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Pirmais paņēmiens
Otrais paņēmiens
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Ievads

Ievads I

Aplūkosim otrās kārtas lineāru homogēnu diskrētu dinamikas sistēmu ar
konstantiem koeficientiem (turpmāk vienkāřsi sistēmu){

xt+1 = axt + byt ,
yt+1 = cxt + dyt

(1)

ar matricu

A =

(
a b
c d

)
.
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Ievads

Ievads II

Pirmais uzdevums: atrast sistēmas (1) vispār̄ıgo atrisinājumu [general so-
lution] xt = ϕ(t,C1,C2) un yt = ψ(t,C1,C2), t.i., atrast tādas funkcijas
ϕ(t,C1,C2) un ψ(t,C1,C2), kur C1 un C2 ir patvaļ̄ıgas reālas konstantes,
bet t ∈ N0 = {0, 1, 2, . . .} ir diskrēts laiks, ka

a) jebkuriem C1,C2 ∈ R laika t ∈ N0 funkcijas

xt = ϕ(t,C1,C2), yt = ψ(t,C1,C2)

ir sistēmas (1) atrisinājums;

b) patvaļ̄ıgam sistēmas (1) atrisinājumam xt un yt eksistē C1 = C ∗
1 un

C2 = C ∗
2 , ka jebkuram t ∈ N0 ir spēkā

xt = ϕ(t,C ∗
1 ,C

∗
2 ), yt = ψ(t,C ∗

1 ,C
∗
2 ).
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Ievads

Ievads III

Otrais uzdevums: atrast Koš̄ı uzdevuma [Cauchy problem] (1), (2)
atrisinājumu, kur

x0 = x∗0 , y0 = y∗0 (2)

ir sākumnosac̄ıjumi [initial conditions], t.i., atrast sistēmas (1) partikulāro
atrisinājumu [particular solution] (t.i., konkrētu atrisinājumu), kas apmierina
sākumnosac̄ıjumus (2).

Ja ir zināms sistēmas (1) vispār̄ıgais atrisinājums, tad no iepriekš teiktā
izriet, ka, lai atrastu sistēmas (1) partikulāro atrisinājumu, kas apmierina
sākumnosac̄ıjumus (2), ir jāatrisina vienādojumu sistēma{

x∗0 = ϕ(0,C1,C2),
y∗0 = ψ(0,C1,C2).

(3)
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Ievads

Ievads IV

Tā kā sistēmai (1) eksistē vien̄ıgs partikulārais atrisinājums, kas apmierina
sākumnosac̄ıjumus (2), tad vienādojumu sistēmai (3) eksistē vien̄ıgs
atrisinājums C1 = C ∗

1 un C2 = C ∗
2 .

O. Koš̄ı (1857-1918, A. Cauchy) - franču matemātiķis, kuřs
ir sniedzis ievērojamu matemātiskajā anal̄ızē, kompleksā
main̄ıgā funkciju teorijā, matemātiskajā fizikā. Daudzi

jēdzieni un teorēmas ir nosaukti viņa vārdā.
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Nepieciešamās ziņas no matricu teorijas

Matricas I

Apskat̄ısim 2× 2 matricu ar reāliem koeficientiem

A =

(
a b
c d

)
.

Par matricas A determinantu [determinant] sauc skaitli

det A = ad − bc .

Matricas determinantu apz̄ımē ar̄ı ar |A|.

Par matricas A pēdu [trace] sauc skaitli

tr A = a + d .
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Nepieciešamās ziņas no matricu teorijas

Matricas II

Par matricas A inverso matricu [inverse matrix] sauc tādu 2× 2 matricu
A−1, ka

AA−1 = A−1A = I ,

kur

I =

(
1 0
0 1

)
ir vien̄ıbas matrica [identity matrix].

Ne katrai matricai eksistē inversā matrica!

Matricu A sauc par nesingulāru (singulāru) [nonsingular matrix (singular
matrix)], ja tai eksistē (neeksistē) inversā matrica.

Matrica A ir nesingulāra tad un tikai tad, kad det A 6= 0.
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Nepieciešamās ziņas no matricu teorijas

Matricas III

Tātad, ja det A 6= 0, tad matrica A ir nesingulāra un l̄ıdz ar to tai eksistē
inversā matrica A−1, kuru var aprēķināt šādi:

A−1 =
1

det A

(
d −b
−c a

)
.

Par matricas A raksturvienādojumu [characteristic equation] sauc
vienādojumu

det(A− λI ) = 0.

Atrodam:

det

(
a− λ b

c d − λ

)
= 0, (a− λ)(d − λ)− bc = 0,

λ2 − (a + d)λ+ ad − bc = 0, λ2 − tr A λ+ det A = 0 .
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Nepieciešamās ziņas no matricu teorijas

Matricas IV

Polinomu λ2 − tr A λ+ det A sauc par matricas A raksturpolinomu
[characteristic polynomial].

Par matricas A ı̄pašvērt̄ıbām [eigenvalues] sauc matricas A
raksturvienādojuma saknes.

Matricas A raksturpolinoma determinants

D = (tr A)2 − 4 det A.

Ja D > 0, tad matricai A eksistē divas dažādas reālas ı̄pašvērt̄ıbas

λ1 =
tr A +

√
D

2
, λ2 =

tr A−
√

D

2
.

Ja D = 0, tad matricai A eksistē viena divkāřsa reāla ı̄pašvērt̄ıba

λ1 = λ2 =
tr A

2
=: λ0.
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Nepieciešamās ziņas no matricu teorijas

Matricas V

Ja D < 0, tad matricai A eksistē divas kompleksi saist̄ıtas ı̄pašvērt̄ıbas

λ1 = α+ iβ, λ2 = α− iβ,

kur

α =
tr A

2
, β =

√
|D|
2

> 0,

kur |D| ir diskriminta D absolūtā vērt̄ıba.

Par matricas A spektru [spectrum] sauc matricu Λ(A), kuras pirmā rindiņa
sastāv no savstarpēji dažādām matricas A ı̄pašvērt̄ıbām, bet otrā rindiņa
no šo ı̄pašvērt̄ıbu attiec̄ıgajām kārtām.

Ja D 6= 0, tad matricas A spektrs ir

Λ(A) =

(
λ1 λ2

1 1

)
.
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Nepieciešamās ziņas no matricu teorijas

Matricas VI

Ja D = 0, tad matricas A spektrs ir

Λ(A) =

(
λ0

2

)
.

Par matricas A spektrālo rādiusu [spectral radius] r(A) sauc vislielāko
matricas A ı̄pašvērt̄ıbas moduli.

Saka, ka matrica A ir l̄ıdz̄ıga [similar] matricai B, ja eksistē tāda
nesingulāra matrica M, ka

B = M−1AM.

Visu 2 × 2 matricu kopā R2,2 l̄ıdz̄ıbas attieksme ir ekvivalences attieksme,
tāpēc kopa R2,2 sadalās savstarpēji nešķelošās ekvivalences klasēs.
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Nepieciešamās ziņas no matricu teorijas

Matricas VII

Matricas determinants un pēda ir l̄ıdz̄ıbas attieksmes invarianti, t.i., l̄ıdz̄ıgām
matricām ir viens un tas pats determinants un pēda!

