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2. 6.mājasdarbs 18
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Lekcijas mērķis:
• apgūt invertējamu matricu ı̄paš̄ıbas un matricu invertēšanas me-

todi.
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Lekcijas kopsavilkums:
• var definēt matricu invertējamı̄bas jēdzienus, kas vispārina skait-

ļu invertējamı̄bu,

• matricu invertējamı̄bas kritēriji ir saist̄ıti ar matricas rangu,

• var pierād̄ıt vairākas invertējamı̄bas un neinvertējamı̄bas ı̄paš̄ı-
bas un aprakst̄ıt matricu invertēšanas algoritmu.

Svar̄ıgākie jēdzieni: labā/kreisā inversā matrica, kvadrātveida
matricas inversā matrica.

Svar̄ıgākie fakti un metodes: inverso matricu eksistences kri-
tērijs, invertējamu matricu ı̄paš̄ıbas, fundamentālā teorēma par in-
vertējamām matricām, kvadrātveida LVS ar invertējamām sistēmas
matricām, kvadrātveida matricu invertēšanas algoritms.
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1. Matricu invertēšana

Matricām var definēt un pēt̄ıt operācijas, kas vispārina skaitļu in-

vertēšanu a → 1
a
. Ievērosim, ka skaitļiem a · 1

a
= 1, ja a 6= 0.

Matricu algebrā:
• skaitļa 1 analogs ir vien̄ıbas matrica E;
• ja ir dota matrica A, var meklēt matricas, kuras reizinot ar A

no labās vai kreisās puses, iegūsim vien̄ıbas matricas.

1.1. Vienpus̄ıgā invertēšana

1.1.1. Defin̄ıcija un ı̄paš̄ıbas

A ir m× n matrica.

n×m matrica AL ir A labā inversā matrica, ja

AAL = Em.
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n×m matrica AK ir A kreisā inversā matrica, ja

AKA = En.

1.1. piez̄ıme. AL, AK un vien̄ıbas matricu izmēri ir noteikti vien-
noz̄ımı̄gi.

1.1. piemērs. A = [a], a 6= 0 =⇒ AK = AL =
[1
a

]
.

1.1. teorēma. A ir m× n matrica =⇒
1. ∃ AL ⇐⇒ r(A) = m,

2. ∃ AK ⇐⇒ r(A) = n.

PIERĀDĪJUMS
1. A ar REP var pārveidot rindu pakāpienveida formā: ∃ ele-

mentāru matricu reizinājums R: RA ir rindu pakāpienveida matrica
ar r(A) rindām.

∃ AL ⇐⇒ AAL = Em ⇐⇒ RAAL = REm = R.
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Pieņemsim, ka RA nenulles rindu skaits < m =⇒ matricai

RAAL = (RA)AL

nenulles rindu skaits ar̄ı < m (apskatot matricu reizinājumu) - pret-
runa, jo labajā pusē R nenulles rindu skaits ir m.

r(A) = m. Pierād̄ısim, ka ∃ AL:

AAL = Em

Pieņemsim, ka AL = [x1|...|xm] =⇒ AAL = [Ax1|...|Axm].
Uzskat̄ısim Em par kolonnu bloku matricu Em = [e1|...|em].

Apskat̄ısim vienād̄ıbu

[Ax1|...|Axm] = [e1|...|em].

∀ i LVS Axi = ei ir atrisināma, jo A pakāpienveida formā ir m
galvenās rūtiņas =⇒ AL eksistē.

2. Apgalvojums par AK tiek pierād̄ıts l̄ıdz̄ıgi apskatot A kolonnu
pakāpienveida formu. ¥
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1.2. teorēma. A ir m× n matrica, ∃ AL, ∃ AK =⇒
1. m = n,

2. AL = AK .

PIERĀDĪJUMS
1. ∃ AL, ∃ AK =⇒ r(A) = m = n.

2. ∃ AL, ∃ AK ,m = n =⇒
{

AAL = Em

AKA = Em
=⇒

AK = AKEn = AK(AAL) = (AKA)AL = EnAL = AL.¥
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1.2. Kvadrātveida matricu invertēšana

1.2.1. Defin̄ıcija

Ja n × n matricai A ∃ inversā matrica A−1 = AK = AL, tad A
sauc par invertējamu matricu.

Visu invertējamu n×n matricu kopu ar elementiem laukā k apz̄ımē
ar GL(n, k) (general linear group), GL(n, k) (Mat(n, n, k).

