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1. Tiešā summa un papildinošā apakštelpa 4
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4.1. Obligātie uzdevumi . . . . . . . . . . . . . . . . . . . . 14

Lekcijas mērķis:
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• apgūt ortogonālo projicēšanu.

Lekcijas kopsavilkums:
• var definēt apakštelpas papildinošo apakštelpu,

• var definēt un pēt̄ıt ortogonālo projekciju uz apakštelpu.

Svar̄ıgākie jēdzieni: tiešā summa, papildinošā apakštelpa, orto-
projekcija.

Svar̄ıgākie fakti un metodes: ortoprojekcijas ı̄paš̄ıbas, orto-
projekciju normu ı̄paš̄ıbas, ortoprojekcijas ekstremālā ı̄paš̄ıba.
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1. Tiešā summa un papildinošā apakštelpa

1.1. Defin̄ıcija
{

V,W ≤ L.
V ∩W = {0} (dim V ∩W = 0).

Tad V + W sauc par (iekšējo) tiešo summu V ⊕W .

1.2. Papildinošā apakštelpa

Ja V ⊕W = L, tad W sauc par papildinošo apakštelpu attiec̄ıbā
uz V (apz̄ımē- W = V p), un otrādi (V = W p).

1.1. teorēma. L - LT, V ≤ L.
1. ∃ W ≤ L : V ⊕W = L.

2. L = V ⊕W ⇐⇒ ∀ l ∈ L ∃ viennoz̄ımı̄gi noteikti v ∈ V , w ∈ W
(l projekcijas): l = v + w.
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PIERĀDĪJUMS
1. Izvēlēsimies V bāzi BV = {e1, ..., en}, turpināsim to l̄ıdz L

bāzei B = {e1, ..., en, f1, ..., fm}.

Apskat̄ısim W = 〈f1, ..., fm〉. Redzam, ka V + W = L.

Pierād̄ısim, ka V ∩W = {0}. Pieņemsim, ka t ∈ V ∩W =⇒

t =
n∑

i=1

λiei =
m∑

j=1

µjfj .

t 6= 0 =⇒ ∃ λi 6= 0 =⇒ B.

2. =⇒ Atrad̄ısim apakštelpu V un W bāzes BV = {e1, ..., en},
BW = {f1, ..., fm}.

∀ l ∈ L var izteikt formā

l =
n∑

i=1

λie1

︸ ︷︷ ︸
=v

+
m∑

j=1

µjfj

︸ ︷︷ ︸
=w

= v + w.
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l = v + w = v′ + w′ =⇒ v− v′ = w−w′ = 0 =⇒
{

v = v′

w = w′

⇐=

∀ l var izteikt summas veidā =⇒ L = V + W .

V ∩W 6= {0} =⇒ t ∈ V ∩W var izteikt summas veidā divējādi:

t = t︸︷︷︸
∈V

+ 0︸︷︷︸
∈W

= 0︸︷︷︸
∈V

+ t︸︷︷︸
∈W

.

¥

1.1. piez̄ıme. Papildinošā apakštelpa nav noteikta viennoz̄ımı̄gi, ja
neskaita speciālgad̄ıjumus.

1.1. piemērs. Vektori. Matricas. Polinomi.
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2. Ortogonālā projekcija

2.1. Ortogonālā papildinājuma ı̄paš̄ıbas

2.1. teorēma. E - gal̄ıgi dimensionāla ET.{
V ∩ V ⊥ = 0
V + V ⊥ = E

(E = V ⊕ V ⊥).

PIERĀDĪJUMS
t ∈ V ∩ V ⊥ =⇒ < t|t >= 0 =⇒ t = 0.

Atrad̄ısim V ortonormētu bāzi {e1, ..., em}, papildināsim to l̄ıdz
E ortonormētai bāzei {e1, ..., em, em+1, ..., en} (tas ir iespējams, skat.
Grama-Šmita teorēmu).

Var redzēt,ka {em+1, ..., en} ir ortonormēta bāze telpai V ⊥, jo V ⊥

satur tieši elementu em+1,...,en lineāras kombinācijas.
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∀ v ∈ E: v =
n∑

i=1

λiei =
m∑

i=1

λiei

︸ ︷︷ ︸
∈V

+
n∑

i=m+1

λiei

︸ ︷︷ ︸
∈V ⊥

=⇒ E = V + V ⊥.

¥

2.2. Projekcijas uz ortogonāli papildinošām apakš-
telpām

Agrāk tika pierād̄ıts:

1. E = V ⊕ V ⊥.

2. ∀ t ∈ E :





t = v + w, kur v ∈ V,w ∈ V ⊥

< v|w >= 0
v,w ir noteikti viennoz̄ımı̄gi.

3.
{ {e1, ..., em} − V bāze
{em+1, ..., en} − V ⊥ bāze =⇒





v =
m∑

i=1

< t|ei > ei

w =
n∑

i=m+1

< t|ei > ei
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2.1. piez̄ıme.
{

v = pV (t) =∈ V
w = pV ⊥(t) ∈ V ⊥ .

