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1.2.1. Pamatteorēma . . . . . . . . . . . . . . . . . . 10
1.2.2. Divu defin̄ıciju l̄ıdzvērt̄ıba 2× 2 gad̄ıjumā . . . 14
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1.3.1. Mazu izmēru matricas . . . . . . . . . . . . . . 16
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Lekcijas mērķis:
• apgūt matricu determinanta jēdzienu, vienkāršākās ı̄paš̄ıbas un

aprēķināšanas metodes.

Lekcijas kopsavilkums:
• var definēt funkciju - determinantu, kas invertējamai matricai

piekārto nenulles skaitli;

• var pēt̄ıt determinantu ı̄paš̄ıbas.

Svar̄ıgākie jēdzieni: determinants.

Svar̄ıgākie fakti un metodes: elementāro matricu determi-
nanti, determinanta ı̄paš̄ıbas, mazu izmēru matricu determinantu for-
mulas, determinanta aprēķināšana ar triangulācijas metodi.
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1. Matricas determinants

Kvadrātveida matricām var definēt un pēt̄ıt funkciju, kas kalpo kā
invertējamı̄bas indikators.

∀ n ∈ N var definēt determinanta funkciju

det : Mat(n, k) −→ k.

A −→ det(A).
Determinanta pamat̄ıpaš̄ıba det(A) = 0 ⇐⇒ A nav invertējama.

1.1. Defin̄ıcija

Determinanta definēšanā ir vismaz divas pieejas:
• vēsturiskā pieeja - determinants tiek definēts kā matricas ele-

mentu funkcija, kas parādās saucējos, risinot kvadrātveida LVS.

• aksiomātiskā pieeja - determinants tiek definēts kā matricas ele-
mentu funkcija, kas apmierina noteiktas ı̄paš̄ıbas.
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1.1.1. Vēsturiskā pieeja

Risinot kvadrātveida LVS, var ievērot, ka nezināmie ir racionālas
funkcijas no sistēmas koeficientiem un br̄ıvajiem locekļiem.

n = 1

LVS
{

a11X1 = b1 ∃ atrisinājums, ja a11 6= 0: X1 =
b1

a11
.

Varam definēt det
[

a11

]
= a11 =⇒ X1 =

det[b1]
det[a11]

.

n = 2

Risināsim LVS Ax = b ⇐⇒
{

a11X1 + a12X2 = b1

a21X1 + a22X2 = b2.

[
a11 a12 b1

a21 a22 b2

]
→


 1

a12

a11

b1

a11

a21 a22 b2


 →
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6



1
a12

a11

b1

a11

0 a22 − a21

a12

a11
b2 − a21

b1

a11


.

X2 =
a11b2 − b1a21

a11a22 − a12a21
,

X1 =
b1a22 − a12b2

a11a22 − a12a21
.

∃ tieši viens atrisinājums, ja a11a22 − a12a21 6= 0:

Varam definēt det
[

a11 a12

a21 a22

]
= a11a22 − a12a21 =⇒

X1 =
det

[
b1 a12

b2 a22

]

det
[

a11 a12

a21 a22

] , X2 =
det

[
a11 b1

a21 b2

]

det
[

a11 a12

a21 a22

]
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1.1. piemērs. det
[

1 2
3 4

]
= 1 · 4− 2 · 3.

n = 3

Ja atkārtotu risinājumu 3× 3 LVS, iegūtu šādu rezultātu:

Xi =
detAi

detA
, kur

detA = a11a22a33 + a12a23a31 + a13a21a32−
a13a22a31 − a12a21a33 − a11a23a32.

1.2. piemērs. det




2 −1 0
3 1 2
4 2 −1


 = 2 ·1 · (−1)+(−1) ·2 ·4+0 ·3 ·2

−0 · 1 · 4− (−1) · 3 · (−1)− 2 · 2 · 2 = −21.

