçàíà ëåììà 1, ìîæíî ïîêàçàòü, ÷òî (β(b0)
τ−b0

)′b0 > 0 è
(α′′(b0) + 2β(b0)

(τ−b0)2
)′b0 > 0 òàê, ÷òî α′(b0) − β(b0)

τ−b0
< 0. Èñïîëüçóÿ ýòè íåðàâåíñòâà èç (35)

ìîæíî íàéòè
x′(b0) = −β(b0)

τ−b0
− ε17

x′′(b0) = α′′(b0) + 2β(b0)
(τ−b0)2

+ ε18

(36)

Ïîñëå ïîëó÷åíèÿ îöåíîê (36), ðàññóæäàÿ àíàëîãè÷íî ïðåäûäóùåìó, ïîëó÷èì ïîñëå-
äîâàòåëüíîñòü òî÷åê bk > 0, bk+1 < bk òàêèõ, ÷òî

x′(bk) = (−1)k+1
(

β(b0)
τ−b0

+ η′k
)

,

x′′(bk) = (−1)k
[
2k

(
α′′(b0) + 2β(b0)

(τ−b0)2

)
+ η′′k

] (37)

(η′k, η′′k > 0 - ïîñòîÿííûå,k = 0, 1, ...) è, ëèáî ïðè äîñòàòî÷íî áîëüøèõ ”k” ïîëó÷èì
ïðîòèâîðå÷èå ñ îöåíêîé |x′′(t)| < M∗, ∀t ∈ I, ëèáî ïðè íåêîòîðîì k = k0 ïîëó÷èì
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îòðåçîê [0, b], b = bk0 , ãäå x(t) ≥ 0, ∀t ∈ [0, b], x′(0) = x′′′(0) = 0, x(b) = 0.
(Ñëó÷àé, êîãäà x(t) ≤ 0, ∀t ∈ [0, b] ðàññìàòðèâàåòñÿ àíàëîãè÷íî). Òàê êàê (x−β)′′′′ =
−ε3, t ∈ [0, b], òî èìååì êðàåâóþ çàäà÷ó.

x′′′′ = H(t)− ε3(t), t ∈ [0, b]

x′(0) = x′′′(0) = 0, x(b) = 0, x′(b) = −β(b0)
τ−b0

− η′

x′′(b) = α′′(b0) + 2β(b0)
(τ−b0)2

+ η′′ (η′, η′′ > 0)

(38)

Èíòåãðèðóÿ óðàâíåíèå ïîëó÷èì

x′′′(t) =

t∫

0

(H(s)− ε3(s))ds

x′′(t) = x′′(0)t +

t∫

0

(t− s)(H(s)− ε(s))ds (39)

x′(t) = x′′(0)t +
1

2

t∫

0

(t− s)2(H(s)− ε(s))ds (40)

Èç (40) ïðè t = b íàõîäèì

x′′(0) =
1

b


x′(b)− 1

2

b∫

0

(b− s)2(H(s)− ε3(s))ds




Ïîäñòàâëÿÿ ýòî çíà÷åíèå â (39) ïðè t = b íàéäåì

x′′(b) =
1

b


x′(b)− 1

2

b∫

0

(b− s)2(H(s)− ε3(s))ds


 +

b∫

0

(b− s)(H(s)− ε3(s))ds,

îòêóäà, èñïîëüçóÿ (38) è ñîîòâåòñòâóþùèå ìîíîòîííîñòè, ïîëó÷èì

0 = β(b)
(τ−b)

+ b
(
α′′(b) + 2β(b)

(τ−b)2

)
−

[
b

b∫
0

(b− s)H(s)ds− 1
2

b∫
0

(b− s)2H(s)

]
+ ε19

0 = β(b)
(τ−b)

+ bα′′(b)−
[
b

b∫
0

(b− s)H(s)ds− 1
2

b∫
0

(b− s)2H(s)

]
+ ε20

(41)

Äàëåå èñïîëüçóÿ ôîðìóëó (8), çàìå÷àíèå ê ôîðìóëå (8) è, îáúåäèíÿÿ èíòåãðàëû ïî
îòðåçêó [0, b], ïîëó÷èì ïîä èíòåãðàëîì ïîëèíîì âòîðîé ñòåïåíè ïî s

p2(s) := 1
2
(τ + b)(τ − s)− 1

6
[(τ − s)2 + (τ − s)(b− s) + (b− s)2]

+ b(τ − s)− b(b− s) + 1
2
(b− s)2.