Ja kvadrātveida matricai neeksistē inversā matrica, to sauc par
neinvertējamu (singulāru, deǧenerētu).

1.2.2. Invertējamu matricu ı̄paš̄ıbas

1.3. teorēma.
1. E−1

n = En.

2. R−1
pq = Rpq.
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3. Rp(λ)−1 = Rp(
1
λ
).

4. Rpq(λ)−1 = Rpq(−λ).

PIERĀDĪJUMS
1. En En︸︷︷︸

E−1
n

= En.

2. Veicot REP1 divas reizes, iegūsim sākotnējo matricu =⇒
Rpq Rpq︸︷︷︸

=R−1
pq

= Em =⇒ R−1
pq = Rpq.

3. Veicot REP2 virkni Rp(λ), Rp( 1
λ ), iegūsim sākotnējo matricu

=⇒
Rp(

1
λ

)Rp(λ) = Em =⇒ Rp(λ)−1 = Rp(
1
λ

).
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4. Veicot REP3 virkni Rpq(λ), Rpq(−λ), iegūsim sākotnējo matri-
cu =⇒

Rpq(−λ)Rpq(λ) = Em =⇒ Rpq(λ)−1 = Rpq(−λ).¥

1.4. teorēma. (fundamentālā teorēma par invertējamām matricām)
A ir n× n matrica. Zemāk dotie apgalvojumi ir loǧiski ekvivalenti.

1. ∃ AL.

2. ∃ AK .

3. r(A) = n.

4. H(A) = En.

5. A ir vienāda ar elementāro matricu reizinājumu.

PIERĀDĪJUMS 1., 2., 3. ir ekvivalenti saskaņā ar agrāk pierād̄ıtu
teorēmu:

∃ AL ⇐⇒ r(A) = n ⇐⇒ ∃ AK
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3. =⇒ 4.

r(A) = n =⇒ H(A) ir n galvenās rūtiņas =⇒ H(A) = En.

4. =⇒ 3.

r(En) = n =⇒ r(A) = n.

3. =⇒ 5.

r(A) = n =⇒ A ar REP var pārveidot par Ermita matricu En:

(R1...Rl)A = En =⇒ R−1
1 R1...RlA = R−1

1 En =⇒
R2...RlA = R−1

1 En =⇒ ... =⇒ A = R−1
l ...R−1

1 .

5. =⇒ 3.

A ir elementāro matricu reizinājums =⇒ A = Q1...Qu =⇒

Q−1
u ...Q−1

1 A = Q−1
u ...Q−1

1 Q1...Qu = En
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=⇒ A ar REP pal̄ıdz̄ıbu var pārvērst par En =⇒ r(A) = n. ¥

1.2. piemērs. Pārveidosim A =
[

1 2
3 4

]
elementāro matricu reizi-

nājumā.(
R2(−1/2)R21(1)R12(−3)

)
A = E2 =⇒

A = R12(−3)−1R21(1)−1R2(−1/2)−1 = R12(3)R21(−1)R2(−2) =⇒

A =
[

1 0
3 1

] [
1 −1
0 1

] [
1 0
0 −2

]
.

1.5. teorēma. A ir invertējama n× n matrica.
1. A−1 ir noteikta viennoz̄ımı̄gi.

2. (A−1)−1 = A.

3. (λA)−1 =
1
λ
A−1, λ 6= 0.
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4. B ir invertējama n× n matrica =⇒
(AB)−1 = B−1A−1.

(inverējamu matricu reizinājums ir invertējam matrica)

PIERĀDĪJUMS
1. Pieņemsim, ka A ∃ divas inversās matricas X,Y :

AX = AY = XA = YA = En =⇒

X = XEn = X(AY) = (XA)Y = EnY = Y.

2. A︸︷︷︸
(A−1)−1

A−1 = En.

3. (λA)( 1
λA−1) = (λ · 1

λ )(AA−1) = En.

4. (AB)(B−1A−1) = A(BB−1
︸ ︷︷ ︸
=En

)A−1 = AA−1 = En.
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¥

1.2. piez̄ıme. Invertējamu matricu summa var nebūt invertējama -
GL(n, k) nav slēgta attiec̄ıbā uz saskait̄ı̌sanu:

En + (−En) = On.