Šādā veidā funkcijas det var definēt visiem izmēriem n.
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1.1.2. Speciālgad̄ıjumi

Mazas n vērt̄ıbas

Mazām n vērt̄ıbām pieņemsim šādas det defin̄ıcijas:

• n = 1 =⇒ det
[

a11

]
= a11;

• n = 2 =⇒ det
[

a11 a12

a21 a22

]
= a11a22 − a12a21;

• n = 3 =⇒

det




a11 a12 a13

a21 a22 a23

a31 a32 a33


 = a11a22a33 + a12a23a31 + a13a21a32−

a13a22a31 − a12a21a33 − a11a23a32.
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1.1.3. Vispār̄ıga determinanta defin̄ıcija

∀ n ∈ N definēsim n× n matricu determinanta funkciju

det : Mat(n, k) −→ k

ar šādiem nosac̄ıjumiem:
1. A nav invertējama =⇒ det(A) = 0.
2. det(AB) = det(A) det(B).
3. det(En) = 1.
4. det(Rpq) = −1, ∀ p, q.
5. det(Rp(λ)) = λ, ∀ p, ∀ λ ∈ k.
6. det(Rpq(λ)) = 1, ∀ p, q, ∀ λ ∈ k.

detA var aprēķināt saskaņā ar šādu algoritmu:
• A nav invertējama =⇒ detA = 0;
• A ir invertējama, A = P1...Pl, kur Pi ir elementāra matrica

=⇒
detA = detP1... detPl.
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10

Jāpierāda, ka defin̄ıcija ir korekta: ja matricu var izteikt kā ele-
mentāro matricu reizinājumu divos dažādos veidos, tad determinants
no tā nav atkar̄ıgs.

1.1. teorēma. Pi, Qi - elementāras matricas.

P1...Pu = Q1...Qv =⇒ det(P1)... det(Pu) = det(Q1)... det(Qv).

PIERĀDĪJUMS Netiek dots, grūts. ¥

1.2. Īpaš̄ıbas

1.2.1. Pamatteorēma

1.2. teorēma.
1. Mainot vietām divas matricas rindas vai kolonnas, matricas de-

terminants maina z̄ımi.

2. Reizinot matricas rindu vai kolonnu ar λ, matricas determinants
jāreizina ar λ.
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3. Pieskaitot matricas rindai vai kolonnai citu rindu vai kolonnu,
reizinātu ar λ, determinants nemainās.

4. Trijstūrveida matricas determinants ir vienāds ar galvenās di-
agonāles elementu reizinājumu.

5. Transponēšana nemaina determinantu.

PIERĀDĪJUMS
1. det(RpqA) = det(ARpq) = det(Rpq) det(A) = − det(A).

2. det(Rp(λ)A) = det(ARp(λ)) = det(Rp(λ)) det(A) = λ det(A).

3. det
(
Rpq(λ)A

)
= det

(
ARpq(λ)

)
= det

(
Rpq(λ)

)
det(A) =

det(A).
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4. Apskat̄ısim augšēji trijstūrveida matricu

A =




a11 a12 ... a1,n−1 a1n

0 a22 ... a2,n−1 a2n

... ... ... ... ...
0 0 ... 0 ann


 .

∃ i : aii = 0 =⇒ galveno rūtiņu skaits A pakāpienveida formā ir
mazāks kā n =⇒ r(A) < n =⇒ det(A) = 0 = a11a22...ann.

Pieņemsim, ka ∀ i : aii 6= 0.

Veiksim REP virkni R1(
1

a11
), R2(

1
a22

),...,Rn(
1

ann
). Iegūsim augšēji

trijstūrveida matricu A′, kurai uz galvenās diagonāles ir 1:

A′ =




1 a′12 ... a′1n

0 1 ... a′2n

... ... ... ...
0 0 ... 1


 .
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det(A′) = det
(
R1(

1
a11

)R2(
1

a22
)...Rn(

1
ann

)A
)

=

det
(
R1(

1
a11

)
)

det
(
R2(

1
a22

)
)
... det

(
Rn(

1
ann

)
)

det(A) =

1
a11

1
a22

...
1

ann
det(A)

=⇒ det(A) = a11a22...ann det(A′).

Veicot ar A′ KEP3 ”no kreisās puses uz labo” sākot ar pēdējo
rindu, iegūsim vien̄ıbas matricu:

A′K1K2...Kl = En =⇒
det(A′) det(K1) det(K2)... det(Kl) = det(En) = 1 =⇒
det(A′) = 1 =⇒ det(A) = a11a22...ann.

5. A 6∈ GL(n, k) ⇐⇒ AT 6∈ GL(n, k) =⇒ det(A) = 0 ⇐⇒
det(AT ) = 0.
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A ∈ GL(n, k) =⇒ A = P1...Pl, kur Pi ir elementārās matricas
=⇒ AT = PT

l ...PT
1 =⇒ det(AT ) = det(PT

l )... det(PT
1 ).