Ëåãêî ïðîâåðèòü, ÷òî p2(s) > 0. Ñëåäîâàòåëüíî, ïðàâàÿ ÷àñòü â (41)áîëüøå íóëÿ.
Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò îöåíêè (16). Èç îöåíîê (16), âîîáùå ãîâîðÿ, íå
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ñëåäóåò âûïîëíåíèå îöåíîê β′′(t) ≤ x′′(t) ≤ α′′(t), ∀t ∈ I. Ïîýòîìó äîêàæåì îöåíêó
(17). Îáîçíà÷èì m0 = max[|x′′(t)|, t ∈ I]. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî
m0 = x′′(t0), t0 ∈ [0, τ). Ïóñòü îöåíêà (17) íå âûïîëíÿåòñÿ, òàê ÷òî x′′(t0) > M0 +
α′′(t0). Òîãäà ñóùåñòâóåò òî÷êà σ ∈ I0 òàêàÿ, ÷òî x′′′′(σ)− α′′′′(σ) < 0. Çíà÷èò, â ñèëó
(20), x(σ) ≥ 0. Ðàññìîòðèì âíà÷àëå ñëó÷àé, êîãäà x′(σ) ≥ 0. Òàê êàê

x′′(σ) > M0 + α′′(σ) > 0, (42)

òî x′(t) > 0 è x(t) > 0 â íåêîòîðîé êðàåâîé îêðåñòíîñòè òî÷êè t = σ. Òàê êàê x(τ) = 0,
òî ñóùåñòâóåò òî÷êà c0 ≤ τ, ãäå x(c0) = 0 è x(t) ≥ 0 ïðè t ∈ [σ, c0]. Èíòåãðèðóÿ
ðàâåíñòâî x′′′′(t) = x′′′′(t) îò t = σ äî t ≥ σ íàéäåì

x′′′ = x′′′(σ) +

t∫

σ

x′′′′(s)ds

x′′ = x′′(σ) + x′′′(σ)(t− σ) +

t∫

σ

(t− s)x′′′′(s)ds (43)

x′ = x′(σ) + x′′(σ)(t− σ) + x′′′(σ)
1

2
(t− σ)2 +

1

2

t∫

σ

(t− s)2x′′′′(s)ds

x(t) = x(σ)+x′(σ)(t− s)+x′′(σ)
1

2
(t−σ)2 +x′′′(σ)

1

6
(t−σ)3 +

1

6

t∫

σ

(t− s)3x′′′′(s)ds (44)

Ïîëàãàÿ â (44) t = c0, óìíîæàÿ íà (c0 − σ)−2 · 6 è îáîçíà÷àÿ r0 = (c0 − σ)−26 · [x(σ) +
x′(σ)(c0 − σ)], ïîëó÷èì

0 = r0 + 3x′′(σ) + x′′′(σ)(c0 − σ) +
1

(c0 − σ)2

c0∫

σ

(c0 − s)3x′′′′(s)ds (45)

Ïîëàãàÿ â (43) t = c0 è âû÷èòàÿ ðàâåíñòâî (45), íàéäåì

x′′(c0) = −r0 − 2x′′(σ) +

c0∫

σ

(c0 − s)x′′′′(s)ds− 1

(c0 − σ)2

c0∫

σ

(c0 − s)3x′′′′(s)ds (46)

Òàê êàê x(t) ≥ 0, t ∈ [σ, c0], òî èç (19) ñëåäóåò x′′′′(s) ≤ H(s) s ∈ [σ, c0]. Èç (46)
íàõîäèì, ïðèíèìàÿ âî âíèìàíèå (42),

x′′(c0) + M0 + 2α′′(σ) < −r0 −M0 +

c0∫

σ

[(c0 − s)− (c0 − s)3

(c0 − σ)2
]H(s)ds (47)

