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Lekcijas merkis:
e apgilit matricu algebras pamatus.

Lekcijas kopsavilkums:
e var definét tabulas - matricas un to specialgadijumus,

e matricu kopas var definet vairakas operacijas, kas visparina skait-
lu aritmetiskas operacijas.

Svarigakie jedzieni: matrica, matricas elements, rinda, kolonna,
galvena diagonale, rindas/kolonnas matrica, kvadratveida matrica,
nulles matrica, bazes matrica, vienibas matrica, diagonala matrica,
trijsturveida matrica, bloku matrica, rindu/kolonnu izsvitrosana, rin-
du/kolonnu mainisana vietam, rindas/kolonnas reizinasana ar skaitli,
rindas/kolonnas pieskaitisana citai rindai/kolonnai, transponésana,
matricu summa, matricas reizinasana ar skaitli, matricu lineara kom-
binacija, matricu reizinasana, invertéjama matrica.

Svarigakie fakti un metodes: matricu operaciju Ipasibas.
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1. Ievads matricu algebra

1.1. Pamatfakti

1.1.1. Definicijas un apzime&jumi

Matrica - galiga taisnsturveida tabula, kuras rutinas ir ierakstiti
skaitli vai citu gredzenu elementi - matricas elementi.

2 |11]|0|a
1.1. piemers. —-3|b|4|5
1 10]|0]c¢

Matricas elementi, kas atrodas viena rinda vai kolonna (aile)- mat-
ricas rinda vai kolonnna.

Divas matricas sauksim par vienadam, ja tam
1. sakrit rindu un kolonnu skaits,
2. katra rtitina matricu elementi ir vienadi.
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Matrica ar m rindam un n kolonnam - m X n matrica.

Matricu rindas, kolonnas un elementus indeksé (pieskir adreses)
sakot no augseja kreisa stura.

Vispariga m X n matrica tiek apzimeta sadi:

a11 a12 A1n
asi 22 A2n

A= = [aij]m,n .
am1 Am2 Amn

Elements a;; atrodas i-taja rinda un j-taja kolonna.

Visu m x n matricu kopu, kuru elementi pieder R - Mat(m,n, R).
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Matricu var uzskatit arl par tas rindu vai kolonnu apvienojumu:

A1n

A2n

ai ai2 | --- | Qin a11

a21 azz | ... | a2 a21
A_ = n =

Am1l | AGm2 | - | Gmn A1

Amn

Matricas galvena diagonale - diagonale, kas sakas ar matricas aug-
sejo kreiso sturi. Tadejadi matricas A = [a;j]m,» galvena diagonale ir

elementu kopa {a11, azz, ..., aii, ...}

1.1.2. Speciala veida matricas

Rindas matrica - 1 X n matrica.

1.2. piemers. [ 3 ‘ 2 ‘ —1 ‘ 4 ]

Kolonnas matrica, vektors - m x 1 matrica.
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1.3. piemers. | —3 |.
0

Jebkurs skaitlis var tikt uzskatits par 1 x 1 matricu.
Kvadratveida matrica - n X n matrica, n - matricas izmers.

Nulles matrica 0 vai Oy, n, = [0]y,n-

Bazes matrica E;; - matrica, kuras visi elementi, iznemot elementu
ar koordinatém (i, j), ir vienadi ar 0 un elements ar koordinatem (3, j)
ir vienads ar 1. Tadejadi m x n bazes matricu skaits ir mn.

1.4. piemers. E; = [%‘L}

Vienibas matrica E,, - n X n matrica, kuras elementi uz galvenas
diagonales ir vienadi ar 1 un visi parejie elementi ir vienadi ar 0:
L, jai=j,

E,, = [0ijlnn, kur §;; = { 0, jai # j.
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1.5. piemers. E, = [ é (1) },El = [ 1 ]

Diagonala matrica - kvadratveida matrica, kuras elementi arpus
galvenas diagonales ir vienadi ar 0.