Ar visu gad̄ıjumu pārbaudi var pārliecināties, ka ∀ elementārai
matricai P, izpildās det(P) = det(PT ) =⇒

det(AT ) = det(PT
l )... det(PT

1 ) = det(Pl)... det(P1) = det(A).¥

1.2.2. Divu defin̄ıciju l̄ıdzvērt̄ıba 2× 2 gad̄ıjumā

Pierād̄ısim, ka matricai A =
[

a11 a12

a21 a22

]
determinants ir vienās

ar a11a22 − a12a21 izmantojot otro defin̄ıciju.

Gad̄ıjums a11 6= 0

A =
[

a11 a12

a21 a22

]
= R1(a11)

[
1 a12/a11

a21 a22

]
=
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= R1(a11)R12(−a21)
[

1 (a12/a11)
0 a22 − a21(a12/a11)

]
=⇒

det(A) = det(R1(a11)) det(R12(−a21))×

× det
( [

1 a12/a11

0 a22 − a21(a12/a11)

] )
= a11 × (a22 − a32

a12

a11
) =

= a11a22 − a12a21.

Gad̄ıjums a11 = 0

A =
[

a11 a12

a21 a22

]
= R12

[
a21 a22

0 a12

]

det(A) = det(R12) det(
[

a21 a22

0 a12

]
) =

= −a12a21 = a11a22 − a12a21.
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1.3. Determinanta aprēķināšanas algoritmi

1.3.1. Mazu izmēru matricas

Ja n ∈ {1, 2, 3}, tad n × n matricas A determinantu var atrast
izmantojot zināmās formulas.

1.3. piemērs. A =




1 2 0
2 1 2
0 2 1


.

det(A) = 1 · 1 · 1+2 · 2 · 0+0 · 2 · 2− 0 · 1 · 0− 2 · 2 · 1− 1 · 2 · 2 = −7.

1.3.2. Triangulācijas algoritms

A - n× n matrica.

det(A) var aprēķināt saskaņā ar šādu algoritmu:
1. ar REP un KEP pal̄ıdz̄ıbu pārveidot A trijstūrveida formā:

A → RAK = T;
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17

2. atrast det(T) = t11t22...tnn;

3. det(T) = det(R) det(A) det(K) =⇒

det(A) =
det(T)

det(R) det(K)
.

(lai atrastu det(R) un det(K), jāizmanto determinanta multip-
likat̄ıvā ı̄paš̄ıba).

Ekvivalentais algoritma variants (soli pa solim)
1. Ar REP un KEP pal̄ıdz̄ıbu pārveidot A trijstūrveida formā,

sekot determinanta izmaiņai pēc katra soļa:
• veicot REP1 vai KEP1 determinants maina z̄ımi:

det(RijA) = −detA,

det(AKij) = − detA.
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• matricai var ”iznest rindas vai kolonnas kop̄ıgo reizinātāju”
- izmantot REP2:

A = Ri(λ)A′ =⇒ det(A) = λ · det(A′)

• veicot REP3 determinants nemainās:

det(Rij(λ)A) = detA.

2. pēc tam, kad matrica A ir pārveidota trijstūrveida formā, atrast
determinantu kā diagonāles elementu reizinājumu.
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2. 7.mājasdarbs

2.1. Obligātie uzdevumi

7.1 Atrast 2×2 matricu determinantus izmantojot summu formulas.

(a)
[

0.1 0.2
0.4 0.8

]
;

(b)
[

1 x
y xy

]
.

7.2 Atrast 3×3 matricu determinantus izmantojot summu formulas.

(a)




8 9 9
4 −9 7
7 −7 −8


;

(b)




1/2 1/3 1/4
1/3 1/4 1/5
1/4 1/5 1/6


;

(c)




1 a b
b 1 a
a b 1


.
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7.3 Atrast matricu determinantus izmantojot triangulācijas algo-
ritmu.

(a)
[

5 3
2 −4

]
;

(b)




2 −1 2
2 1 3
4 1 1


;

(c)




2 1 0 0
−1 2 1 0
0 −1 2 1
0 0 −1 2


.

7.4 Kāda var būt 3 × 3 matricas determinanta maksimālā vērt̄ıba,
ja matricas elementi pieder kopai {0, 1}.

2.2. Paaugstinātas grūt̄ıbas un pētnieciska rakstu-
ra uzdevumi

7.5 Atrast matricu determinantus.
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(a)




1 + x1 1 + x2
1 ... 1 + xn

1

1 + x2 1 + x2
2 ... 1 + xn

2

... ... ... ...
1 + xn 1 + x2

n ... 1 + xn
n


;

(b)




1 x ... xn−1

xn−1 1 ... xn−2

... ... ... ...
x x2 ... 1


.
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