Tātad l̄ıdz̄ıgām matricām ir viens un tas raksturpolinoms, raksturvienādo-
jums un ı̄pašvērt̄ıbas!

Nenulles vektoru

e =

(
u
v

)
sauc par matricas A ı̄pašvektoru [eigenvector], kas atbilst ı̄pašvērt̄ıbai λ, ja

Ae = λe jeb

(
a b
c d

) (
u
v

)
= λ

(
u
v

)
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Nepieciešamās ziņas no matricu teorijas

Matricas VIII

jeb {
(a− λ)u + bv = 0,

cu + (d − λ)v = 0.

Tā kā λ ir matricas A ı̄pašvērt̄ıba, tad pēdējai sistēmai eksistē bezgal̄ıgi
daudz atrisinājumu, jo š̄ıs sistēmas determinants

det(A− λI ) = 0.

Ja nenulles vektors e ir matricas A ı̄pašvektors, kas atbilst ı̄pašvērt̄ıbai λ,
tad vektors ē = ce, kur c 6= 0, ar̄ı ir matricas A ı̄pašvektors, kas atbilst
ı̄pašvērt̄ıbai λ. Tiešām,

Aē = A(ce) = cAe = c(λe) = λ(ce) = λē.
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Matricas Žordāna normālforma

Matricas Žordāna normālforma I

Teorēma. [2] Pieņemsim, ka A ∈ R2,2.
1. Ja matricas A raksturvienādojuma diskriminants D > 0, tad matricai A
ir divas dažādas reālas ı̄pašvērt̄ıbas λ1 un λ2 (pieņemsim, ka λ1 < λ2) un

matrica A ir l̄ıdz̄ıga matricai (a) J =

(
λ1 0
0 λ2

)
vai J =

(
λ2 0
0 λ1

)
.

2. Ja matricas A raksturvienādojuma diskriminants D = 0, tad matricai A
ir viena divkāřsa reāla ı̄pašvērt̄ıba λ1 = λ2 =: λ0 un matrica A ir l̄ıdz̄ıga
matricai

(b) J =

(
λ0 0
0 λ0

)
vai (c) J =

(
λ0 1
0 λ0

)
.

3. Ja matricas A raksturvienādojuma diskriminants D < 0, tad matricai A
ir divas kompleksi saist̄ıtas ı̄pašvērt̄ıbas λ1 = α+ iβ, λ2 = α− iβ, kur

β > 0, un matrica A ir l̄ıdz̄ıga matricai (d) J =

(
α −β
β α

)
.
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Matricas Žordāna normālforma

Matricas Žordāna normālforma II

Matricu J sauc par matricas A Žordāna normālformu [Jordan normal form,
Jordan canonical form].

K. Žordāns (1857-1918, C. Jordan) - franču
matemātiķis, kuřs ir sniedzis ievērojamu

ieguld̄ıjumu matemātiskajā anal̄ızē, matricu
teorijā, grupu teorijā.
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Matricas Žordāna normālforma

Matricas Žordāna normālforma III

Matrica A ∈ R2,2 ir l̄ıdz̄ıga vienai un tikai vienai Žordāna normālformai
(a), (b), (c) vai (d), ja (a) gad̄ıjumā vienoties, kādā sec̄ıbā ı̄pašvērt̄ıbas
tiek izvietotas uz galvenās diagonāles, piemēram, piepras̄ıt, ka λ1 < λ2.

Protams, ka var ar̄ı aplūkot Žordāna normālformu J =

(
λ2 0
0 λ1

)
.

Ja matricai A ir veids A =

(
a 0
0 d

)
, kur a 6= d , tad matricas A Žordāna

normālforma ir (a) J =

(
λ1 0
0 λ2

)
, kur λ1 = a un λ2 = d . Šajā gad̄ıjumā

pārejas matrica M ir vienāda ar vien̄ıbas matricu.
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Matricas Žordāna normālforma

Matricas Žordāna normālforma IV

Ja matricai A ir veids A =

(
a 0
0 a

)
, tad matricas A Žordāna normālforma

ir (b) J =

(
λ0 0
0 λ0

)
, kur λ0 = a. Šajā gad̄ıjumā par pārejas matricu M

var kalpot jebkura nesingulāra matrica.

Otrādi, tikai šāda tipa matricām A ir (b) tipa Žordāna normālforma. Tiešām,
no J = M−1AM izriet

A = MJM−1 = M(λ0 I )M−1 = λ0MIM−1 = λ0MM−1 = λ0I =

=

(
λ0 0
0 λ0

)
=

(
a 0
0 a

)
,

kur a = λ0.
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Matricas Žordāna normālforma Pārejas matricas atrašana

Pārejas matricas atrašana I

Lai praktiski atrastu pārejas matricu

M =

(
m11 m12

m21 m22,

)
,

var lietot nenoteikto koeficientu metodi: no vienād̄ıbas MJ = AM
iegūstam lineāru vienādojumu sistēmu attiec̄ıbā pret main̄ıgajiem m11, m12,
m21 un m22, kurai atrodam kādu konkrētu atrisinājumu, ka det M 6= 0.

Apskat̄ısim citu paņēmienu, lai atrastu pārejas matricu M.

Ja matricas A spektrs ir Λ(A) =

(
λ1 λ2

1 1

)
, tad matricas A Žordāna

normālforma ir (a) vai (d): J =

(
λ1 0
0 λ2

)
un pārejas matricas M

kolonnas nosaka šādi:
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Matricas Žordāna normālforma Pārejas matricas atrašana

Pārejas matricas atrašana II

1) pirmā kolonna ir matricas A ı̄pašvektors e1 =

(
u1

v1

)
, kas atbilst

ı̄pašvērt̄ıbai λ1, kuru atrod no lineāras vienādojumu sistēmas

(A− λ1)e1 = O jeb

{
(a− λ1)u1 + bv1 = 0,

cu1 + (d − λ1)v1 = 0;

2) otrā kolonna ir matricas A ı̄pašvektors e2 =

(
u2

v2

)
, kas atbilst

ı̄pašvērt̄ıbai λ2, kuru atrod no lineāras vienādojumu sistēmas

(A− λ2)e2 = O jeb

{
(a− λ2)u2 + bv2 = 0,

cu2 + (d − λ2)v2 = 0.
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Matricas Žordāna normālforma Pārejas matricas atrašana

Pārejas matricas atrašana III

Pieņemsim, ka matricas A spektrs ir Λ(A) =

(
λ0

2

)
.

Ja A − λ0I = O , kur O =

(
0 0
0 0

)
ir nulles matrica, tad matricas A

Žordāna normālforma ir (b) J =

(
λ0 0
0 λ0

)
un par pārejas matricu M

var kalpot jebkura nesingulāra matrica.
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Matricas Žordāna normālforma Pārejas matricas atrašana

Pārejas matricas atrašana IV

Pieņemsim, ka matricas A spektrs ir Λ(A) =

(
λ0

2

)
.