(Çàìåòèì áåç äîêàçàòåëüñòâà, ÷òî äëÿ ëþáûõ c0, σ ∈ I0, c0 > σ, M0 >
c0∫
σ

[(c0 −
s)− (c0−s)3

(c0−σ)2
]H(s)ds.) Åñëè x′′(c0) + M0 + 2α′′(σ) ≥ 0, òî èç (47) ñëåäóåò ïðîòèâîðå÷èå,
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êîòîðîå äîêàçûâàåò îöåíêó (17), à åñëè íåò, òî òîãäà x′′(c0) < −(M0 + 2α′′(σ)). Åñëè
ïðè ýòîì M0 + 2α′′(σ) > m0, òî ñíîâà ïîëó÷àåì ïðîòèâîðå÷èå, êîòîðîå äîêàçûâàåò
îöåíêó (17). Ïóñòü M0 + 2α′′(σ) ≤ m0. Â ýòîì ñëó÷àå èìååì èíòåðâàë (c0, c1), c1 ≤
τ, ãäå x′(c0) < 0, x(t) ≤ 0, x′′′′(t) ≥ −H(t), ∀t ∈ [c0, c1]. Ñíîâà èíòåãðèðóÿ
ðàâåíñòâî x′′′′(t) = x′′′′(t), t ∈ [c0, c1] è, ðàññóæäàÿ êàê è âûøå, ïîëó÷èì âìåñòî
(46) ðàâåíñòâî

x′′(c1) = −r1 − 2x′′(c0) +

c1∫

c0

[(c1 − s)− (c1 − s)3

(c1 − c0)2
]x′′′′(s)ds,

ãäå r1 = (c1 − c0)
−2 · 6x′(c0) < 0. Îòêóäà ñëåäóåò íåðàâåíñòâî

x′′(c1)−M0 − 4α′′(σ) > −r1 + M0 −
c1∫

c0

[(c1 − s)− (c1 − s)3

(c1 − c0)2
]H(s)ds.

Åñëè x′′(c1)−M0−4α′′(σ) ≤ 0, òî ïîëó÷àåì ïðîòèâîðå÷èå, êîòîðîå äîêàçûâàåò îöåíêó
(17), à åñëè íåò, òî òîãäà x′′(c1) > M0 + 4α′′(σ). Åñëè ïðè ýòîì M0 + 4α′′(σ) > m0, òî
ñíîâà ïîëó÷àåì ïðîòèâîðå÷èå, êîòîðîå äîêàçûâàåò îöåíêó. Ïóñòü M0 + 4α′′(σ) ≤ m0.
Â ýòîì ñëó÷àå èìååì èíòåðâàë (c1, c2), ãäå x(t) > 0, x(c1) = x(c2) = 0, x′(c1) >
0. Ïîëó÷èì èëè ïðîòèâîðå÷èå, êîòîðîå äîêàçûâàåò îöåíêó (17) èëè íåðàâåíñòâî
x′′(c2) < −(M0 + 8α′′(σ)). ×åðåç êîíå÷íîå ÷èñëî øàãîâ ïîëó÷èì íåðàâåíñòâî M0 +
2kα′′(σ) > m0. Ýòî ïðîòèâîðå÷èå è äîêàçûâàåò îöåíêó (17) â ñëó÷àå åñëè x′(σ) ≥ 0.
Ðàññìîòðèì òåïåðü ñëó÷àé x′(σ) < 0. Òîãäà ïîëó÷èì èíòåðâàë (b0, σ), ãäå x(t) >
0, x(b0) = 0, x(σ) ≥ 0. Èíòåãðèðóÿ ðàâåíñòâî x′′′′(t) = x′′′′(t) t ∈ [b0, σ] ïîëó÷èì
âìåñòî (46) ðàâåíñòâî