210 |0
1.6. piemers. | 0| —1(0
0] 0 |4

Augseji (apakseji) trijstirveida matricu - matrica, kuras visi ele-
menti zem (virs) galvenas diagonales ir vienadi ar 0.

21410
1.7. piemeérs. Augseji trijsturveida matrica- | 0| =1 | 5
0| 0 | -2
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Nereti ir lietderigi ar horizontalam un vertikalam atdalosam Imijam
sadalit matricu apakSmatricas - blokos un uzskatit matricu par bloku

matricu:
B | B2
Bay | Ba |-
Specialgadijums - matricas rindu un kolonnu reprezentacija:
I
A=| .. :[kl‘...‘kn].
rm
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1.2. Matricu operacijas

1.2.1. Rindu un kolonnu operacijas

Rindu un kolonnu izsvitrosana.

1.8. piemers. A = | 2

113 |1
-110
31 3 |2

[t

Rindu (kolonnu) mainisana vietam.

10

. Izsvitrojam 1.rindu un 2.kolonnu

Dota matrica A, divi indeksi p, q. Rpq(A) (Kpq(A)) - matrica, ko
ieglist, apmainot vietam dotas rindas (kolonnas).

113 |1

1.9. piemers. A= | 2| -11|0
31 3 |2

Saturs Sakums Beigas J 1
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Rindas (kolonnas) elementu reizinasana ar fiksétu skaitli.

11

Dota matrica A, indekss p un skaitlis A. R,(A)(A) (Kp(AN)(A)) -
matrica, ko iegiist, reizinot A p-to rindu (kolonnu) ar A.

113 |1
1.10. piemers. A= | 2| —-1|0
31 3 |2

-2 —-6| -2
Ri(-2)(A)= |2 [ 1] 0
3 3 2

Rindai (kolonnai) pieskaitit citu rindu (kolonnu) reizinatu ar kadu sk

Rindas - Dota matrica A, divi dazadi indeksi p, ¢ un skaitlis A.
R, (M) (A) - matrica, ko ieglist no A, pieskaitot rindai ar indeksu ¢
rindu ar indeksu p, reizinatu ar .

113 |1

1.11. piemeérs. A= | 2| —-11|0
31 3 |2
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14+(=2)-2[3+(=2)-(-1) |1+ (-2)-0
Ra1(—2)(A) = 2 -1 0 =
3 3 2
-3] 5 |1
= 2|-1]0
3132

Kolonnas - Dota matrica A, divi dazadi indeksi p, ¢ un skaitlis A.

K, ¢(A)(A) - matrica, ko ieglist no A, pieskaitot kolonnai ar indeksu
q kolonnu ar indeksu p, reizinatu ar \.

1] 3 |1
1.12. piemérs. A=| 2| -1|0 |,
313 |2

Kapa(-2)(A) = | 24(=2)- (D | L]0 | =
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-5 3 |1
= 4 | -110
-3 3 |2

1.2.2. Matricu savienoSana

13

AtbilstoSu izmeru matricas var savienot bloku matricas.

1.13. piemeérs. A - m X n matrica, b - m x 1 matrica. Savienosim

tas m x (n + 1) matrica [A|b].

1.2.3. TransponesSana

Par m x n matricas A = [aij]m,n transponéto matricu sauc n X m

matricu AT = [@ji]n,m-

-2
1.14. piemers. A = 2|11 JAT = 1
3 12|-1 —

| 3

| 2
-1
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1.1. piezime. (AT)T = A.

1.2.4. Linearas operacijas

Vienadu izmeéru matricu kopa var definet operacijas, kas ir lidzigas
(visparina) skaitlu saskaitisanu.

Matricu summa

Par divu vienada izmeéra matricu A = [aijlm,n un B = [bijlmn
summu sauksim matricu

A+B= [aij + bij]7rL,n~

Citiem vardiem sakot, saskaitot divas vienada izmeéra matricas, tiek
saskaititi elementi, kuriem ir vienadas adreses:
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ai | a2 a1n bir | biz | ... | bin
a21 a2z | ... | G2n + b2y bay | ... | bap _
Aml | Am2 | --- | Amn bmi | bm2 brmn

ai1 + b1y a2 +bia | ... | aip +biy

ao1 +ba1 | asa+bao | ... | asn +bop

am1 + bml Am?2 + bm2 ceo | Amn + bmn

Matricas reizinasana ar skaitli

Par matricas A = [a;;]m,n reizingdjumu ar skaitli A sauksim matricu
AA = [)\ai]‘]m)n.