Ja A − λ0I 6= O , tad matricas A Žordāna normālforma ir (c)

J =

(
λ0 1
0 λ0

)
un pārejas matricas M kolonnas nosaka šādi:

1) pirmā kolonna ir matricas A ı̄pašvektors e1 =

(
u1

v1

)
, kas atbilst

ı̄pašvērt̄ıbai λ0, kuru atrod no lineāras vienādojumu sistēmas

(A− λ0)e1 = O jeb

{
(a− λ0)u1 + bv1 = 0,

cu1 + (d − λ0)v1 = 0;
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Matricas Žordāna normālforma Pārejas matricas atrašana

Pārejas matricas atrašana V

2) otrā kolonna ir matricas A vispārinātais ı̄pašvektors [generalized eigen-

vector] e2 =

(
u2

v2

)
, kas atbilst ı̄pašvērt̄ıbai λ0, kuru atrod no lineāras

vienādojumu sistēmas

(A− λ0)e2 = e1 jeb

{
(a− λ0)u2 + bv2 = u1,

cu2 + (d − λ0)v2 = v1.
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Matricas Žordāna normālforma Žordāna normālformas veida noteikšanas algoritms

Žordāna normālformas veida noteikšanas algoritms I

1) Ja Λ(A) =

(
λ1 λ2

1 1

)
, kur λ1, λ2 ∈ R un λ1 6= λ2, tad matricas A

Žordāna normālformai ir veids (a) J =

(
λ1 0
0 λ2

)
vai J =

(
λ2 0
0 λ1

)
.

2) Ja Λ(A) =

(
λ1 λ2

1 1

)
, kur λ1 = α+ iβ, λ2 = α− iβ (β > 0), tad

matricas A Žordāna normālformai ir veids (d) J =

(
α −β
β α

)
.
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Matricas Žordāna normālforma Žordāna normālformas veida noteikšanas algoritms

Žordāna normālformas veida noteikšanas algoritms II

3) Ja Λ(A) =

(
λ0

2

)
, kur λ0 ∈ R, un A− λ0I = O, tad matricas A

Žordāna normālformai ir veids (b) J =

(
λ0 0
0 λ0

)
.

4) Ja Λ(A) =

(
λ0

2

)
, kur λ0 ∈ R, un A− λ0I 6= O, tad matricas A

Žordāna normālformai ir veids (c) J =

(
λ0 1
0 λ0

)
.
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Pirmais paņēmiens

Pirmais paņēmiens (b = 0 un c = 0) - I

Ja b = 0 un c = 0, tad sistēmai (1) ir veids{
xt+1 = axt ,
yt+1 = dyt .

Ja a = 0, tad sistēmas pirmā vienādojuma vispār̄ıgais atrisinājums ir

xt =

{
C1, ja t = 0,
0, ja t ≥ 1.

Ja a 6= 0, tad sistēmas pirmā vienādojuma vispār̄ıgais atrisinājums ir

xt = C1a
t .

Analoǧiski tiek atrasts sistēmas otrā vienādojuma vispār̄ıgais atrisinājums.
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Pirmais paņēmiens

Pirmais paņēmiens (b = 0 un c = 0) - II

Tātad, ja b = 0 un c = 0, tad sistēmas vispār̄ıgais atrisinājums ir

xt =

{
C1, ja t = 0,
0, ja t ≥ 1,

yt =

{
C2, ja t = 0,
0, ja t ≥ 1,

ja a = 0 un d = 0;

xt =

{
C1, ja t = 0,
0, ja t ≥ 1,

yt = C2d
t , ja a = 0 un d 6= 0;

xt = C1a
t , yt =

{
C2, ja t = 0,
0, ja t ≥ 1,

ja a 6= 0 un d = 0;

xt = C1a
t , yt = C2d

t , ja a 6= 0 un d 6= 0.
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Pirmais paņēmiens

Pirmais paņēmiens (b 6= 0) - I

No sistēmas (1) vienādojumiem atrodam

xt+2 = axt+1 + byt+1 = axt+1 + b(cxt + dyt) =

= axt+1 + bcxt + d(xt+1 − axt) =

= (a + d)xt+1 − (ad − bc)xt = tr Axt+1 − det Axt ,

t.i.,

xt+2 = tr Axt+1 − det Axt . (4)

Atz̄ımēsim, ka vienādojuma (4) spektrs ir vienāds ar matricas A spektru.
Atrodam vienādojuma (4) vispār̄ıgo atrisinājumu

xt = ϕ(t,C1,C2).
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Pirmais paņēmiens

Pirmais paņēmiens (b 6= 0) - II

Tā kā b 6= 0,tad no sistēmas (1) pirmā vienādojuma iegūsim

yt =
1

b
(xt+1 − axt) =

1

b

(
ϕ(t + 1,C1,C2)− aϕ(t,C1,C2)

)
=: ψ(t,C1,C2).

Tātad sistēmas (1) vispār̄ıgais atrisinājums ir

xt = ϕ(t,C1,C2), yt = ψ(t,C1,C2)

jeb

xt = ϕ(t,C1,C2), yt =
1

b

(
ϕ(t + 1,C1,C2)− aϕ(t,C1,C2)

)
.
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Pirmais paņēmiens

Pirmais paņēmiens (c 6= 0) - I

No sistēmas (1) vienādojumiem atrodam

yt+2 = cxt+1 + dyt+1 = c(axt + byt) + dyt+1 =

= a(yt+1 − dyt) + bcyt + dyt+1 =

= (a + d)yt+1 − (ad − bc)yt = tr Ayt+1 − det Ayt ,

t.i.,

yt+2 = tr Ayt+1 − det Ayt . (5)

Atz̄ımēsim, ka vienādojuma (5) spektrs ir vienāds ar matricas A spektru.
Atrodam vienādojuma (5) vispār̄ıgo atrisinājumu

yt = ψ(t,C1,C2).
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Pirmais paņēmiens

Pirmais paņēmiens (c 6= 0) - II

Tā kā c 6= 0,tad no sistēmas (1) otrā vienādojuma iegūsim

xt =
1

c
(yt+1 − dyt) =

1

c

(
ψ(t + 1,C1,C2)− dψ(t,C1,C2)

)
=: ϕ(t,C1,C2).

Tātad sistēmas (1) vispār̄ıgais atrisinājums ir

xt = ϕ(t,C1,C2), yt = ψ(t,C1,C2)

jeb

xt =
1

c

(
ψ(t + 1,C1,C2)− dψ(t,C1,C2)

)
, yt = ψ(t,C1,C2).
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Otrais paņēmiens

Otrais paņēmiens I

Apskat̄ısim sistēmu (1): {
xt+1 = axt + byt ,
yt+1 = cxt + dyt .

Pārrakst̄ısim šo sistēmu matricu formā(
xt+1

yt+1

)
=

(
a b
c d

) (
xt

yt

)
jeb

pt+1 = Apt ,

kur

pt =

(
xt

yt

)
, A =

(
a b
c d

)
.
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Otrais paņēmiens

Otrais paņēmiens II

Tā kā

A = MJM−1,

kur J ir matricas A Žordāna normālforma, tad

pt+1 = MJM−1pt jeb M−1pt+1 = JM−1pt .

Apz̄ımēsim:

M−1pt =: p̄t =

(
x̄t

ȳt

)
.