Neinvertējamu matricu summa var būt invertējama:

E11 + E22 = E2.
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1.2.3. Kvadrātveida matricas invertēšanas algoritms

Aprakst̄ısim bloku invertēšanas algoritmu (Gausa-Žordāna algo-
ritmu), ar kuru var atrast invertējamas n × n matricas A inverso
matricu A−1.

Algoritma pamatideja

A ir invertējama =⇒ A ar REP var pārvērst Ermita matricā En:

R1...Rl︸ ︷︷ ︸
=A−1

A = En.

=⇒ A−1 = R1...Rl ir vienāds ar REP virknes pielietošanas
rezultātu attiec̄ıbā uz En.

Problēma ir pēc iespējas ērtāk aprēķināt reizinājumu R1...Rl, ko
var veikt ar atbilstošas bloku matricas pal̄ıdz̄ıbu.

Algoritms
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1. Definēsim bloku matricu B = [En|A].

2. Veiksim ar B REP tā, lai otrajā blokā iegūtu En, š̄ı soļa rezul-
tātā tiks iegūta bloku matrica [X|En], kur X = A−1.

1.3. piemērs. A =
[

1 2
−2 3

]
. Konstruējam bloku matricu

[
1 0 1 2
0 1 −2 3

]
.

Ar REP virkni R12(2), R2(1/7), R21(−2) pārveidosim šo matricu
formā [

3/7 −2/7 1 0
2/7 1/7 0 1

]
.

Redzam, ka A−1 =
[

3/7 −2/7
2/7 1/7

]
.
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1.2.4. Matricu invertējamı̄bas lietojumi LVS risināšanā

1.6. teorēma. A ir n×n matrica. Zemāk dotie apgalvojumi ir loǧiski
ekvivalenti.

1. ∃ A−1.
2. LVS Ax = b ∃ tieši viens atrisinājums x = A−1b.
3. LVS Ax = 0 ∃ tikai triviālais atrisinājums x = 0.

PIERĀDĪJUMS
1 =⇒ 2
∃ A−1 =⇒ A−1Ax = A−1b =⇒ x = A−1b - viennoz̄ımı̄gi

noteikts atrisinājums.

2 =⇒ 3
LVS Ax = b ∃ viens atrisinājums =⇒ r(A) = n =⇒ LVS

Ax = 0 ∃ tikai triviālais atrisinājums.

3 =⇒ 1
LVS Ax = 0 ∃ tikai triviālais atrisinājums =⇒ r(A) = n =⇒

∃ A−1. ¥
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2. 6.mājasdarbs

2.1. Obligātie uzdevumi

6.1 Pierād̄ıt, ka matricai



2 −3 1 7
1 1 5 12
−4 11 7 3




neeksistē ne labā, ne kreisā inversā matrica.

6.2 Atrast inversās matricas, ja tās eksistē:

(a)
[

2 −1
−3 6

]
,

(b)




2 1 3
−3 2 1
1 0 1


,
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(c)




1 1 0 0
1 1 1 0
0 1 1 1
0 0 1 1


.

6.3 Atrast inversās matricas:

(a)
[

cos α sin α
− sin α cosα

]
, α ∈ R

(b)




a 0 0
1 a 0
0 1 a


, a ∈ C.

6.4 Atrisināt kvadrātveida LVS Ax = b izmantojot matricu in-
vertēšanas metodi: x = A−1b.

(a)
{

2X1 +3X2 = 1,
X1 −6X2 = −1.

(b)





X1 +3X2 +X3 = 1,
X1 −2X2 +X3 = −1,
X1 −X2 +4X3 = −2.
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6.5 Atrast vismaz vienu matricas
[

1 2 −1
2 3 1

]
labo inverso mat-

ricu vai pierād̄ıt, ka tāda neeksistē.

6.6 Kvadrātveida matricu A sauc par nilpotentu, ja eksistē n ∈ N :
An = O.
(a) Pierād̄ıt, ka nilpotenta matrica nevar būt invertējama.
(b) Pierād̄ıt, ka ja A ir nilpotenta, tad E + A ir invertējama,

atrast (E + A)−1.

2.2. Paaugstinātas grūt̄ıbas un pētnieciska rakstu-
ra uzdevumi

6.7 A = [aij ]m,n, B = [bij ]m,k. Pierād̄ıt, ka matricu vienādojums
AX = B ir atrisināms ⇐⇒ r(A) = r([A|B]).

6.8 Izpēt̄ıt matricu vienādojuma AXC = B atrisināmı̄bu atkar̄ıbā
no matricām A, B un C.
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