Citiem vardiem sakot, reizinot matricu ar kadu skaitli, visi tas ele-
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menti tiek reizinati ar So skaitli:

a1l | a2 a1n Aai1 | Aaz Aai,
A a21 | Aa22 a2n _ Aazr | Aage Aazy
Am1 Am2 Amn Aaml Aam2 )\amn

Matricu (—1)A parasti apzime ar —A.

1.15. piemeérs. 1-A=A,0-A =0.

3[-1] 2 9]1-3|6
3-1 1o+ [=]3]0]1
4] 4 -2 1212 [ -6

Matricu lineara kombinacija

Ja ir dotas vairakas vienada izmeéra matricas A, Ao,

skaitli A1, ..., A\, (koeficienti), tad izteiksmi

Saturs Sakums Beigas
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sauksim par doto matricu linearu kombinaciju.

Izlasit 2.lekcijas papildmaterialu par summesanas apzimejumiem
un Ipasibam.

Linearo kombinaciju 1- A+ (—1) - B apzimé ar A — B un sauc par
matricu starpibu.

. | -2]1] 1 _ 10213
1.16.p1emers.A—{ 3 19 _1}73—{1 1 _1}7

—4 18 11]

2A+3B:[ T

Katra matrica A = [a;;]m,» ir viennozimigi izsakama forma

A= g a;jEyj.

i=1,j=1
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1.1. teorema.

A + B =B + A (komutativitate).

(A+B)+C = A+ (B + C) (asociativitate).

3 viennozimigi noteikta matrica Z : VA , A+7Z = A.
V A 3 viennozimigi noteikta matrica A’ : A + A’ = O.
AMA +B) = )A + \B.

A+ p)A = MNA + LA

M)A = ApA).

A+B)T =A"T + BT,

M)T = 2AT.

© 0 NS w e

(
(
(
(

PIERADIJUMS (Patstévigi)
1. A+B= [aij—Fbi]‘] = [blj +(I¢j] =B+ A.

18

2. (A+B)+C = [(aij+bij)+cij] = [aij+(bij+cij)] = A+(B+C).
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5. A(A +B) = [A(aj + bij)] = [Aaij + \by;] = AA + \B.
6. A+ A =[N+ p)ai;] = [Aagj + pai;) = AA + pA.
7. (M)A = [(M)ai;] = [Mpai;)] = AuA).

8. (A+B)T = [a;; +b;;] = AT + B,

9. AA)T = [Naji] = \AT. B

1.2.5. Matricu reizinasana

Matricu kopa var definét matricu reizinasanu, kas visparina skaitlu
reizinasanu.
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Rindas un kolonnas reizinasana

by
Par rindas [a1]...]a,] reizinajumu ar kolonnu | ... | sauc lauka
by,
elementu a1by + ... + a,b, = > ab;.
i=1
4
1.17. piemers. [2|3| — 1] - 1 =2-443-1+(-1)-(-3) =14
-3

Visparigais gadijums
Par m x n matricas A = [a;j]m,» reizindgjumu ar n X r matricu
B = [bjj]n,» sauksim m x r matricu AB = [z;;]m », kur

Tij = a’llblj + a12b2_] + ...+ azn nj Zazlblj

(xi; - A i-tas rindas reizinajums ar B j-to kolonnu).
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Matricu reizinajums ir operacija, kas ir definéta tikai noteiktos
gadijumos, atkariba no matricu izmeriem.