Tad sistēma iegūs veidu

p̄t+1 = Jp̄t . (6)

Atrisinām sistēmu (6) attiec̄ıbā pret x̄t un ȳt un atgriežamies pie dotajiem
main̄ıgajiem xt un yt ar formulas pt = Mp̄t pal̄ıdz̄ıbu.
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Piemēri Pirmais piemērs

Pirmais piemērs

Apskat̄ısim Koš̄ı uzdevumu:{
xt+1 = 4xt − 2yt ,
yt+1 = xt + yt ,

(7)

x0 = 1, y0 = −5. (8)
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Piemēri Pirmais piemērs

Pirmais paņēmiens I

Tā kā b = −2 6= 0, tad atrodam:

xt+2 = 4xt+1 − 2yt+1 = 4xt+1 − 2(xt + yt) = 4xt+1 − 2xt − 2yt =

= 4xt+1 − 2xt + (xt+1 − 4xt) = 5xt+1 − 6xt ,

t.i.,
xt+2 = 5xt+1 − 6xt . (9)

Diferenču vienādojuma (9) raksturvienādojums ir

λ2 − 5λ+ 6 = 0,

l̄ıdz ar to tā spektrs ir (
2 3
1 1

)
.

Tātad diferenču vienādojuma (9) vispār̄ıgais atrisinājums ir

xt = C12
t + C23

t .
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Piemēri Pirmais piemērs

Pirmais paņēmiens II

No sistēmas (7) pirmā vienādojuma iegūsim:

yt =
1

2
(4xt − xt+1) = 2xt −

1

2
xt+1 =

= 2(C12
t + C23

t)− 1

2
(2C12

t + 3C23
t) =

= (2C1 − C1)2
t +

(
2C2 −

3

2
C2

)
3t = C12

t +
1

2
C23

t .

Tātad sistēmas (7) vispār̄ıgais atrisinājums ir

xt = C12
t + C23

t =: ϕ(t,C1,C2),

yt = C12
t +

1

2
C23

t =: ψ(t,C1,C2).
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Piemēri Pirmais piemērs

Pirmais paņēmiens III

Lai atrastu Koš̄ı uzdevuma (7), (8) atrisinājumu, risinām vienādojumu
sistēmu {

x∗0 = ϕ(0,C1,C2),
y∗0 = ψ(0,C1,C2)

jeb

{
1 = C1 + C2,

−5 = C1 + 1
2C2.

Saskaņā ar Krāmera formulām

C1 =
∆1

∆
, C2 =

∆2

∆
,

∆ =

∣∣∣∣ 1 1
1 1

2

∣∣∣∣ = −1

2
, ∆1 =

∣∣∣∣ 1 1
−5 1

2

∣∣∣∣ =
11

2
, ∆2 =

∣∣∣∣ 1 1
1 −5

∣∣∣∣ = −6,

C1 =
11
2

−1
2

= −11, C2 =
−6

−1
2

= 12.
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Piemēri Pirmais piemērs

Pirmais paņēmiens IV

G. Krāmers (1704-1752, G. Cramer) - šveiciešu
matemātiķis, kuřs 1750. gadā publicēja viņa vārdā

nosaukto likumu - Krāmera likumu. G. Krāmers ir sniedzis
ievērojamu ieguld̄ıjumu algebrisko l̄ıkņu teorijā.
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Piemēri Pirmais piemērs

Pirmais paņēmiens V

Tātad Koš̄ı uzdevuma (7), (8) atrisinājums ir

xt = −11 · 2t + 12 · 3t, yt = −11 · 2t + 6 · 3t.

Veiksim pārbaudi:

x0 = −11 + 12 = 1, y0 = −11 + 6 = 5,

xt+1−4xt+2yt = (−22·2t+36·3t)−4(−11·2t+12·3t)+2(−11·2t+6·3t) =

= (−22 + 44− 22)2t + (36− 48 + 12)3t = 0,

yt+1−xt−yt = (−22·2t +18·3t)−(−11·2t +12·3t)−(−11·2t +6·3t) =

= (−22 + 11 + 11)2t + (18− 12− 6)3t = 0.
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Piemēri Pirmais piemērs

Otrais paņēmiens I

Atrisināsim Koš̄ı uzdevumu (7), (8):{
xt+1 = 4xt − 2yt ,
yt+1 = xt + yt ,

x0 = 1, y0 = −5

ar otro paņēmienu.

Tātad

A =

(
4 −2
1 1

)
, tr A = 4 + 1 = 5, det A =

∣∣∣∣ 4 −2
1 1

∣∣∣∣ = 6.

Sastādām raksturvienādojumu

λ2 − tr A λ+ det A = 0 jeb λ2 − 5λ+ 6 = 0.
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Piemēri Pirmais piemērs

Otrais paņēmiens II

Š̄ı vienādojuma saknes, t.i., matricas A ı̄pašvērt̄ıbas, ir

λ1 = 3, λ2 = 2.

Matricas A Žordāna forma ir

J =

(
3 0
0 2

)
,

pie tam

J = M−1AM,

kur

M =

(
m11 m12

m21 m22

)
,

ir pārejas matrica.
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Piemēri Pirmais piemērs

Otrais paņēmiens III

Tātad

MJ = AM,

(
m11 m12

m21 m22

) (
3 0
0 2

)
=

(
4 −2
1 1

) (
m11 m12

m21 m22

)
,

(
3m11 2m12

3m21 2m22

)
=

(
4m11 − 2m21 4m12 − 2m22

m11 + m21 m12 + m22

)
,

no kurienes iegūstam lineāru vienādojumu sistēmu
3m11 = 4m11 − 2m21,
2m12 = 4m12 − 2m22,
3m21 = m11 + m21,
2m22 = m12 + m22

jeb


m11 = 2m21,
2m12 = 2m22,
2m21 = m11,
m22 = m12

jeb

{
m11 = 2m21,
m22 = m12.
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Piemēri Pirmais piemērs

Otrais paņēmiens IV

Šai sistēmai ir bezgal̄ıgi daudz atrisinājumu. Izvēlēsimies vienu: ņemsim

m21 = 1, m12 = 1,

tad
m11 = 2, m22 = 1.

Tātad pārejas matrica

M =

(
m11 m12

m21 m22

)
=

(
2 1
1 1

)
.

Tā kā

det M =

∣∣∣∣ 2 1
1 1

∣∣∣∣ = 1,

tad matricas M inversā matrica ir

M−1 =
1

det M

(
m22 −m12

−m21 m11

)
=

(
1 −1
−1 2

)
.
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Piemēri Pirmais piemērs

Otrais paņēmiens V

Pāriesim pie jaunas sistēmas

p̄t+1 = Jp̄t jeb

{
x̄t+1 = 3x̄t ,
ȳt+1 = 2ȳt .

Š̄ıs sistēmas vispār̄ıgais atrisinājums ir

x̄t = C1 3t , ȳt = C2 2t .

Atgriežamies pie dotajiem main̄ıgajiem xt un yt ar formulas

pt = Mp̄t jeb

(
xt

yt

)
=

(
2 1
1 1

) (
x̄t

ȳt

)
pal̄ıdz̄ıbu, t.i.,
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Piemēri Pirmais piemērs

Otrais paņēmiens VI

xt = 2x̄t + ȳt , yt = x̄t + ȳt

jeb
xt = 2C1 3t + C2 2t , yt = C1 3t + C2 2t .

