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Lekcijas merkis:
e apgit linearo attelojumu ipasibas.

Lekcijas kopsavilkums:

e katram LA var definét divas svarigas apakstelpas - attélu un
kodolu un petit to 1pasibas,

e LA var definet linearas operacijas un kompozicijas operaciju, tas
var uzdot matricu forma,

e mainot LT bazes, attiecigi mainas attelojumu matricas.

Svarigakie jedzieni: LA attels, LA kodols, LA summa un reizi-
nasana ar lauka elementu, LA kompozicija, LA matricas maina parejot
uz citam bazem,

Svarigakie fakti un metodes: LA attéla un kodola Tpasibas,
attela un kodola atrasana, attela un kodola dimensiju summas ipasiba,
LA veido LT, funkcijas turpinasana uz LA, LA operaciju realizacija
ar matricam, LA matricas mainas formula.
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1. Linearo attelojumu 1pasSibas

1.1. Linearie attelojumi un apakstelpas

Par LA f: L — V attelu Im(f) sauc f (ka funkcijas) attelu:
Im(f)y={yeV|3xel: f(x)=y}= ] f(x)

xeL
f rangu r(f) definé ka dim I'm(f).

Par LA f: L — V kodolu Ker(f) sauc f~1(0):
Ker(f)={x€ L] f(x)=0}=f"'(0).

1.1. piemérs. L = R?, f - projekcija uz z-asi, Ker(f) = ((0,1)),
Im(f) =((1,0)).
L =kz], f(p) =9, Ker(f) = (1), Im(f) = L.
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1.1. teorema. L,V - LT, f: L — V - LA.

1. f - injektivs <= Ker(f) = {0}.
2. f - sirjektivs <= Im(f)=V.
3. Im(f) < V.

4. Ker(f) < L.

PIERADIJUMS

1. Abos virzienos pieradam kontrapozitivi.
Ker(f)#{0} = 3t#0: f(t)=0 —

f(t) = f(0) =0 = f nav injektiva funkcija.

f nav injektiva = Jt; #ty: f(t1) = f(t2) =
0 - () = it~ ) =0 — { (10t =0

t—te£0
t1 —t € Ker(f) = Ker(f) 2 {0}.

2. Seko no attela definicijas.
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+ f(u) = flu+u') € Im(f)
= J(Ow) € Im()).
4. 1Y € Ker(f): f) = f(I') =0y —

FA+1) = fa +f(l’ =0, 141 € Ker(f)
{ﬂ) A1) = 0 :i{AmKMﬁ

A
= Ker(f)<L. 1

3. u,u e€L. Tad{{

\/—\

(u

~—

1.2. Attela un kodola 1pasibas
S C L. Jasirelementa s € S pieraksts koordinatu forma attieciba
uz fiksetu bazi, tad apzimeésim to ar s ~ s.

f € Hom(L,V). Ja f matrica attieciba uz izvéletam bazem ir F,
tad apzimesim to ar f ~ F.

1.2. teorema. (Im un Ker apraksts koordinatu forma) L,V - LT,
f € Hom(L,V), F = [ k, ‘ ‘ k, } - f matrica attieciba uz izvele-
tam bazem By, By .
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1. Im(f) ~ (ki,...,k,) (F kolonnu telpa).
2. Ker(f) ~ Null(F).

PIERADTBTUMS N
1.V1= E ae; € L: f(l) = E ozif(ei) -
=

7 =1

Im(f) = (f(e1), ., f(en)).

F kolonnas ir f(e;) koordinatu kolonnas: k; ~ f(e;) =

Im(f) = (f(e1), -, flen)).

2. Koordinatu forma f(1) ~F - 1.
f1)=0 <= F:-1=0 — Ker(f) ~Null(F). R
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1.3. teoréma. L,V - LT, f: L -V - LA. dim(L) < 00 =
dim Ker(f) + dim Im(f) = dim L.

PIERADIJUMS
Izvelesimies Ker(f) = K bazi Bx = {e1,...,en}.
Papildinasim to Iidz L bazei By, = {e1,....,en, 8, ..., &, }-

Pieradisim, ka f(B\Bk) = {f(g1), .., f(&,,)} it Im(f) baze. No
ta sekos teorémas apgalvojums par dimensijam: dim L = n + m.

Veidotajsistema
telIm(f) < JleL: t=f(1).
1= Z:IAlel—f— Zl’ujgj —

1= Jj=

m

t=f(l) = ;Ai@+2ujf<gj> = me(gj)-
= -0 j=1 j=1
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Lineara neatkariba

S i fle) =0 = 1

3

Mjgj> =0 =
1

J
n
= Y Aje;. Ja vismaz viens no

1=

m m
> 158, € Ker(f) = 3 njg;
j=1 j=1

pj # 0, tad 3 netriviala lineara kombinacija, kas saista B, elementus

= By, - pretruna. B

1.3. Operacijas ar linearajiem attelojumiem

1.3.1. Linearas 1pasibas
Kopa Hom(L,V) var definét sadas linearas operacijas:
e summu: (f,g) = f+¢:
(f +9)(x) = f(x) + g(x);
e reizinasanu ar lauka elementu: (A, f) — Af:
(Af)(x) = Af(x).
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1.4. teoréma. L,V - k-linearas telpas. Tad Hom(L,V) ir k-lineara
telpa.

PIERADIJUMS
1. Japarbauda, ka LA summa un reizinajums ar skaitli ir LA.