2.2. teorēma. E - ET, V ≤ E. Tad

||t||2 = ||pV (t)||2 + ||pV ⊥(t)||2.

PIERĀDĪJUMS Apz̄ımēsim v = pV (t), w = pV ⊥(t).
||t||2 = ||v + w||2 =< v + w|v + w >=

< v|v > +2 < v|w >︸ ︷︷ ︸
=0

+ < w|w >= ||v||2 + ||w||2. ¥

2.3. Labākās aproksimācijas ı̄paš̄ıba

2.3. teorēma. E - ET, V ≤ E. ∀ t ∈ E:

1. ||t− pV (t)|| ≤ ||t− v||, ∀ v ∈ V ;

2. ||t− pV (t)|| = ||t− v||, kur v ∈ V ⇐⇒ v = pV (t).

3. ||t− pV (t)|| = min
v∈V

||t− v||.
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PIERĀDĪJUMS
t− v = t− v± pV (t) = (t− pV (t))︸ ︷︷ ︸

∈V ⊥

− (v− pV (t))︸ ︷︷ ︸
∈V

=⇒

||t− v||2 = ||t− pV (t)||2 + ||v− pV (t)||2 =⇒

v− pV (t) = 0 ⇐⇒ ||t− v||2 = ||t− pV (t)||2.
v− pV (t) 6= 0 ⇐⇒ ||t− v||2 < ||t− pV (t)||2. ¥

2.1. piemērs. R2, R3.

3. Lineārie attēlojumi Eikl̄ıda telpās

3.1. Matricu pārnešana skalārajā reizinājumā

3.1. teorēma. E - gal̄ıgi dimensionāla ET. {e1, ..., en} - ortonormēta
bāze. A operatora matrica, kas darbojas ET E. Tad
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1. < v|Aw >=< AT v|w >.

2. < Av|w >=< v|AT w >.

PIERĀDĪJUMS Skalārā reizinājuma matrica ir E.

1. < v|Aw >= vT Aw = vT (AT )T w = (AT v)T w =< AT v|w >.

2. L̄ıdz̄ıgi.¥

3.2. Izometriskie lineārie attēlojumi

E,E′ - ET. LI f : E −→ E′ sauc par izometriju, ja

∀ v,w ∈ E : < v|w >=< f(v)|f(w) > .

3.1. piez̄ıme. Izometrija saglabā normu:
||v||2 =< v|v >=< f(v)|f(v) >= ||f(v)||2.

3.1. piemērs. Rotācija, simetrija.
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12

3.2. teorēma. E,E′ - ET, dim E = dimE′ = n. Tad ∃ izometrija
f : E −→ E′.

PIERĀDĪJUMS Izvēlēsimies E un E′ ortonormētas bāzes B =
{e1, ..., en} un B′ = {e′1, ..., e′n}.

Definēsim
f0 : B −→ E′

f0(ei) = e′i, ∀ i

un turpināsim to l̄ıdz lineāram attēlojumam

f : E −→ E′

f
( n∑

i=1

viei

)
=

n∑

i=1

vie′i.

<
( n∑

i=1

viei

)∣∣∣
( n∑

j=1

wjej

)
>=

∑
i,j

viwj < ei

∣∣∣ej >=
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∑
i,j

viwj < ei

∣∣∣ej >
︸ ︷︷ ︸

=δij

=
∑
i

viwj .

< f
( n∑

i=1

viei

)∣∣∣f
( n∑

j=1

wjej

)
>=

∑
i,j

viwj < f(ei)
∣∣∣f(ej) >=

∑
i,j

viwj < e′i
∣∣∣e′j >

︸ ︷︷ ︸
=δij

=
∑
i

viwj .¥
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4. 9.mājasdarbs

4.1. Obligātie uzdevumi

9.1 Atrast apakštelpas V papildinošo apakštelpu V p (aprakst̄ıt V p

bāzi).
(a) L = R2, V = {(2,−1)};
(b) L = R3, V = 〈(0, 1,−1), (1, 0, 1)〉;
(c) L = Mat(2, 2,R), V - antisimetrisku matricu kopa.

9.2 Atrast ET E (ar standarta skalāro reizinājumu) elementa t or-
toprojekcijas uz V un V ⊥.

(a) E = R2, t =
[

3
4

]
, V =

〈[
1
1

] 〉
;

(b) E = R3, t =



−1
2
1


, V =

〈



0
1
−1




〉
;
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(c) E = R4, t =




1
−2
3
2


, V =

〈



1
1
0
1


 ,




1
0
1
1




〉
;

9.3 Dots: E, l ∈ E, V ≤ E. Atrast v ∈ V tādu, ka ||l − v|| ir
minimāla.

(a) E = R3, standarta skalārais reizinājums, l =




3
−1
2


,

V =
〈




0
1
1


 ,




1
−1
0




〉

(b) E = R[X]3, skalārais reizinājums uzdots ar formulu

< f |g >=
1∫
−1

f(t)g(t)dt,

l = X2 −X + 2, V =
〈
X − 1, X3 − 1

〉
.
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