x′′(b0) = −r̄0 − 2x′′(σ) +

σ∫

b0

[(s− b0)− (s− b0)
3

(σ − b0)2
]x′′′′(s)ds,

ãäå r̄0 = (σ − b0)
−2 · 6[x(σ)− x′(σ)(σ − b0)] ≥ 0 â ñèëó (42) èìååì

x′′(b0) + M0 + 2α′′(σ) < −r̄0 −M0 +

σ∫

b0

[(s− b0)− (s− b0)
3

(σ − b0)2
]H(s)ds,

Ðàññóæäàÿ àíàëîãè÷íî ïðåäûäóùåìó ïîëó÷èì ïîñëåäîâàòåëüíîñòü òî÷åê bk (bk+1 <
bk), â êîòîðûõ |x′′(bk)| > M0 + 2k+1α′′(σ), (k = 0, 1, ...) è ëèáî ïðè äîñòàòî÷íî
áîëüøîì ”k” ïîëó÷àåì ïðîòèâîðå÷èå ñ îöåíêîé m0 = max[|x′′(t)|, t ∈ I], ëèáî
ïîëó÷èì èíòåðâàë [0, b], ãäå x(t) ≥ 0 (ñëó÷àé x(t) ≤ 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî)
x′(0) = x′′′(0) = 0, â ñèëó êðàåâûõ óñëîâèé, x(b) = 0, x′(b) ≤ 0, x′′(b) > M0 +α′′(σ).
Èíòåãðèðóÿ ðàâåíñòâî x′′′′(t) = x′′′′(t) ≤ H(t), t ∈ [0, b], ïîëó÷èì

x′′′(t) =

t∫

0

x′′′′(s)ds
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x′′(t) = x′′(0) +

t∫

0

(t− s)x′′′′(s)ds

x′(t) = x′′(0)t +
1

2

t∫

0

(t− s)2x′′′′(s)ds

Ïîëàãàÿ t = b íàéäåì

x′′(0) =
1

b
x′(b)− 1

2b

b∫

0

(b− s)2x′′′′(s)ds

Èç âòîðîãî óðàâíåíèÿ ïðè t = b èìååì

x′′(b) = x′′(0) +

b∫

0

(b− s)x′′′′(s)ds

èëè

M0 + α′′(σ) <

b∫

0

[(b− s)− 1

2b
(b− s)2]H(s)ds

Ýòî íåðàâåíñòâî ïðîòèâîðå÷èò îïðåäåëåíèþ ÷èñëà M0. Òåì ñàìûì îöåíêà (17) äîêà-
çàíà. Ïðè âûïîëíåíèè îöåíîê (16), (17) óðàâíåíèÿ (18) è (1) ñîâïàäàþò. Òåì ñàìûì
òåîðåìà 1 äîêàçàíà. Íà ïðèìåðå óðàâíåíèÿ

x′′′′ = ϕ(t, x), (48)

ãäå ϕ ∈ C(I × R), óêàæåì óñëîâèÿ ïðè êîòîðûõ ñóùåñòâóþò âåðõíèå è íèæíèå
ôóíêöèè çàäà÷è (48), (2). Ïóñòü q, r ∈ C(I), q ≥ 0, r ≥ 0, ∀t ∈ I, q(t) 6≡ 0
è êðàåâàÿ çàäà÷à

x′′′′ = r(t)x, x′(0) = x′′′(0) = x′′(τ0) = x(τ0) = 0

äëÿ ëþáîãî τ0 ∈ (0, τ ] èìååò òîëüêî íóëåâîå ðåøåíèå. Ïðåäïîëîæèì äàëåå, ÷òî
âûïîëíÿþòñÿ óñëîâèÿ

ϕ(t, x) ≤ q(t) + r(t)x, x ≥ 0, ∀t ∈ I
ϕ(t, x) ≥ −q(t) + r(t)x, x ≤ 0, ∀t ∈ I

(49)

Òîãäà ðåøåíèå çàäà÷è (48), (2) ñóùåñòâóåò. Â äàííîì ñëó÷àå âåðõíþþ ôóíêöèþ
ìîæíî îïðåäåëèòü êàê ðåøåíèå óðàâíåíèÿ β′′′′ = q(t) + r(t)β ñ óñëîâèÿìè (2), (α =
−β). Åñëè r ≡ 0, t ∈ I, q(t) = q0, ãäå q0 åñòü ïîñòîÿííàÿ áîëüøå íóëÿ, òî

β(t) = 24−1 · q0 · (5τ 4 − 6τ 2t2 + t4. (50)

Óñëîâèÿì (49) óäîâëåòâîðÿåò, â ÷àñòíîñòè, ïðàâàÿ ÷àñòü

ϕ(t, x) = p2n+1(t)x
2n+1 + p2n(t)x2n + ... + p0(t),
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ãäå êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè x îòðèöàòåëåí p2n+1(t) < 0, ∀t ∈ I. Åñëè
ïîñòîÿííàÿ q0 äîñòàòî÷íî áîëüøàÿ, òî β(t), îïðåäåëåííàÿ ðàâåíñòâîì (50), â äàííîì
ñëó÷àå áóäåò âåðõíåé ôóíêöèåé. Äëÿ óðàâíåíèÿ (1) ìîæíî ðàññìîòðåòü áîëåå îáùèå
êðàåâûå óñëîâèÿ

x′(0) = A1, x′′′(0) = A3, x(τ) = B0, x′′(τ) = B2 (51)