2. Japarbauda visas LT aksiomas. B

1.3.2. Kompozicija

f:L—=T

g:T—27 ~ LA. Var definet linearo

L, T, Z - k-linearas telpas, {
attelojumu kompoziciju g o f:
gof:L—Z,

(go /M) = g(f))-

1.2. piemers. L =T = Z =k[X], f(p) =X -p, 9(¢) = ¢,
(go fp) =(X-p).
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f:L—=T

i T g ~LATad

1.5. teorema. L, T, Z - k-linearas telpas, {
go f:L— Zir LA.

PIERADIJUMS
(go N+ =g(Fa+w) =g(FO) + fw)) =

g(1) +9(r@) = (g0 NV + (g0 NHi(w).
(90 IO = g(FO) = g(AF(1) = Ag( V) = (Ago ) (). m

1.4. Linearie attelojumi un matricas

1.4.1. Linearo operaciju realizacija ar matricam

1.6. teorema. L, V - LT ar fikseétam bazem, f,g € Hom(L,V) ar
matricam F, G. Tad

1. f+ g matrica ir F + G.
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2. Af matrica ir AF.

PIERADIJUMS . .
L (f+g)(e) = f(ei) +gle) = Zl fiiti + -21 gjity =
j= i=

ZUﬁ+%ﬁﬁ=2%ﬂj=>S:F+G
j:

Jj=1
n

2 (M)(e) = Afe) = A 3 fit; =

j=1

n n
()\fﬂ)tj = Z mjitj — M=)F. 1
j=1 j=1
1.4.2. Kompozicijas realizacija ar matricam

f € Hom(L,T) ar matricu F

1.7. teoréma. L, T, Z - LT, { g € Hom(T, Z) ar matricu G.

Tad g o f matrica ir GF.
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PIERADIJUMS Izmantosim apziméjumus F = {fii}, G = {9},

fle) = i fjitj

7 — (g0 f)le) = g(flen) =

g(ty) = Z JkjZk
- = i z

g( Zl fﬂtj) = Z fng<tj) = Zl f]z( E gkak) =
J= J= Jj= =1

1 m 1
kgl (;gkjfji) zj, = kz::1 hiizg. A
e

Saturs Sakums Beigas J 1 Atpakal Aizvert Pilns ekrans



14
1.5. Bazes maipa un linearie attelojumi

1.5.1. Atkartojums

L - LT, dim(L) = n,
B={ei,..,e.},
B = {e},...,el,} - divas sakartotas L bazes.

Izteicam katras bazes elementus ka otras bazes linearas kombina-
cijas, ieguvam divas matricas:

/

€; = S11€1 + ...+ 3sp1€en
/

82 = S12€1 —+ ...+ Sn2€n

=28
e, = sp1€1 + ... + Spnen
e = ane’l + ...+ anle;l
— / /
€y = a12€; + ...+ An2€, = A

/ /
e, = aipe; + ... + anne,
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Secinajam, ka
o A™! =S (parejas matrica), S™' = A,

1 - elementa koordinasu kolonna baze B ' = Al
1’ - elementa koordinasu kolonna baze B’ 1=SI'=A"

1.5.2. Lineara attelojuma matricas maina parejot uz citam
bazem
L, V - galigi generetas LT, pienemsim, ka katra no telpam ir
izveletas divas bazes - ”sakotnéja” un ”"mainita”:
B ={e1,....e,}, B ={e},....,el}
By = {t1,....tn}, B, = {th, ...t}

Apzimesim parejas matricas ar A un T (elementu koordinasu
kolonnas apzimesim ar ¢ un d):

L: ¢ =Ac,c=A"'¢
V:d=Td,d=T"d
Dots f € Hom(L,V), ta matrica attieciba uz By un By ir F.
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— . . / . g - _

Atradisim f matricu F' attieciba uz bazem B} un Bj,:

e sakam ar elementu 1, kura koordinasu kolonna jaunaja baze ir
¢, izsakam to caur veco bazi -

1~ A~ attieciba uz By,

e atrodam elementa attelu attieciba uz veco bazi -
f() ~F(A™ ) = (FA™!)c! attieciba uz By,

e atrodam elementa attelu attieciba uz jauno bazi -
f(l) ~ T(FA™ ') = (TFA )¢’ attieciba uz B,

Seko, ka F/ = TFA ™.

1.1. piezime. Ja L = V, un dotas divas bazes BB} ar parejas
matricu A, tad F' = AFA™! = S™'FS.

- 11 -1 | 1/3| 1/3
1.3. piemeérs. A = 5T , A —[2/3 1/3}

=[]~ - [of]
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2. 2.majasdarbs

2.1. Obligatie uzdevumi

2.1 Atrast LA f attelus un kodolus.
(a) L=Fk3, f:L—k, f((x1,22,73)) = 21 + T2 + 3;

2]-1]3
(b) L=k, f:L—L,F=|1] 2 [0 |, kanoniskaja baze;
1]-3]3

(c) L=k[X]3, f(p) =p;
(d) L = Mat(2,2,k), f: L — L, f(M) = MEy5.

2.2 Atrast LO matricu pec bazes mainas.
(a) L = R2, By, - kanoniska baze, B = {(2,-1),(3,4)}, F =

0] -17
504 |
(b) L =R?, By, - kanoniska baze, B} = {(0,1,1), (1,0,1), (1,1,0)},
11 0 |1
F=|1]|-1]1|;
11 0 |1
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4

(¢) L =R[X]s, Br, - monomu baze, B = {1, X+1, X2+ X+1},
4
2

F =

-2

2

2

-2

2

2.3 Atrast LA matricu péc bazes mainas abas LT.
(a) L = R% V = R3, By un By - kanoniskas bazes, B =

{(37 _2)7(270)}a B{/ = {(07071)7(07171)7(_171a1)}a F

2

1
0
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