Pēdējās formulas sniedz sistēmas (7) vispār̄ıgo atrisinājumu.

Lai atrastu sistēmas (7) partikulāro atrisinājumu, kas apmierina
sākumnosac̄ıjumus (8), risinām sistēmu{

1 = 2C1 + C2,
−5 = C1 + C2.

Saskaņā ar Krāmera formulām

C1 =
∆1

∆
, C2 =

∆2

∆
,
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Piemēri Pirmais piemērs

Otrais paņēmiens VII

∆ =

∣∣∣∣ 2 1
1 1

∣∣∣∣ = 1, ∆1 =

∣∣∣∣ 1 1
−5 1

∣∣∣∣ = 6, ∆2 =

∣∣∣∣ 2 1
1 −5

∣∣∣∣ = −11,

C1 =
6

1
= 6, C2 =

−11

1
= −11.

Tātad

xt = 12 · 3t − 11 · 2t, yt = 6 · 3t − 11 · 2t

ir Koš̄ı uzdevuma (7), (8) atrisinājums, kas sakr̄ıt ar iepriekš iegūto
atrisinājumu izmantojot pirmo paņēmienu.
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Piemēri Otrais piemērs

Otrais piemērs I

Atrisināsim Koš̄ı uzdevumu {
xt+1 = 3xt ,
yt+1 = 3yt ,

(10)

x0 = −2, y0 = 5. (11)

Šajā gad̄ıjumā uzreiz atrodam sistēmas (10) vispār̄ıgo atrisinājumu:

xt = C13
t , yt = C23

t .

Lai atrastu sistēmas (10) partikulāro atrisinājumu, kas apmierina
sākumnosac̄ıjumus (11), nosakām konstantes:

x0 = C1, y0 = C2 jeb C1 = −2, C2 = 5.

Koš̄ı uzdevuma (10), (11) atrisinājums ir

xt = −2 · 3t , yt = 5 · 3t .
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Piemēri Trešais piemērs

Trešais piemērs

Apskat̄ısim Koš̄ı uzdevumu:{
xt+1 = −xt + 9yt ,
yt+1 = −4xt + 11yt ,

(12)

x0 = −1, y0 = −3. (13)
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Piemēri Trešais piemērs

Pirmais paņēmiens I

Tā kā b = 9 6= 0, tad atrodam:

xt+2 = −xt+1+9yt+1 = −xt+1+9(−4xt+11yt) = −xt+1−36xt+11·9yt =

= −xt+1 − 36xt + 11(xt+1 + xt) = 10xt+1 − 25xt ,

t.i.,
xt+2 = 10xt+1 − 25xt . (14)

Diferenču vienādojuma (14) raksturvienādojums ir

λ2 − 10λ+ 25 = 0,

l̄ıdz ar to tā spektrs ir (
5
2

)
.

Tātad diferenču vienādojuma (14) vispār̄ıgais atrisinājums ir

xt = (C1 + C2t)5
t .
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Piemēri Trešais piemērs

Pirmais paņēmiens II

No sistēmas (12) pirmā vienādojuma iegūsim:

yt =
1

9
(xt + xt+1) =

1

9
xt +

1

9
xt+1 =

=
1

9
(C1 + C2t)5

t +
5

9

(
C1 + C2(t + 1)

)
5t =

=

(
1

9
C1 +

1

9
C2t +

5

9
C1 +

5

9
C2t +

5

9
C2

)
5t =

=

(
2

3
C1 +

5

9
C2 +

2

3
C2t

)
5t .

Tātad sistēmas (12) vispār̄ıgais atrisinājums ir

xt = (C1 + C2t)5
t =: ϕ(t,C1,C2),

yt =

(
2

3
C1 +

5

9
C2 +

2

3
C2t

)
5t =: ψ(t,C1,C2).
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Piemēri Trešais piemērs

Pirmais paņēmiens III

Lai atrastu Koš̄ı uzdevuma (12), (13) atrisinājumu, risinām vienādojumu
sistēmu {

x∗0 = ϕ(0,C1,C2),
y∗0 = ψ(0,C1,C2)

jeb

{
−1 = C1,
−3 = 2

3C1 + 5
9C2.

Tātad C1 = −1 un C2 = 9
5

(
−3 + 2

3

)
= −21

5 .

Tātad Koš̄ı uzdevuma (12), (13) atrisinājums ir

xt = −
(

1 +
21

5
t

)
5t, yt = −

(
3 +

14

5
t

)
5t.

Veiksim pārbaudi:

x0 = −
(

1 +
21

5
· 0

)
50 = −1, y0 = −

(
3 +

14

5
· 0

)
50 = −3,
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Piemēri Trešais piemērs

Pirmais paņēmiens IV

xt+1 + xt − 9yt =

= −5

(
1 +

21

5
t +

21

5

)
5t −

(
1 +

21

5
t

)
5t + 9

(
3 +

14

5
t

)
5t =

=

(
−5− 21t − 21− 1− 21

5
t + 27 +

126

5
t

)
5t = 0,

yt+1 + 4xt − 11yt =

= −5

(
3 +

14

5
t +

14

5

)
5t − 4

(
1 +

21

5
t

)
5t + 11

(
3 +

14

5
t

)
5t =

=

(
−15− 14t − 14− 4− 84

5
t + 33 +

154

5
t

)
5t = 0.
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Piemēri Trešais piemērs

Otrais paņēmiens I

Atrisināsim Koš̄ı uzdevumu (12), (13):{
xt+1 = −xt + 9yt ,
yt+1 = −4xt + 11yt ,

x0 = −1, y0 = −3.

ar otro paņēmienu.

Tātad

A =

(
−1 9
−4 11

)
, tr A = −1 + 11 = 10, det A =

∣∣∣∣ 4 −2
1 1

∣∣∣∣ = 25.

Sastādām raksturvienādojumu

λ2 − tr A λ+ det A = 0 jeb λ2 − 10λ+ 25 = 0.
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Piemēri Trešais piemērs

Otrais paņēmiens II

Š̄ım vienādojumam ir viena divkāřsa sakne λ0 = 5, tātad matricas A
spektrs ir

Λ(A) =

(
5
2

)
.

Tā kā

A− λ0I =

(
−1− 5 9
−4 11− 5

)
=

(
−6 9
−4 6

)
6= O,

tad matricas A Žordāna forma ir

J =

(
5 1
0 5

)
,

pie tam
J = M−1AM,
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Piemēri Trešais piemērs

Otrais paņēmiens III

kur

M =

(
m11 m12

m21 m22

)
,

ir pārejas matrica. Tātad

MJ = AM,

(
m11 m12

m21 m22

) (
5 1
0 5

)
=

(
−1 9
−4 11

) (
m11 m12

m21 m22

)
,

(
5m11 m11 + 5m12

5m21 m21 + 5m22

)
=

(
−m11 + 9m21 −m12 + 9m22

−4m11 + 11m21 −4m12 + 11m22

)
,

no kurienes iegūstam lineāru vienādojumu sistēmu
5m11 = −m11 + 9m21,

m11 + 5m12 = −m12 + 9m22,
5m21 = −4m11 + 11m21,

m21 + 5m22 = −4m12 + 11m22

jeb


2m11 = 3m21,

m11 + 6m12 = 9m22,
2m11 = 3m21,

m21 + 4m12 = 6m22

jeb
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Piemēri Trešais piemērs

Otrais paņēmiens IV
2m11 = 3m21,

m11 + 6m12 = 9m22,
m21 + 4m12 = 6m22

jeb


2m11 = 3m21,

m11 + 6m12 = 9m22,
3m21 + 12m12 = 18m22

jeb


2m11 = 3m21,

m11 + 6m12 = 9m22,
2m11 + 12m12 = 18m22

jeb

{
2m11 = 3m21,

m11 + 6m12 = 9m22.