è ñôîðìóëèðîâàòü äëÿ çàäà÷è (1), (51) íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâî-
âàíèÿ ðåøåíèÿ. Ìû íå áóäåì ýòîãî äåëàòü. II. Ðàññìîòðèì çàäà÷ó (51) äëÿ óðàâíåíèÿ

x′′′′ = F (t, x, x′′), (52)

ãäå F (t, x, y) ∈ C(I×R2) è F åñòü íåóáûâàþùàÿ ôóíêöèÿ ïî x. Îïðåäåëèì äëÿ çàäà÷è
(52), (51) âåðõíèå è íèæíèå ôóíêöèè ñëåäóþùèì îáðàçîì: α, β ∈ C4(I), α(t) ≤
β(t), ∀t ∈ I, α, β óäîâëåòâîðÿþò óñëîâèÿì β′(0) ≤ A1 ≤ α′(0), α′′′(0) ≤ A3 ≤
β′′′(0), α(τ) ≤ B0 ≤ β(τ), β′′(τ) ≤ B2 ≤ α2(τ) è íåðàâåíñòâàì

β′′′′(t) ≥ F (t, β(t), β′′(t)), ∀t ∈ I, (53)

α′′′′(t) ≤ F (t, α(t), α′′(t)), ∀t ∈ I. (54)
Òåîðåìà 2. Óñëîâèÿ (53), (54) ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè äëÿ ñóùå-
ñòâîâàíèÿ ðåøåíèÿ çàäà÷è (52),(51), ïðè ýòîì

α(t) ≤ x(t) ≤ β(t), β′′(t) ≤ x′′(t) ≤ α′′(t), ∀t ∈ I.

Äîêàçàòåëüñòâî òåîðåìû 2. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü x(t) åñòü ðåøåíèå
çàäà÷è (52), (51). Ïîëàãàÿ α(t) = β(t) = x(t) ïîëó÷èì, ÷òî óñëîâèÿ (53), (54) âûïîë-
íÿþòñÿ. Äîêàæåì äîñòàòî÷íîñòü. Ðàññìîòðèì âñïîìîãàòåëüíîå óðàâíåíèå

x′′′′ = F (t, δ(α(t), x, β(t)), δ(β′′(t), x′′, α′′(t))). (55)

Òàê êàê ïðàâàÿ ÷àñòü (55) îãðàíè÷åíà ïîñòîÿííîé è òàê êàê óðàâíåíèå x′′′′ = 0 ñ
íóëåâûìè óñëîâèÿìè (51) èìååò òîëüêî íóëåâîå ðåøåíèå, òî ðåøåíèå çàäà÷è (52),
(51) ñóùåñòâóåò ñì. [5,ñòð.25]. Îáîçíà÷èì åãî ÷åðåç x(t), t ∈ I. Èñïîëüçóÿ (55), (53)
è òî, ÷òî F åñòü íåóáûâàþùàÿ ôóíêöèÿ ïî x, íàéäåì, ÷òî åñëè x′′(t) ≤ β′′(t), òî

(x(t)− β(t))′′′′ = −ε19(t), (56)

è àíàëîãè÷íî, èç (55), (54) ïîëó÷àåì, ÷òî åñëè x′′(t) ≥ α(t), òî

(x(t)− α(t))′′′′ = −ε20(t), (57)