1.2. piezime. Ir iespéjama matricu reizinajuma vizualizacija tris mat-
ricu stlira veida - reizinajums ir videja matrica, kuras elementi tiek
ieguti ka reizinataju rindu un kolonnu reizinajumi:

b11 b1} blr
bt o | by | oo ur |
a1 A1n T11 .. T1j . L1 i
;1 Qin Ti1 .. Lij .. Lir
am1 e Qmn, Tm1 - | Tmj o Tmr |
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1.18. piemers. A = { 11-112 }, B= 1

210 |3
-3 | 8
AB_[—‘r ol

Ja ir dota kvadratveida matrica A, tad definésim
AP =A-A-..-A=A""". A
—_—

p reizes

w| =] eo

Definesim ar1 A’ = E,,.

. . _. . . —1
n X n matricu A sauc par invertéjamu, ja 3 n X n matrica A~ :

AA'=AT'A=E,.

1.19. pieméf. E,' =E,, {%} _1: [%]
o] =) ] =S

Saturs Sakums Beigas J 1 Atpakal Aizvert Pilns ekrans




1.2. teoréma. Ja ir defineti visi reizinajumi, tad
A(AB) = (AMA)B = A(AB).

A(B+ C) = AB + AC (kreisa distributivitate).
(B+ C)A = BA + CA (laba distributivitate).
(AB)C = A(BC) (asociativitate).

A"AY = A"TY kur A - kvadratveida matrica.
(A")Y = A" kur A - kvadratveida matrica.
(AB)T =BTAT.

AO=0A=0.

AE =EA = A.

JA,B: AB # BA.

e B AN

._
=

PIERADIJUMS (Patstavigi)

1 MAB) = [3 3 aun] = [ 3] = [t
=t 1=1 =1

=(\A)B =A(AB)
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2. A(B + C) = [Z ail(blj + Clj)} = [Z ailblj + Z ailclj] =
=1 =1 =1
AB + AC

3. Lidzgi 2.

4. 1M
A= [aij]nL,na B= [aij]n,m C= [Cij]r,&

AB =Y auby|
=1 m,r

r n

AB)C = | 3" (Y aubn)es] =[P aubuew|
1 ’ w,l

u=1 [= i

1,8

BC = [Zbucj} .
u=1
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A(BC) = [Z zl(zblu(u])],ms = [Zaﬂblucua}

m,s
=1 u=1 u,l

5. Seko no asociativitates.
6. Seko no asociativitates.

7. Apzimesim AT = [a ;] = [aiTj], B” = [b;;] = [bg]
= {iailblj}T = [iaﬂbli] =
1=1 1=1
{Zbliajl] = [Zb lal]:| = BTAT.
1=1

8. V matricu reizinajuma elementam visi saskaitamie ir 0.
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9. A = lailmn = AE, = [121 a“(s“} :[&ﬁl
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2. 2.majasdarbs

2.1. Obligatie uzdevumi

2.1 Atrodiet matricas A = [a;j]3 4 elementus, ja a;; = (—1)"77 —ij.

2.2 Atrisiniet matricu vienadojumus vai vienadojumu sistémas:

(@X+A=MX—m¢mA=[1_;}B:{g%}

X+Y=E
w){xgy_om.

2.3 Atrodiet matricu linearas kombinacijas:
s (312 ] 5 [ 11"
& 1= —2 (4|’

3 . .
(b) > (=1)""E;; (3 x 3 matrica).
ij=1

2.4 Atrodiet matricu reizinajumus:
(a) 1 ‘ b c ‘ 1
Y a1 1d )
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0 | a|b 0 113
(b) | —a| 0 |c -1/ 0 |4 ],
—b|—c|0 -3|-4|0
-1
() ABunBA kurA=[1|-1|2],B=| 2
2.5 Atrodiet matricu pakapes A",V n € N:
al|0
(a) A= TTa |
0/0|0]|0
1101010
A= 1o To
0/0]1]0

2.2. Paaugstinatas grutibas un péetnieciska rakstu-
ra uzdevumi

2.6 Pieradit, ka eksisté bezgaligi daudz matricu A € Mat(2,R),
kuras apmierina matricu vienadojumu A% = Eo.
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