Šai sistēmai ir bezgal̄ıgi daudz atrisinājumu. Izvēlēsimies vienu
atrisinājumu, ka det M 6= 0. Ja ņemt m11 = 3, m21 = 2, tad pēdējās
sistēmas pirmais vienādojums tiek apmierināts, bet otrais vienādojums
iegūst veidu 3 + 6m12 = 9m22. Šis vienādojums būs spēkā, ja ņemt
m12 = 1 un m22 = 1. Tātad pārejas matrica

M =

(
m11 m12

m21 m22

)
=

(
3 1
2 1

)
.
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Piemēri Trešais piemērs

Otrais paņēmiens V

Tā kā

det M =

∣∣∣∣ 3 1
2 1

∣∣∣∣ = 1,

tad matricas M inversā matrica ir

M−1 =
1

det M

(
m22 −m12

−m21 m11

)
=

(
1 −1
−2 3

)
.

Pāriesim pie jaunas sistēmas

p̄t+1 = Jp̄t jeb

{
x̄t+1 = 5x̄t + yt ,
ȳt+1 = 5ȳt .

(15)

Š̄ıs sistēmas otrā vienādojuma vispār̄ıgais atrisinājums ir

ȳt = C2 5t .
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Piemēri Trešais piemērs

Otrais paņēmiens VI

Tad no sistēmas pirmā vienādojuma iegūstam pirmās kārtas lineāru
nehomogēnu diferenču vienādojumu ar konstantiem koeficientiem

x̄t+1 = 5x̄t + C2 5t . (16)

Nehomogēnā vienādojuma (16) vispār̄ıgais atrisinājums x̄neh.visp.
t ir vienāds

ar tam atbilstošā homogēnā vienādojuma

x̄t+1 = 5x̄t (17)

vispār̄ıgā atrisinājuma x̄hom.visp.
t un nehomogēnā vienādojuma partikulārā

atrisinājuma x̄∗t summu:

x̄neh.visp.
t = x̄hom.visp.

t + x̄∗t .
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Otrais paņēmiens VII

Homogēnā vienādojuma (17) vispār̄ıgais atrisinājums ir

x̄hom.visp.
t = C15

t .

Tātad

x̄neh.visp.
t = C15

t + x̄∗t .

Nehomogēnā vienādojuma partikulāro atrisinājumu x̄∗t meklēsim ar
nenoteikto koeficientu metodi. Tā kā nehomogēnā vienādojuma br̄ıvajam
loceklim ir veids ft = Ar t , kur A = C1 un r = 5, bet r = 5 pieder
atbilstošā homogēnā vienādojuma spektram ar kārtu s = 1, tad
nehomogēnā vienādojuma partikulāro atrisinājumu x̄∗t ir jāmeklē formā

x̄∗t = Btsr t jeb x̄∗t = Bt5t , (18)
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Otrais paņēmiens VIII

kur B ir nenoteiktais koeficients, kuru atrodam x̄∗t izteiksmi (18) ievietojot
nehomogēnajā vienādojumā (16):

x̄∗t+1 = 5x̄∗t + C2 5t ,

B(t + 1)5t+1 = 5Bt5t + C25
t .

Tā kā pēdējai vienād̄ıbai ir jāizpildās pie visiem t ∈ N0, tad

5B(t + 1)− 5Bt − C2 = 0,

no kurienes B = C2
5 . Tātad nehomogēnā vienādojuma partikulārajam

atrisinājumam ir veids

x̄∗t =
C2

5
t5t .
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Piemēri Trešais piemērs

Otrais paņēmiens IX

L̄ıdz ar to nehomogēnā vienādojuma (16) vispār̄ıgais atrisinājums ir

x̄neh.visp.
t = C15

t +
C2

5
t5t . (19)

Tādējādi sistēmas (15) vispār̄ıgajam atrisinājumam ir veids

x̄t = C15
t +

C2

5
t5t , ȳt = C25

t .

Atgriežamies pie dotajiem main̄ıgajiem xt un yt ar formulas

pt = Mp̄t jeb

(
xt

yt

)
=

(
3 1
2 1

) (
x̄t

ȳt

)
pal̄ıdz̄ıbu, t.i.,

xt = 3x̄t + ȳt , yt = 2x̄t + ȳt ,
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Piemēri Trešais piemērs

Otrais paņēmiens X

xt = 3

(
C15

t +
C2

5
t5t

)
+ C25

t , yt = 3

(
C15

t +
C2

5
t5t

)
+ C25

t ,

xt =

(
3C1 + C2 +

3C2

5
t

)
5t , yt =

(
2C1 + C2 +

2C2

5
t

)
5t .

Pēdējās formulas sniedz sistēmas (12) vispār̄ıgo atrisinājumu.

Lai atrastu sistēmas (12) partikulāro atrisinājumu, kas apmierina
sākumnosac̄ıjumus (13), risinām sistēmu{

−1 = 3C1 + C2,
−3 = 2C1 + C2.

Saskaņā ar Krāmera formulām

C1 =
∆1

∆
, C2 =

∆2

∆
,
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Otrais paņēmiens XI

∆ =

∣∣∣∣ 3 1
2 1

∣∣∣∣ = 1, ∆1 =

∣∣∣∣ −1 1
−3 1

∣∣∣∣ = 2, ∆2 =

∣∣∣∣ 3 −1
2 −3

∣∣∣∣ = −7,

C1 =
2

1
= 2, C2 =

−7

1
= −7.

Tātad

xt = −
(

1 +
21

5
t

)
5t, yt = −

(
3 +

14

5
t

)
5t.

ir Koš̄ı uzdevuma (12), (13) atrisinājums, kas sakr̄ıt ar iepriekš iegūto
atrisinājumu izmantojot pirmo paņēmienu.
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Ceturtais piemērs

Apskat̄ısim Koš̄ı uzdevumu: {
xt+1 = xt − yt ,
yt+1 = xt + yt ,

(20)

x0 = 1, y0 = 3. (21)
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Piemēri Ceturtais piemērs

Pirmais paņēmiens I

Tā kā b = −1 6= 0, tad atrodam:

xt+2 = xt+1 − yt+1 = xt+1 − (xt + yt) = xt+1 − xt − yt =

= xt+1 − xt + (xt+1 − xt) = 2xt+1 − 2xt ,

t.i.,
xt+2 = 2xt+1 − 2xt . (22)

Diferenču vienādojuma (22) raksturvienādojums ir

λ2 − 2λ+ 2 = 0,

l̄ıdz ar to tā spektrs ir (
1 + i 1− i

1 1

)
.