Äîêàæåì, ÷òî x′′(t) ≥ β′′(t), ∀t ∈ I. Ïóñòü ýòî íå òàê. Òîãäà ñóùåñòâóþò òî÷êè
t0, t1 ∈ I, (0 ≤ t0 < t1 ≤ τ) òàêèå, ÷òî x′′(t) < β′′(t), t ∈ (t0, t1) è x′′′(t0)− β′′′(t0) =
0, x′′(t1)−β′′(t1) = 0. Ñëåäîâàòåëüíî ñóùåñòâóåò σ ∈ (t0, t1), ãäå (x(t)−β(t))′′′′t=σ > 0.
Íî ýòî ïðîòèâîðå÷èò (56). Çíà÷èò x′′(t) ≥ β′′(t), ∀t ∈ I. Àíàëîãè÷íî äîêàçûâàåòñÿ
îöåíêà x′′(t) ≤ α′′(t), ∀t ∈ I, (ñ èñïîëüçîâàíèåì (57)). Äîêàæåì âûïîëíåíèå îöåíîê
äëÿ x(t). Ïóñòü ïðè íåêîòîðîì t, x(t) > β(t). Òîãäà, ðàññóæäàÿ êàê è âûøå, íàéäåì,
÷òî ñóùåñòâóåò òî÷êà σ0 ∈ I0, ãäå x′′(σ0) < β′′(σ0). Íî ýòî ïðîòèâîðå÷èò äîêàçàííîé
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îöåíêå x′′(t) ≥ β′′(t), ∀t ∈ I. Çíà÷èò x(t) ≤ β(t), ∀t ∈ I. Àíàëîãè÷íî äîêàçûâàåòñÿ
îöåíêà x(t) ≥ α(t), ∀t ∈ I. Íî ïðè âûïîëíåíèè äîêàçàííûõ îöåíîê, óðàâíåíèÿ (55)
è (52) ñîâïàäàþò. Òåì ñàìûì òåîðåìà 2 äîêàçàíà. Òðåáîâàíèå íåóáûâàíèÿ ôóíêöèè
F ïî x ÿâëÿåòñÿ âåñüìà ñóùåñòâåííûì äëÿ ñïðàâåäëèâîñòè òåîðåìû 2. Îñòàíîâèìñÿ
íà ýòîì âîïðîñå ïîäðîáíåå. Ïóñòü â çàäà÷å (48), (2) ϕ åñòü íåóáûâàþùàÿ ôóíêöèÿ x.
Òîãäà óñëîâèÿ (3),(4) �àâòîìàòè÷åñêè� ïðèíèìàþò âèä

β′′′′ ≥ ϕ(t, β(t)), t ∈ I
α′′′′ ≤ ϕ(t, α(t)), t ∈ I.

(58)

Â ýòîì ñëó÷àå èç òåîðåìû 1 ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (48),(2). (Èç
òåîðåìû 2 òàêæå ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (48), (2)). Åñëè ôóíêöèÿ ϕ
íå ÿâëÿåòñÿ íåóáûâàþùåé, íî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ (58) (äëÿ íåêîòîðûõ α
è β),òî ìîæíî ïîñòðîèòü ïðèìåð, êîãäà çàäà÷à (48),(2) èìååò åäèíñòâåííîå ðåøåíèå,
íî äëÿ íåãî íå âûïîëíÿþòñÿ îöåíêè α ≤ x ≤ β, β′′ ≤ x′′ ≤ α′′, ∀t ∈ I. Ìîæíî
ïîñòðîèòü ïðèìåð è òàêîé ôóíêöèè, äëÿ êîòîðîé ñóùåñòâóþò α, β (α < β) ∀t ∈ I0,
óäîâëåòâîðÿþùèå óñëîâèÿì (58), íî çàäà÷à (48),(2) ðåøåíèÿ íå èìååò. Ýòè ïðèìåðû
äîñòàòî÷íî ñëîæíû è ìû èõ íå ïðèâîäèì.
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Yu.A. Klokov. On upper and lower functions for the fourth order ordinary
di�erential equations.

Summary. The boundary value problem x′′′′ = f(t, x, x′′), x′(0) = x′′′(0) = x(τ) =
x′′(τ) = 0 is studied. The upper and lower functions are indicated under various assump-
tions about a function f.
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Anotacija. Yu.A. Klokovs. K	adas ceturt	as k	artas robe�zprobl	emas aug�sejas
un apak�sejas funkcijas.

Tiek p	et	�ta robe�zprobl	ema x′′′′ = f(t, x, x′′), x′(0) = x′′′(0) = x(τ) = x′′(τ) =
0. Norad	itas aug�sejas un apak�sejas funkcijas pie da�zadiem pie�nemumiem attiecib	a pret
funkcijas f. Pierad	�tas divas eksistences teoremas.
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