Tātad diferenču vienādojuma (22) vispār̄ıgais atrisinājums ir

xt = C1(1 + i)t + C2(1− i)t .
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Pirmais paņēmiens II

No sistēmas (20) pirmā vienādojuma iegūsim:

yt = xt−xt+1 =
[
C1(1+i)t +C2(1−i)t

]
−

[
C1(1+i)t+1+C2(1−i)t+1

]
=

= −iC1(1 + i)t + iC2(1− i)t .

Tātad sistēmas (20) vispār̄ıgais atrisinājums ir

xt = C1(1 + i)t + C2(1− i)t =: ϕ(t,C1,C2),

yt = −iC1(1 + i)t + iC2(1− i)t =: ψ(t,C1,C2).
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Pirmais paņēmiens III

Lai atrastu Koš̄ı uzdevuma (20), (21) atrisinājumu, risinām vienādojumu
sistēmu {

x∗0 = ϕ(0,C1,C2),
y∗0 = ψ(0,C1,C2)

jeb

{
1 = C1 + C2,
3 = −iC1 + iC2.

Saskaņā ar Krāmera formulām

C1 =
∆1

∆
, C2 =

∆2

∆
, ∆ =

∣∣∣∣ 1 1
−i i

∣∣∣∣ = 2i ,

∆1 =

∣∣∣∣ 1 1
3 i

∣∣∣∣ = −3 + i , ∆2 =

∣∣∣∣ 1 1
1− i 3

∣∣∣∣ = 3 + i ,

C1 =
−3 + i

2i
=

1

2
+

3

2
i , C2 =

3 + i

2i
=

1

2
− 3

2
i .
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Piemēri Ceturtais piemērs

Pirmais paņēmiens IV

Tātad Koš̄ı uzdevuma (20), (21) atrisinājums ir

xt =

(
1

2
+

3

2
i

)
(1 + i)t +

(
1

2
− 3

2
i

)
(1− i)t ,

yt =

(
3

2
− 1

2
i

)
(1 + i)t +

(
3

2
+

1

2
i

)
(1− i)t .

Veiksim pārbaudi:

x0 =
1

2
+

3

2
i +

1

2
− 3

2
i = 1, y0 =

3

2
− 1

2
i +

3

2
+

1

2
i = 3,
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Piemēri Ceturtais piemērs

Pirmais paņēmiens V

xt+1−xt+yt =

[(
1

2
+

3

2
i

)
(1 + i)(1 + i)t +

(
1

2
− 3

2
i

)
(1− i)(1− i)t

]
−

−
[(

1

2
+

3

2
i

)
(1 + i)t +

(
1

2
− 3

2
i

)
(1− i)t

]
+

+

[(
3

2
− 1

2
i

)
(1 + i)t +

(
3

2
+

1

2
i

)
(1− i)t

]
=

=

[
1

2
+

1

2
i +

3

2
i − 3

2
− 1

2
− 3

2
i +

3

2
− 1

2
i

]
(1 + i)t+

+

[
1

2
− 1

2
i − 3

2
i − 3

2
− 1

2
+

3

2
i +

3

2
+

1

2
i

]
(1− i)t = 0.

L̄ıdz̄ıgā veidā pārliecinās, ka yt+1 − xt − yt = 0.
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Pirmais paņēmiens VI

Atrad̄ısim Koš̄ı uzdevuma (20), (21) atrisinājuma xt un yt reālas
izteiksmes. Vispirms uzrakstām matricas A ı̄pašvērt̄ıbu λ1 = 1 + i
trigonometriskajā formā:

λ1 =
√

2
(
cos

π

4
+ i sin

π

4

)
.

Tad

λ2 =
√

2
(
cos

π

4
− i sin

π

4

)
.

Ņemot vērā Muavra formulu, iegūsim

λt
1 = (1 + i)t = (

√
2)t

(
cos

πt

4
+ i sin

πt

4

)
,

λt
2 = (1− i)t = (

√
2)t

(
cos

πt

4
− i sin

πt

4

)
.
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Pirmais paņēmiens VII

Tātad

xt =

(
1

2
+

3

2
i

)
(1 + i)t +

(
1

2
− 3

2
i

)
(1− i)t =

=

(
1

2
+

3

2
i

)
(
√

2)t
(
cos

πt

4
+ i sin

πt

4

)
+

+

(
1

2
− 3

2
i

)
(
√

2)t
(
cos

πt

4
− i sin

πt

4

)
=

= (
√

2)t
(

1

2
+

3

2
i +

1

2
− 3

2
i

)
cos

πt

4
+

+ (
√

2)t
(

1

2
i − 3

2
− 1

2
i − 3

2

)
sin

πt

4
=

= (
√

2)t cos
πt

4
− 3(

√
2)t sin

πt

4
;
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Pirmais paņēmiens VIII

yt =

(
3

2
− 1

2
i

)
(1 + i)t +

(
3

2
+

1

2
i

)
(1− i)t =

=

(
3

2
− 1

2
i

)
(
√

2)t
(
cos

πt

4
+ i sin

πt

4

)
+

+

(
3

2
+

1

2
i

)
(
√

2)t
(
cos

πt

4
− i sin

πt

4

)
=

= (
√

2)t
(

3

2
− 1

2
i +

3

2
− 1

2
i

)
cos

πt

4
+

+ (
√

2)t
(

3

2
i +

1

2
− 3

2
i +

1

2

)
sin

πt

4
=

= 3(
√

2)t cos
πt

4
+ (

√
2)t sin

πt

4
.
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Pirmais paņēmiens IX

Tādējādi Koš̄ı uzdevuma (20), (21) atrisinājums ir

xt =

(
1

2
+

3

2
i

)
(1 + i)t +

(
1

2
−

3

2
i

)
(1 − i)t,

yt =

(
3

2
−

1

2
i

)
(1 + i)t +

(
3

2
+

1

2
i

)
(1 − i)t

jeb

xt = (
√

2)t cos
πt

4
− 3(

√
2)t sin

πt

4
,

yt = 3(
√

2)t cos
πt

4
+ (

√
2)t sin

πt

4
.
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Otrais paņēmiens I

Atrisināsim Koš̄ı uzdevumu (20), (21):{
xt+1 = xt − yt ,
yt+1 = xt + yt ,

x0 = 1, y0 = 3

ar otro paņēmienu. Tātad

A =

(
1 −1
1 1

)
, tr A = 1 + 1 = 2, det A =

∣∣∣∣ 1 −1
1 1

∣∣∣∣ = 2.

Sastādām raksturvienādojumu

λ2 − tr A λ+ det A = 0 jeb λ2 − 2λ+ 2 = 0.
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Piemēri Ceturtais piemērs

Otrais paņēmiens II

Š̄ı vienādojuma saknes, t.i., matricas A ı̄pašvērt̄ıbas, ir

λ1 = 1 + i = α+ iβ = ρ(cosϕ+ i sinϕ) =
√

2
(
cos

π

4
+ i sin

π

4

)
,

λ2 = 1− i = α− iβ = ρ(cosϕ− i sinϕ) =
√

2
(
cos

π

4
− i sin

π

4

)
.

Tā kā α = 1 un β = 1, tad matricas A Žordāna forma ir

J =

(
α −β
β α

)
=

(
1 −1
1 1

)
= A.

Šajā gad̄ıjumā pārejas matrica M = I . L̄ıdz ar to pāreja pie jauniem
main̄ıgajiem

M−1pt =: p̄t =

(
x̄t

ȳt

)
,
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Otrais paņēmiens III

t.i., pāreja pie jaunās sistēmas

p̄t+1 = Jp̄t , (23)

nedod neko jaunu, jo (23) faktiski ir tā pati dotā sistēma

pt+1 = Apt

tikai ar citiem main̄ıgo apz̄ımējumiem. Tomēr uzskat̄ısim, ka esam
pārgājuši pie sistēmas (23), jo tā būtu jār̄ıkojas vispār̄ıgā gad̄ıjumā.

No sistēmas (23) atrodam:

p̄1 = Jp̄0,

p̄2 = Jp̄1 = J(Jp̄0) = J2p̄0,

p̄3 = Ap̄2 = J(J2p̄0) = J3p̄0, . . .
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Otrais paņēmiens IV

no kurienes secinām, ka

p̄t = Jt p̄0. (24)

Formula (24) sniedz sistēmas (23) vispār̄ıgo atrisinājumu, ja uzskat̄ıt, ka

p̄0 =

(
C1

C2

)
.
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Piemēri Ceturtais piemērs

Otrais paņēmiens V

Atz̄ımēsim, ka

J =

(
α −β
β α

)
= ρ

(
cosϕ − sinϕ
sinϕ cosϕ

)
,

kur α = 1, β = 1, ρ =
√

2 un ϕ = π
4 .

Atrodam:

J2 = ρ2

(
cosϕ − sinϕ
sinϕ cosϕ

) (
cosϕ − sinϕ
sinϕ cosϕ

)
=

= ρ2

(
cos2 ϕ− sin2 ϕ −2 sinϕ cosϕ
2 sinϕ cosϕ − sin2 ϕ+ cos2 ϕ

)
=

= ρ2

(
cos 2ϕ − sin 2ϕ
sin 2ϕ cos 2ϕ

)
.
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Otrais paņēmiens VI

Izmantojot matemātiskās indukcijas principu [1], var pierād̄ıt, ka

Jt = ρt

(
cos tϕ − sin tϕ
sin tϕ cos tϕ

)
jeb Jt = (

√
2)t

(
cos πt

4 − sin πt
4

sin πt
4 cos πt

4

)
.

Tātad sistēmas (23) vispār̄ıgais atrisinājums ir

p̄t = Jt p̄0

jeb

x̄t = (
√

2)t
(
C1 cos

πt

4
− C2 sin

πt

4

)
,

ȳt = (
√

2)t
(
C1 sin

πt

4
+ C2 sin

πt

4

)
.
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Otrais paņēmiens VII

Atgriežamies pie dotajiem main̄ıgajiem xt un yt ar formulas

pt = Mp̄t jeb

(
xt

yt

)
=

(
1 0
0 1

) (
x̄t

ȳt

)
pal̄ıdz̄ıbu, t.i.,

xt = x̄t , yt = ȳt

jeb

xt = (
√

2)t
(
C1 cos

πt

4
− C2 sin

πt

4

)
,

yt = (
√

2)t
(
C1 sin

πt

4
+ C2 sin

πt

4

)
.

Pēdējās formulas sniedz sistēmas (20) vispār̄ıgo atrisinājumu.
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Otrais paņēmiens VIII

Lai atrastu sistēmas (20) partikulāro atrisinājumu, kas apmierina
sākumnosac̄ıjumus (21), risinām sistēmu{

1 = C1 + 0 · C2,
3 = 0 · C1 + C2,

t.i.,
C1 = 1, C2 = 3.

Tātad

xt = (
√

2)t

(
cos

πt

4
− 3 sin

πt

4

)
,

yt = (
√

2)t

(
sin

πt

4
+ 3 cos

πt

4

)
.

ir Koš̄ı uzdevuma (20), (21) atrisinājums, kas sakr̄ıt ar iepriekš iegūto
atrisinājumu izmantojot pirmo paņēmienu.
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Pielikums

Pielikums I

Aplūkojot ceturto piemēru, tika konstatēts, ka, ja matricas A spektrs ir

Λ(A) =

(
λ1 λ2

1 1

)
,

kur

λ1 = α+ iβ = ρ(cosϕ+ i sinϕ),

λ2 = α− iβ = ρ(cosϕ− i sinϕ)

un β > 0, tad matricas A Žordāna normālformai ir veids

(d) J =

(
α −β
β α

)
jeb J = ρ

(
cosϕ − sinϕ
sinϕ cosϕ

)
un

Jt = ρt

(
cos tϕ − sin tϕ
sin tϕ cos tϕ

)
, t ∈ N.
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Pielikums

Pielikums II

Atz̄ımēsim, ka tiek uzskat̄ıts [6, 22. lpp.], ka jebkuras kvadrātveida matricas
A (tajā skaitā nulles matricas) nultā pakāpe ir vienāda ar vien̄ıbas matricu,
t.i.,

A0 = I .

Ja matricas A spektrs ir

Λ(A) =

(
λ1 λ2

1 1

)
,

kur λ1, λ2 ∈ R un λ1 6= λ2, tad matricas A Žordāna normālformai ir veids

(a) J =

(
λ1 0
0 λ2

)
vai J =

(
λ2 0
0 λ1

)
.
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Pielikums

Pielikums III

Ja

J =

(
λ1 0
0 λ2

)
,

tad

J2 =

(
λ1 0
0 λ2

) (
λ1 0
0 λ2

)
=

(
λ2

1 0
0 λ2

2

)
,

J3 =

(
λ2

1 0
0 λ2

2

) (
λ1 0
0 λ2

)
=

(
λ3

1 0
0 λ3

2

)
.

Izmantojot matemātiskās indukcijas principu [1], var pierād̄ıt, ka

Jt =

(
λt

1 0
0 λt

2

)
, t ∈ N.
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Pielikums

Pielikums IV

Ja matricas A spektrs ir

Λ(A) =

(
λ0

2

)
,

kur λ0 ∈ R, un (A− λ0I ) = O, tad matricas A Žordāna normālformai ir
veids

(b) J =

(
λ0 0
0 λ0

)
.

Spriežot l̄ıdz̄ıgi kā iepriekš,

Jt =

(
λt

0 0
0 λt

0

)
, t ∈ N.
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Pielikums

Pielikums V

Ja matricas A spektrs ir Λ(A) =

(
λ0

2

)
, kur λ0 ∈ R, un (A− λ0I ) 6= O,

tad matricas A Žordāna normālformai ir veids (c) J =

(
λ0 1
0 λ0

)
. Tad

J2 =

(
λ0 1
0 λ0

) (
λ0 1
0 λ0

)
=

(
λ2

0 2λ0

0 λ2
0

)
,

J3 =

(
λ2

0 2λ0

0 λ2
0

) (
λ0 1
0 λ0

)
=

(
λ3

0 3λ2
0

0 λ3
0

)
.

Izmantojot matemātiskās indukcijas principu [1], var pierād̄ıt, ka

Jt =

(
λt

0 tλt−1
0

0 λt
0

)
, t ∈ {2, 3, . . .}.
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